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Interconnects are susceptible to solid diffusion under residual stress, electric current, and elevated 
temperature. As atoms diffuse, voids nucleate, drift, and enlarge. At some point, the voids of 
rounded shape can collapse to narrow slits and sever the interconnects. The fatal slits are often found 
to be transgranular, i.e., each slit cuts across a single grain. They have raised many concerns, but the 
underlying mechanism has remained unclear. It is proposed that a void changes shape due to surface 
diffusion under the combined action of. surface energy, elastic energy, and electric current. The void 
will be rounded if surface energy prevails, but will collapse to a slit if the elastic energy or the 
electric current prevails. A cylindrical void in an infinite crystal under biaxial stresses, but under no 
electric current, is analyzed. Four things are done, as follows: (1) A suitable thermodynamic 
potential is minimized and maximized to select, among a family of ellipses, equilibrium void 
shapes. The bifurcation diagram consists of a subcritical pitchfork and two Griffith cracks. (2) A 
void under biased stresses is analyzed to illustrate the effect- of imperfections. (3) Exact initial 
bifurcation modes are determined. The critical loads for the successive modes are closely separated, 
indicating that the shape evolution will be sensitive to initial imperfections. (4) A variational 
principle for shape evolution under stress, current and surface energy is identified. Stress-induced 
evolution time is estimated by using this variational principle. 

I. INTRODUCTION 

Making reliable on-chip interconnects has been a persis- 
tent challenge as integrated circuits evolve. Present-day in- 
terconnects are made of aluminum alloys, and are less than a 
few microns in width. Submicron lines have already been 
used in some products. Copper interconnects are being ex- 
plored. In this article, data for pure aluminum are quoted to 
illustrate various points, but the physical processes apply to 
any metals. The interconnects operate under severe condi- 
tions: high stress, intense current, and temperature exceeding 
one-third of the melting point (933 K for aluminum). 
Diffusion-mediated degradation is ubiquitous as the brute 
forces act in the small dimensions.‘** 

The stress results from the mismatch in thermal- 
expansion coefficients of the metal lines and the surrounding 
insulators. Pure aluminum in bulk has low-yield strength, 
below 100 MPa at room temperature, and usually is not un- 
der high stress: yet, high stress prevails in fine lines con- 
strained by stiff insulators. The stress is raised in two ways. 
First, the thermal-expansion mismatch results in a triaxial 
stress that cannot be fully relieved by plastic flow; for typical 
thermal history, tensile stress around 400 MPa is found by 
finite element calculations and x-ray measurements.3-5 Sec- 
ond, in the small dimensions dislocations are severely bent 
and can only move. under high stress; even without triaxial 
constraint the stress in thin films may exceed 200 MPa.6 

In addition to the stress, the interconnects carry intense 
electric current, sometimes exceeding 10” A/m*. Both stress 
and current cause atoms to diffuse, known respectively as 
stressmigration and electromigration. Evidence has recently 
accumulated that narrow, transgranular slits can form and 
sever the lines.7-9 The sequence of the events has also been 
revealed: A round void nucleates first, enlarging and drifting, 
and then collapses to a narrow slit.” Since forming a slit 

transfers much less mass than growing a rounded void across 
the linewidth, a slit can significantly reduce the interconnect 
lifetime. Consequently, the transgranular slits have raised 
much concerns, even though they may not be as prevalent as 
rounded voids, as judged from their less frequent appearance 
in the published micrographs. 

In a previous article, we have shown how electric current 
alone can cause the shape instability;” yet, most slits form 
under both electric current and thermal stress. In this article 
we focus on the role played by the stress under no electric 
current. Instability under combined stress and current will be 
anaiyzed elsewhere using some of the methods developed 
here. The interconnects operate in such a temperature range 
that, within the time of interest, ample atoms diffuse on the 
void surface but negligible atoms diffuse in the lattice. The 
void is assumed to reside inside a perfect grain so that grain 
boundaries are inaccessible for diffusion. Creep is assumed 
to be slow compared to surface diffusion and therefore ne- 
glected. Also neglected is instantaneous dislocation glide, 
which seems to be a reasonable first approximation, given 
the high stress in the interconnects. As such; surf&e diffu- 
sion is the only dissipative process included in this analysis. 

As diffusion varies the void shape, the solid varies en- 
ergy by either varying the elastic field or creating the surface. 
The instability of the void shape is an outcome of the com- 
petition between the variation in the elastic and the surface 
energy. Figure 1 illustrates a small cylindrical void in an 
elastic solid under biaxial stresses. The two-dimensional 
problem conveys the essence of the competition; the three- 
dimensional version will be treated elsewhere. Focus on the 
problem of perfect symmetry: a circular void in an infinite 
isotropic solid under biaxial stresses ar=a2=o. The perfect 
circle is obviously an equilibrium shape: Nothing is unbal- 
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FIG. 1. The cross section of a cvlindrical void in an elastic solid under 
biaxial stresses. 

anced to drive surface diffusion; however, this equilibrium 
becomes unstable if the stress is high, as discussed below. 
Imagine a void perturbed from the circular shape, say, an 
ellipse in Fig. 1. Now both stress and surface energy drive 
the atoms to diffuse on the void surface, but in the opposite 
directions. Let K be the curvature of, and w the elastic en- 
ergy density on, the void surface. Because KA>KB , the sur- 
face energy strives to move atoms from B to A and restore 
the circular Symmetry. Because wA)wB, the elastic energy 
strives to move atoms from A to B and amplify the asym- 
metry. The void collapses if the elastic energy prevails over 
the surface energy. 

This picture forms the basis of a dimensional analysis. 
Let u. be the initial radius of the void, LT the thermal stress, 
y the surface energy, and E Young’s modulus. The relative 
importance of the elastic energy and the surface energy is 
described by a dimensionless number 

(l-1) 

When A is small, surface energy dominates, and the void 
will be rounded. When A is large, strain energy dominates, 
and the void will collapse into a narrow slit. The circular 
void collapses when h exceeds a critical value A,. The 
analysis in this article shows that &=3/8. For aluminum 
with E=7X lOi N/m” and y= 1 N/m, under stress (r=4X lo* 
N/m*> the critical radius is a0 = 164 nm. Any larger void will 
collapse under this stress level. The mechanism works under 
both tensile and compressive stress. 

The same phenomenon is anticipated for other material 
systems. A technically important example is residual gas 
pores inside single-crystal oxide fibers, subjected to both 
high temperatures and mechanical loads. The mechanism can 
liiit the lifetime of the composite materials based on these 
fibers (private communication with Evans). In this article, 
however, we set aside these potential applications and con- 
centrate on the general formulation of the problem,~and on 
the implications for the interconnects. 

Surface diffusion mediated ‘instability in elastic solids 
has been studied by several investigators.‘“15 The lead phe- 
nomenon, which has engaged the previous studies, is that an 
initially flat surface may undulate due to surface diffusion, 
driven by elastic energy against surface energy. Recent ki- 

netic simulation has shown that cracklike slits may result 
from such undulation.‘3’15 A dimensionless group similar to 
A has appeared in these studies, with a0 replaced by the 
wavelength. In writing this article we have been inspired by 
these studies, and by the recent synthesis of the spatiotem- 
poral complexity on the basis of nonequilibrium thermody- 
namics and dynamical systems.r6 

In this article the void evolution is viewed as an irrevers- 
ible process, and formulated in a sufficiently general way 
that other mechanisms of energy variation or entropy produc- 
tion can be readily incorporated. A variational principle is 
identified which governs the evolution under combined ac- 
tion of surface energy, elastic energy, and electron wind 
force. Questions typical for any evolutionary process also 
have direct bearing on the voids in the interconnects: (1) 
Under what conditions does a circular void become un- 
stable? (2) What is the destination of the evolution, a slit of 
vanishing thickness, or something still quite rounded? (3) 
Given nominally the same experimental conditions, why are 
the slits not always observed’? (4) How fast does the shape 
change? (5) What is the role of stress bias or other imperfec- 
tions? Energetics and kinetics are considered separately in 
two sections; together they illuminate the phenomenon. 

II. ENERGETICS 

The suitable thermodynamic potential, consisting of both 
elastic and surface energy, is a functional of the void shape. 
Approximate equilibrium void shapes are selected, among a 
family of ellipses, by minimizing and maximizing the poten- 
tial. The bifurcation diagram is a composite of a subcritical 
pitchfork and the Griffith cracks. A void under biased 
stresses is analyzed to illustrate the effect of imperfections. 

A. Why does a circular void collapse? 

Figure 1 illustrates the cross section of a cylindrical void 
in a solid, subjected to biaxial stresses on the external bound- 
ary, but not on the void surface. The cross-sectional shape of 
the void is arbitrary. The work done by the load either varies 
energy in the solid, or produces entropy in the diffusion pro- 
cess. The tirst law of thermodynamics requires that 

(energy rate) + (dissipation rate) 

= (work rate). 

The solid varies energy either in the body or on the surface. 
Denote w as the strain energy per volume and y the surface 
energy per area. They are taken to be independent from each 
other for practical purposes. That is, y is independent of the 
applied stress, and the strain field in the body is determined 
by the elasticity theory neglecting the effect of surface en- 
ergy. The total elastic energy and surface energy are 

U,= 
I 

w dA, Us= 
body I surface y dL. 

cL-2) 

For the two-dimensional problem, they are energy per length, 
integrated over the cross-sectional area of the solid A, and 
the arc length of the void L, respectively. Under the tixed 
mechanical load, the suitable potential is 
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Cp = U, + U,-- (IoadXdisplacement). 

Furthermore, 

U, = (loadXdisplacement)/L? 

for linear elastic solids. Thus, the thermodynamic potential 
for the linear elastic solid under constant load is 

cp=-u,+u,7. (2.3) 

The potential is a functional of void shape. For a given void 
shape, U, is determined by the elasticity problem and U, is 
integrated over the perimeter of the void. The same potential 
has also appeared in the linear fracture mechanics as a func- 
tional of crack size and, in three dimensions, crack shape. 

Equation (2.1) becomes 

da? 
dt + (dissipation rate)=O. (2.4) 

The second law of thermodynamics requires that the dissipa- 
tion be positive as atoms diffuse, and vanish as the void 
reaches the equilibrium shape. That is, atoms diffuse to re- 
duce the potential of the system. Of all void shapes, the 
equilibrium shape minimizes @. Because atoms diffuse only 
on the surface, the void conserves the cross-sectional area as 
the shape changes. Other kinetic details are unnecessary for 
equilibrium considerations and are left to the following sec- 
tion. 

In Sec. I the shape instability is analyzed by the local 
states on the surface. Alternatively, it can be analyzed by the 
global energy. Compare @ for the circular void and a void 
with reduced symmetry, say an ellipse having the same area 
as the circle. Here and later we use A to signify the differ- 
ence of a quantity for an ellipse and a circle; for example, 
A@=Q(ellipse)-@(circle). The ellipse has longer perimeter 
than the circle, so that AU,>O. The body with the elliptic 
hole is more compliant to the external load than the body 
with the circular hole, so that AU,>O. Consequently, both 
the surface and the elastic energy increase when the circle 
breaks the symmetry; A@<0 if AU,> AU,. The circular 
void is unstable when either the elastic energy is large, or the 
surface energy is small. These considerations also identify A 
in Eq. (1.1). 

B. To relax or to collapse 

The fate of the voids needs be clarified. Will a noncircu- 
lar void relax to a circular void, or will it collapse to a nar- 
row slit? In the following, the potential energy is calculated 
for ellipses having the constant area, and the ellipse that 
minimizes it is taken to be in equilibrium. The procedure is 
that of Rayleigh-Ritz: The potential is a functional of the 
void shape, but only a restricted family of shapes is searched 
to minimize it. The procedure usually yields approximate 
equilibrium shapes and the accuracy improves as more fami- 
lies are searched. The family of ellipses with the constant 
area is parameterized by only one number; yet, it will be 
shown that this family contains two exact asymptotes: the 
initial bifurcation from the circle and the slit of vanishing 

thickness. Thus, it is not unreasonable to. expect that the el- 
lipses well approximate the equilibrium shapes between the 
two asymptotes. 

Let aa be the radius of the initial circular void. The 
ellipses have the same area as the circle ra$ Their shapes 
are described by 

I 
cos 8, sin 0. 

(2.5) 
The circle corresponds to m = 0, the X-direction slit to m + 
+ 1, and the Y-direction slit to m -=+ - 1. The ellipses have 
perimeter 

(l+m2-2m ~0~213)~” de. (2.6) 

The integral is evaluated numerically. 
The elastic solution for the elliptic voids exists in the 

literature, from which U, is calculated (Appendix A). For the 
body with an elliptic hole and the body with a circular hole, 
the elastic energy differs by 

i?ai m2 
AU,=‘Ltr -y 1 -m2. (2.7) 

Thus, U, increases as the ellipse becomes more elongated, 
the area and load being constant. This has been stated previ- 
ously on an intuitive basis that a body with an elliptic hole is 
more compliant than a body with a circular hole. Combining 
Eqs. (2.6) and (2.7), the difference in the potential is 

A@ 

2na0y 
=-2h $+(, &-lj. i2.8) 

Now Cp is a function of the shape parameter m for a given 
control parameter A. 

Figure 2(a) displays the function a’(m) at several con- 
stant levels of A. Each minimum and maximum represents a 
stable and unstable equilibrium state, respectively. Three 
types of behaviors emerge depending on the value of A, i.e., 
the relative importance of elastic and surface energy, as fol- 
lows. 

(1) When 1130, the stress vanishes; Cp reaches a mini- 
mum at m = 0, and maxima at m = -1- 1. The circular void is 
stable and the two slits are unstable: Any ellipse will relax to 
the circle. 

(2) When A~(0,3/8), the stress is finite but surface en- 
ergy still dominates; 9 reaches a local minimum at m = 0, 
two maxima at some km,, andtwominimaatm=fl.The 
maxima act as energy barriers: an ellipse of Irnl <m, will 
relax to the circle, but an ellipse of Im I> m, will collapse to 
the slits. 

(3) When AG (3/8,mj, the stress dominates; @ reaches 
the maximum at m = 0, and minima at m = 3- 1. The circle is 
unstable but the slits are stable: any elliptic void will col- 
lapse to the slits. * 

The above information is projected onto the (A,m) 
plane, Fig. 2(b). The heavy solid and dotted lines correspond 
to the stable and unstable equilibrium states, respectively. 
The two slits m = t 1 are stable for any A>O, but unstable 
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FIG. 2. Biaxial stress state a,=cr,=o: (a) The potential as a function of the 
void shape RI at several levels of A, (b) the bifurcation diagram is a com- 
bination of a subcritical pitchfork and two Griffith cracks. 

for A=O. Tbe circle m=O is metastable when h<3/8, but 
unstable when A>3/8. The dotted curve is the unstable equi- 
librium states, referred to as m, in the preceding paragraph. 
These lines divide the (A,ln) plane into four regions. A point 
in each region corresponds to an ellipse under a constant 
level of A, evolving toward a stable equilibrium state, either 
the circle or the slits. The evolution direction in each region 
is indicated by an arrow. An ellipse below the dotted curve 
relaxes to the circle, and an ellipse above the dotted curve 
collapses to a slit. An initially circular void will collapse if A 
exceeds the critical value A,=3/8. This value has been used 
in the Introduction to calculate the critical void radius under 
a given stress. 

C. Pitchfork and crack 

The bifurcation diagram, Fig. 2(b), is better appreciated 
as follows. First focus on how the perfect circle breaks the 
symmetry, i.e., the subcritical pitchfork bifurcation at A,. 
The shape parameter m  measures the order in the critical 
point theory.16 Expand Eq. (2.8) in powers of m, 

-. 
(2.9) 

Only the two leading terms are retained for small m. When 
A>3/8, the coefficient is positive for m2, so that m  = 0 maxi- 
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mizes @ . When A<3/8, the coefficient is positive for m2 but 
negative for m4, so that m  = 0 minimizes @ . Consequently, 
A=318 is the critical point above which the circle is unstable. 
Equilibrium requires that d@ldm = 0, i.e., 

2(-2A+ $)m+4(-2A+g)m3=0. (2.10) 

When AC3/8, cf, reaches the two maxima at 

m2=f$(i-h), A--+$ (2.11) 

The analysis determines the critical point, A,=3/8, and the 
asymptotic behavior of the dotted curve in Fig. 2(b) j as 
m  -+ 0; yet, the analysis is not rigorous in that the equilibrium 
shapes are only searched among the ellipse family. This con- 
cern is removed in Sec. III B where the ellipse is shown to be 
an exact initial bifurcation mode. 

The other limiting case, the slit of vanishing thickness, 
reproduces the Griffith theory of cracks.17 Keep only the 
unbounded terms in Eq. (2.8) as m  -+ ~5 1, 

A@ 2h 4 - =- 
2ma0y i-=-i7 

+ (2.12) 

For a given A, the potential attains the maxima when 

&G7=TrA, R40. (2.13) 

This is the asymptote in Fig. 2(b) as m  --+ -+ 1. From Eq. (2.5) 
the crack length is a = a0 dm as m-+ 1, so that Eq. 
(2.13) becomes 

2a 2 

-z=;* 
(2.14) 

which is just the Griffith condition for crack growth. 
The connection with the Griffith cracks is not fortuitous. 

Both phenomena are based on the competition between the 
elastic and the surface energy, i.e., on the potential (2.3), 
although the kinetic processes are different: A void changes 
the shape by surface diffusion, and a crack extends by atomic 
decohesion. The energetics of the two phenomena coincide 
in the limit when the void approaches the crack. The conclu- 
sion should apply to other loading configurations if a  void is 
sufficiently elongated to be approximated by a crack. Let .V 
be the elastic energy release rate for the crack. As atoms 
diffuse on the surface, the elongated void will become 
shorter if % ‘<2y, but longer if -2~. The connection is 
useful because Y has been solved in fracture mechanics for 
many configurations. 

D. Stress bias and other imperfections 

A void in an interconnect deviates from the perfect sym- 
metry in many ways. Surface energy is anisotropic in crys- 
tals; for example, the (111) planes in aluminum have the 
lowest surface energy, and are the preferred void surfaces. 
The interconnect is finite and encapsulated by insulators; the 
elastic modulus misfit causes asymmetry. The stresses in two 
directions are not exactly the same. Given these imperfec- 
tions, the circular symmetry breaks even at vanishing stress. 
What use, then, is the perfect problem‘? 

The significance of the perfect problem is understood as 
follows. If an imperfection is not too large in magnitude, it 
only changes the potential 9 slightly. Changing with it will 
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FIG. 3. Biased biaxial stress state o,/u2=0.8; (a) the potential as a function FIG. 4. Uniaxial stress state m, =0, u2zfO; (a) the potential as a function of 
of the void shape m  at several levels of A; (b) stability conditions projected the void shape m  at several levels of k, (b) stability conditions projected on 
on the (m,h) plane. the (m,h) plane. 

be the locations of the minima and maxima. The lines in Fig. 
2 will bend somewhat, but the essential features should re- 
main unchanged. Even for large imperfections there will still 
be regions, just as in Fig. 2(b), where a void will relax to a 
rounded shape (no longer a perfect circle), and other regions 
where a void will collapse to a slit. 

It is obviously impractical, and often unnecessary, to 
analyze all the imperfections. To illustrate the general idea, 
we study a void in an isotropic crystal under a biased stress 
state, i.e., ir,#ar in Fig. 1. The potential is 

27rai 
MD=-,- 

! 

m  2 m  
- 0-2-1Cm 1-m 

uf 
i 

+ y(P-2mQ). 

(2.15) 

The first term, the elastic energy, is evaluated in Appendix A. 
As evident from fiq. (2.15), the tensile and the compressive 
stresses give the identical response. We  will consider the 
case a,>or&O, and modify the control parameter as 
h=o-&Ey. 

Figures 3(a) and 3(b) are for ~r/a~=O.g; they are repre- 
sentative for any stress ratios in the interval O<~r/~~cl. 
Several asymmetries are noted when comparing Figs. 2(a) 
and 3(a). For small A, the local minimum no longer occurs at 
m  =O, nor do the two maxima at the same value of Iml. At a 
critical value, still denoted as A,, the minimum and the 
maximum on the right-hand side annihilate, but the maxi- 
mum on the left-hand side persists. In Fig. 3(b), the values of 
m  minimizing @  are the heavy solid lines, and the values of 

-3 
-1 -0.8 -0.6 -0.4 -0.2 0 0.6 0.4 0.6 0.8 

0.2 0.4 0.6 0.8 1 

m  maximizing (9 are the dotted lines. As expected, under the 
biased stress, the equilibrium shape is noncircular even for a 
small value of A. The heavy solid curve ends at A,, and is 
continued by the dotted curve. 

Figures 4(a) and 4(b) are the corresponding diagrams 
under uniaxial stress state, a,=0 and cr,#O, Fig. 1. For a 
small A, Cp has a local minimum and a local maximum. For 
a large value of A, @  monotonically decreases as m  in- 
creases. In Fig. 4(b), the slit m= - 1  is an unstable equilib- 
rium state, and the slit m  = 1 is a stable equilibrium state. 
The heavy solid curve ends at A,, and is continued by the 
dotted curve. Note that the critical value A, is reached at 
about m  = 0.5, corresponding to an ellipse with axes ratio 3. 

An inspection shows that Fig. 3(b) will degenerate to 
Fig. 2(b) as ~r/ua tl, and to Fig. 4(b) as ur/cr..-+O. They all 
have the identical Griffith limit as m--+ 1, as anticipated. Al- 
though Figs. 2(b)-4(b) look very different, they mean prac- 
tically the same thing. The initial void shape is usually not 
too different from a circle. It will relax to a more or less 
rounded void if A24, but collapse to a slit of vanishing 
thickness if A>h, . Plotted in Fig. S is A, as a function of 
the stress ratio. The critical number does not vary signifr- 
cantly for the entire range of the stress ratio. 

III. KINETICS 

In this section, kinetic concepts for surface diffusion in 
elastic solids are reviewed.*‘-r5 We  present them in the lan- 
guage of nonequilibrium thermodynamic&r8 so that other 
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FIG. 5. The critical number A, as a function of the stress ratio. 

mechanisms of energy variation or entropy production can be 
added readily. Electromigration is used to illustrate the pro- 
cedure. Exact initial bifurcation modes of a circular void are 
determined; the critical loads for successive modes are 
closely spaced, indicating that complicated void shapes may 
evolve for slightly different initial imperfections. A varia- 
tional principle governing shape change is identified and 
used to estimate the evolutionary rate. 

c. 
A. Evolution is an irreversible process 

Nonequilibrium thermodynamics has three elements: 
mass conservation, the two thermodynamic laws, and phe- 
nomenological kinetic relations. These are examined in turn 
for the present problem. Conservation of atoms sets a kine- 
matic constraint: At any point the surface recedes if the flux 
has a positive divergence, i.e., 

/ 

1 

librium shape. Equation (3.2) is valid for any virtual surface 
velocity V, and flux J compatible in the sense of Eq. (3.1), 
even if F  and J are not connected by any kinetic relation. 
This rigorous understanding will lead to an explicit formula 
for F  in Eq. (3.5), and an evolutionary variational principle 
in Sec. III C. 

When a piece of the void surface recedes, the body be- 
comes more compliant to the constant load and the void has 
longer perimeter, so that both U, and LIT increase. Formal- 
izing these observations with 9 defined by Eqs. (2.2) and 
(2.3), one can show that 

d@ 
dt=- I 

(w- yK)V, dL. (3.3) 

v,,=n $. 

On the left-hand side, V,,-n-%/at is the normal velocity of 
the surface, where t is the time, X the position vector of a 
point on the surface, and II the unit vector normal to the 
surface pointing into the solid; V,,>O if the surface recedes. 
On the right-hand side, J is the surface-atomic flux, i.e., the 
number of atoms per time across per length, L is the arc 
length, and SL is the atomic volume.’ 

Express the first law (2.4) explicitly as 

dQ, 
dt+ FJdL=O. 

I 
(3.2) 

The integral extends over the void perimeter. Everything else 
having been defined, this equation uniquely defines F  as the 
diffusion driving force on each atom. Furthermore, Eq. (3.2) 
links the global energy variation with the local kinetic pro- 
cess. The first term is the potential energy increase rate, and 
the second term the dissipation rate associated with surface 
diffusion. The second law of thermodynamics requires that 
the dissipation be positive when atoms diffuse, and vanish 
when an the void attains equilibrium. Consequently, the po- 
tential energy decreases as the void evolves toward the equi- 

The elastic energy density is evaluated on the surface; for a 
traction-free cylindrical void, w = $/2E, crt being the hoop 
stress. The curvature K is taken to be positive for a convex 
void. Equation (3.3) shows that the potential changes only 
when the surface moves, as is sensible. The capillary term ,in 
Eq. (3.3) is the same as the Laplace-Young relation for soap 
films. Replacing V,, in Eq. (3.3) by J using Eq. (3.1), and 
then integrating by parts, one reaches 

d@ 
- = dt I 

J $ (nw-i-lyK)dL. (3.4) 

Since Eqs. (3.2) and (3.4) are valid for any virtual flux, a 
comparison of them gives 

-a(nw-nyK) 
F==. 

f?L . (3.5) 

Given a void shape with the prescribed load, w is determined 
by the elasticity problem and K by the geometry. Atoms 
diffuse in the direction of F; the void reaches equilibrium 
when F  vanish at every point on the surface. It is sometimes 
convenient to think in terms of quantity (fiw -nyK), the 
chemical potential. Atoms diffuse toward the position with 
lower chemical potential. This forms the basis of the insta- 
bility argument in Sec. 1. 

The above considerations are applicable for any kinetic 
relations. In the remainder of the section, a ‘linear kinetic 
relation is assumed, 

J=MF. (3.6) 

The phenomenological constant obeys the Einstein relation 
M=D,S,IfhkT, with D, the surface diffusivity, 8, the effec- 
tive thickness of the surface atomic layers participating in the 
diffusion process, k Boltzmann’s constant, and T  the abso- 
lute temperature. The crystal is assumed to be isotropic so 
that M  is constant along the void surface. 

The following normalizations prevail in the remainder of 
this section: 

(x,z,lIK)=(X,L,lIK)Ia~, c = UJU, 7= ti-121wyla~. 
(3.7) 

A combination of Eqs. (3.1), (3.9, and (3.6) gives 

+-~( !&). (3.8) 
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The superimposed dot signifies the derivative with respect to 
the dimensionless time 7. The right-hand side is completely 
determined for a given void shape and load; the dimension- 
less hoop stress 2 is determined by the elasticity theory. 
Consequently, Eq. (3.8) governs the evolution, a moving 
boundary problem with only one parameter A. Although ev- 
ery individual physical origin is well understood, the evolu- 
tionary process can be remarkably complex. In what follows 
we concentrate on the aspects that have direct bearing on the 
voids in interconnects. 

8. Initial bifurcation modes C. Variational principles for evolution 

The Rayleigh-Ritz procedure in Sec. II B does not war-- 
rant that an ellipse is indeed a bifurcation mode. Here we 
solve, by a semi-inverse approach, the exact initial bifurca- 
tion modes of the circular void under biaxial stress 
or =,=u, Fig. 1. The initial bifurcation modes are first 
guessed, and then confirmed, to be hypocycloids. 

A hypocycloid is the trajectory of a point fixed on a 
circular disk which rolls, without slipping, upon the interior 
of another fixed circle. It is described by 

Numerical computation is inescapable to trace the evo- 
lution in general. Given a void shape, the elasticity problem 
must be solved first, usually numerically, and the void shape 
is then updated according to Eq. (3.8). The whole process is 
repeated for many time steps. Equation (3.8) has been exclu- 
sively used in the previous studies, but it may not be efficient 
because it involves high-order differentiations of the bound- 
ary. Instead, variational principles may be used. 

X= cos B-km cos ne, y= sin e-m sin n0 , 

0~ (0,2mj. (3.9) 

Variational principles have been developed for problems 
such as grain boundary cavitation and powder 
compaction.‘g~20 We find a variational principle governing 
the shape change in the present problem. Recall that the first 
law of thermodynamics (3.2) is valid for any compatible vir- 
tual velocity and flux. Write this explicitly as Here IE is a positive integer; m( +r)< 1 measures the small 

perturbation from the circle. They look like curved polygons; 
for IZ = 1 an ellipse, for n =2 a triangle, etc. To the first 
power in m, the hypocycloids defined by Eq. (3.9) always 
have the same area 7~. 

The elastic solution of a hypocycloids hole exists in the 
literature, as outlined in Appendix B. To the first power in m, 
the dimensionless hoop stress is 

2=2+4mn cos(n+l)O. (3.10) 

After some manipulations, the first-order perturbation of the 
dimensionless curvature is found to be 

K=l+m(n"f2n)COS(n+1)8, 

and that of the surface velocity 

(3.11) 

n*k=, cos(n+ 1)B. (3.12) 

Substituting the above into the evolution equation (3.8), 
and only retaining the terms of first power in m, one obtains 
that 

rjz=mn(n+ 1)2(8R-n-2). (3.13) 

In the above cos(n + 1) 19 has been cancelled from the both 
sides. That this evolution equation is independent of the po- 
sition on the surface 0 is significant: With a small perturba- 
tion from the circle, the nth hypocycloid will grow or shrink 
only as the II th hypocycIoid. This confirms that hypocycloids 
are indeed the initial bifurcation modes. The perturbation 
grows if hiz>O, and shrinks if riz<O. The critical load is 
reached when riz=O in Eq. (3.13). Thus 

n+2 
h,=T. (3.14) 

For n = 1, the bifurcation mode is an ellipse, and the critical 
load is h,=3/8. 

Observe that the critical loads for successive bifurcation 
modes are not far apart, being spaced by l/8. If the control 
parameter A is large (large void or high stress), the long-term 
shape will be selected according to the initial imperfection of 
the hole. The spatiotemporal complexity can be resolved by 
tracing the evolution governed by Eq. (3.8) for various initial 
imperfections. The calculation will not be pursued here, but a 
variational principle identified in the following subsection 
will ease the labor. 

d+w+ j- FSJ dL=O. (3.15) 

The variation in Q, is due to the shape change. Replacing F 
in Eq. (3.15) by using the kinetic relation F=JIM, one ob- 
tains 

a( g+j &,dL)=O. (3.16) 

This suggests the following variational principle. 
Of all virtual velocities and thrxes compatible in the 

sense of Eq. (3.1), the actual velocity and flux minimize 
functional, 

(3.17) 

The integral extends over the perimeter of the void. For a 
given shape, the first term can only vary with the surface 
velocity, which in turn relates to the flux by Eq. (3.1). Con- 
sequently, II can be viewed as a functional of either V, or J, 
both being functions of the arc length L. Compared with the 
grain-boundary cavitation problem,” a new term d@ldt ap- 
pears to account for energy variation. An example in Sec. 
III D will illustrate how this term works. 

Using Eq. (3.3), one can also write the functional in 
alternative forms, e.g., II= -(w- yKjV,f~ J” 

which may be convenient in some circumstances. Rigor- 
ously, Eq. (3.17) only says that II is stationary at the actual 
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velocity and flux. A proof of minimum on the basis of Eq. 
(3.18) follows. Let J be the actual flux that satisfies Eqs. 
(3.1), (3.5), and (3.6). Because atoms only diffuse on the 
void surface, the function J(L) is periodic with the perimeter 
of the void. Let Q(L) be an arbitrary function having the 
same period, (J-l-Q) be a virtual flux, and the associated 
virtual velocity be obtained from Eq. (3.1). The virtual flux 
need not satisfy the kinetic relation (3.6). We now compute 
the difference l-I(J+Q)-IT(J) using Eq. (3.18). Replacing 
both the virtual and the actual velocity with their associated 
fluxes by Eq. (3.1), the difference in lI becomes 

,-(w- yK)Q g +& [(J+Q)2-J2] 

(3.19) 

Integrating the first term by parts, one reaches 

1 (fiw-ayK)+; 

(3.20) 

The first integral vanishes because J satisfies Eqs. (3.5) and 
(3.6). The second integral is always nonnegative because 
M>O, which in turn is required by the second law of ther- 
modynamics. Thus, ll(J+ Q) - II(J) 20 for any virtual 
flux. This proves the variational principle. 

We now wish to illustrate the versatility of the varia- 
tional principle by considering how to include electromigra- 
tion. Only an outline of concepts will be given here. A de- 
tailed implementation is beyond the scope of this article, and 
will be reported elsewhere. As an electric current flows in an 
interconnect, the drifting elections exert on each atom on the 
void surface a force F” = -q*E,, known as the electron 
wind force.’ Here q* (>O) is a phenomenological constant 
having the unit of electric charge, and E, is the electric field 
tangential to the void surface. The negative sign signifies that 
the force directs along in the electron flow, which is opposite 
to the electric field. Including the work done by the electron 
wind force, the first law (3.2) becomes 

$+I’FJdL=/F*JdL. (3.21) 

As before, J can be any virtual flux, and Q> varies with the 
virtual V,, compatible with J. It follows that, of all virtual 
velocities and fluxes that satisfy Eq. (3.1), the actual velocity 
and flux minimize the functional 

J=+p + (3.22) 

In numerical analysis, a void of an arbitrary shape can be 
represented by a conformal mapping from a unit circle. The 
mapping involves infinitely many coefficients, but only a fi- 
nite number of them is used in numerical analysis. Conse- 
quently, the void shape is approximately represented by the 
chosen coefficients. The electric field on the void surface E, 
is readily determined by this mapping. The variational prin- 
ciple (3.22) is then used to compute the time rates of the 
mapping coefficients. This procedure will trace the evolution 
of these coefficients, and thereby the void shape. 

It also follows from Eq. (3.21) that 

F=F*-afiw-wm 
c?L * 

(3.23) 

That is, the diffusion driving force consists of the electron 
wind force and the thermodynamic forces resulting from the 
elastic and the surface energy. Let 4 be the electric potential 
governed by the Laplace equation. The electric field tangen- 
tial to the void surface is given by E,= - &$,ldL. If q* is 
constant along the surface, the diffusion driving force in Eq. 
(3.23) becomes 

F= 
-a(-q*q5+aw-nyK) 

t?L 
(3.24) 

The quantity in the bracket plays the same role as the chemi- 
cal potential. 

The above variational principles apply to a void sub- 
jected to periodic boundary conditions. For other problems 
such as powder compaction suitable boundary terms must be 
added. It is straightforward to extend the variational prin- 
ciples for a surface in the three dimensions. There will be 
two surface flux components, J1 and JZ, and Eq. (3.1) will 
be replaced by the surface divergence. In Eq. (3.17), the line 
integrals will be replaced by surface integrals, the surface 
integrals by volume integrals, and J’ by JT + Js. The varia- 
tional principle can be used by dividing the surface into finite 
elements, so that surface evolution problems can be readily 
solved in three dimensions. 

D. How fast does the void evolve? 

In using the variational principles, the void shape is ap- 
proximately described by a finite number of parameters, all 
evolving with time. The more parameters, the better the de- 
scription. As an example, the evolution rate of a void under 
biaxial stress or = a,= m will be estimated. The initial imper- 
fections are such that the void evolves in the first mode, from 
a circle to a slit. As before, we will approximate the shapes 
between the two limits by a family of ellipses, a choice com- 
promising the accuracy of the prediction and the complexity 
of the calculation. The family of ellipses is 

X=aoa cos 8, Y=a,cC’ sin 8. (3.25) 

The dimensionless semiaxis a!(~) his the parameter that de- 
scribes the void shape: it is restricted to be a> 1. The ellipses 
conserve the area, elongating and shrinking in the X and Y 
directions, respectively, at the same rate. 

The variational principle of version (3.17) will be used 
here. The dimensionless velocity is 

u,=n.i=[ i)( g)cos 20. (3.26) 

The dimensionless flux j is so defined that Eq. (3.1) becomes 
v,=djjldl. Owing to the symmetry, j=O when t9=0. Inte- 
grate Eq. (3.26) and one obtains 

j=g sin 26. 
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FIG. 6. The evolution rate of an  elliptic void. 

The potential <p for an ellipse has been given by Eq. (2.8); m  
and (Y are related by comparing Eqs. (3.25) and (2.5). The 
normalized functional takes form 

II 
4  =(-hI,+I,)&+&i2. 

~2~w4W2~Myl~,) 
(3.28) 

The coefficients I depend on CI only. Straightforward calcu- 
lations yield 

I,=a(l-a-4), (3.29) 

sin2 B-C4 co.? 6, 
de, (3.30) 

1 
J- 

d2 

I,=- 27ra 0 
sin2 28 sin2 e+a-4 ~0s~ e de. 

(3.31) 

The integrals are computed numerically. Minimizing II in 
Eq. (3.28) by setting dlIld& =0, .one obtains the approximate 
evolution rate 

&=(RI,-1,)/12. (3.32) 

%o limiting cases are obtained explicitly. For ellipses 
close to the circle, a-+1, the initial velocity is 

&=4(a- 1)(8h-3 j,a-+l+. (3.33) 

The rate dr is linear with the perturbation (a-l). This result 
is consistent with Eq. (3.13), noting a=l+m to the first 
power in m. For very elongated ellipse, c&l, neglecting the 
terms with cY4 in I, one finds that 

&=F,( ;*,-l), a&l. (3.34) 

The rate is quadratic with the semiaxis for a very elongated 
void, and vanishes when the Griffith condition Eq. (2.14) is 
satisfied. 

Equation (3.32) is plotted in Fig. 6. Denote a as the 
semiaxis of an ellipse and a=a/ao>l. The ellipse will elon- 
gate further if the velocity is positive, but relax toward a 
circle if the velocity is negative. Three behaviors emerge for 
different values of A. For h=O, the rate is negative for any 

01 I I I I I I I I 
-1.5 -1 -0.5 0 0.5 1 1.5 2 

(b) Normalized time, tC22My/a,$ 

Ol I I I I I I I I 
-1.5 -1 -0.5 0 0.5 1 1.5 2 

(4 Normalized time, t8*Myla,4 

FIG. 7. The time for one  ellipse to evolve to another.  

ellipse, which will relax to the circle under the action of 
surface energy alone. For R~(0,3/8), the rate is negative for 
ellipse not too far from the circle, but positive for very elon- 
gated ellipses. For A l (3/8,~), the rate is positive for any 
ellipse, which will collapse to a slit. 

The evolution time from one ellipse to another is ob- 
tained by integrating ECq. (3.32). The three types of behaviors 
are plotted in Figs. 7(a), 7(b), and 7(c), respectively. Since 
the evolution is an irreversible process, the time always in- 
creases in these figures. When A E (3/8a), any ellipse will 
become more elongated, Fig. 7(a). The curves are plotted by 
arbitrarily assigning the initial value a=l.Ol at r=O. One 
can also read from the diagram the time needed for, say, an 
ellipse with a=1.2 to evolve to an ellipse with a=2.0 under 
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load level A=5/8. When. .A& (0,3/8), there is an-unstable 
equilibrium shape for each value of A, which is marked as 
the dashed line in Fig., 7(b) for R=1/8. More elongated el- 
lipses will collapse to slits, but less elongated ellipses will 
relax to the circle. When h=O, any ellipse will relax to the 
circle, Fig. 7(c). This diagram gives the relaxation time of 
the ellipses after the load is removed. Conversely, the surface 
kinetic constant M can be deduced if the relaxation time is 
measured experimentally. 

Approximate, but explicit, formulas can be obtained 
from Eqs. (3.33) and (3.34). For example, if both initial and 
final axes, ai and af, are not too far from the circular radius 
aa, the time duration is integrated from Eq. (3.33), 

kTa: 
tf-ti=32ilyD,8s 

( Y&2]:’ ln( E). 

(3.35) 

The formula can also be used to estimate the order of mag- 
nitude even when af is not very close to an. 

If the void shape is described by many parameters, Eq. 
(3.28) will consist of a linear and a bilinear form of their 
rates. Setting the partial derivatives of Ii with respect to the 
rates to be zero, one obtains simultaneous linear algebraic 
equations for the rates. They are solved by Gaussian elimi- 
nation to yield coupled initial value problems, which are then 
integrated by any standard procedure. Of course, as the void 
shape evolves, the elasticity problem must be independently 
solved at each step. The implementation as described is now 
in progress. 

IV. CONCLUDING REMARKS 

A void in an elastic solid collapses into a transgranular 
slit when the dimensionless -group o?aO/E y exceeds a criti- 
cal value. The mechanism works under both tensile and com- 
pressive stress. It is important to examine this mechanism 
among the related ones. The transgranular slits will dictate 
the interconnect lifetime only if grain-boundary cavitation 
does not prevail. The latter has been thoroughly studied;21 
the stress to initiate grain-boundary cavitation is p2y/ao, 
which is substantially lower than the stress to initiate a trans- 
granular slit. Several considerations might explain why the 
transgranular slits occur in interconnects, First, a void drifts 
in a line under electric current, so that even a void nucleated 
at a grain boundary or a triple junction may sever the line 
inside a grain.” Second, for a line having the bamboolike 
grain structure, encapsulated by dielectrics, atomic sinks are 
partially eliminated which, in turn, limits the growth rate of a 
rounded void.= Third, electric current is expected to contrib- 
ute in causing the shape instability.rl Fourth electromigration 
will redistribute stress in the interconnects.= 

As discussed in Sec. I, surface diffusion is the only dis- 
sipative process included in the present analysis. Among 
other dissipative processes, plastic creep gives rise to the 
greatest uncertainty. If operating at sufficiently high rate, 
creep will relax the thermal stress in the interconnect, and 
reduce the stress concentration at the tip of an elongated 
ellipse. Consequently, plastic creep tends to prevent a void 
from collapsing, or to blunt the tip of an existing elongated 

void. Creep can be incorporated into the analysis, which adds 
numerical complexities, but the major uncertainty arises 
from the lack of precise knowledge of the creep law in sub- 
micron dimensions. Some basic development is needed be- 
fore such numerical analysis is worthwhile. 

Although this work has been motivated by the intercon- 
nects, the phenomenon is anticipated for other material sys- 
tems where stress is high and grain boundaries are inacces- 
sible for diffusion. For example, single-crystal oxide fibers 
under mechanical load may suffer delayed fracture due to 
this mechanism. Unlike the existing stress corrosion cracking 
mechanisms, this .one does not invoke environmental effects. 
It will cause a preexisting void inside a well-coated material 
to collapse; general fracture follows when the void is suffi- 
ciently elongated. It is hoped that experiments with better 
controlled systems will soon succeed in sorting out these 
matters. 
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APPENDIX A: ELASTIC ENERGY CALCULATION 

An infinite body containing an elliptic hole subjected to 
remote stresses stores infinite amount strain energy; yet, one 
can compute the energy difference between a body contain- 
ing an elliptic hole and a body containing a circular hole 
subjected to the same remote stress state. Denote 
A U, = U,(ellipse) - U,(circle). The ellipse and the circle 
have the same area rrai. The hole can be regarded as an 
elastic medium with vanishing stiffness, so it can have 
strains. Of course, the stresses inside the hole vanish. For an 
infinite body containing an elliptic hole under remote stress, 
it is well known that the strain inside the hole is uniform. 
Denote the applied remote stresses as $, and the strains 
inside the hole as ~~j. We show that 

AU,= $ra&GAej. (Al) 

Here Aeyj are the differences in the strains inside the elliptic 
hole and those inside the circular hole. 

To prove Eq. (Al), consider a body of external boundary 
S, containing an arbitrary hole of boundary So. Denote IZ~ as 
the unit normal vector on the surfaces, pointing away from 
the solid. Let at be a stress tensor independent of position. 
The body is subjected to the traction vector ,Gni on the 
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external surface, but free of traction on the void surface. Let 
Uj be the displacement field in the body. The elastic energy 
in the body is 

U,= 4 
J &a 

atniuj dS. 

Rewrite the above as 

c$iuj dS+ f W~iuj dS. 

In the second integral, the surface normal is switched to 
point info the solid. 

To understand the first integral in Eq. (A3), one needs an 
auxiliary body with the same geometry as the original body. 
The auxiliary body is under the uniform stress U; every- 
where, with traction o;ni on both internal and external.sur- 
faces. Consequently, the first integral in Eq. (A3) is the vir- 
tual work done by the traction on the auxiliary body through 
the displacement of the original body. According to the re- 
ciprocal theorem, it is the same, virtually, as the work done 
by the traction of the original body through the displacement 
of the auxiliary body. Neither the traction crGni on the origi- 
nal body nor the displacement of the auxiliary body depends 
on the hole geometry. Thus, the first integral in Eq. (A3) is 
independent of the hole geometry. Only the second integral 
makes the difference when the hole changes shape or size. 

To take advantage of the fact that strains are uniform in 
the elliptic hole, one applies the Gauss theorem to the second 
integral in Eq. (A3), which changes the displacement to the 
strain inside the hole, leading to Eq. (Al). 

Referring to Fig. 1, for an elliptic hole subjected to re- 
mote biaxial stress state, the hoop stresses at points A and B, 
respectively, arez4 

3+m 3-m 
a,(A)=-ul+- CT., l-m *’ 

CT,(B)=-crzf- l+m V’* 
(A4) 

The corresponding stresses for a circular void are obtained 
by setting m = 0. Because the point on the surface is under 
uniaxial stress state, the hoop strains are given by the stress 
divided by Young’s modulus E of the solid. Compatibility 
requires that on the surface the hoop strain in the solid is the 
same as the hoop strain in the ‘rmedium” inside the hole. 
Thus, 

-4m c1 
A&=- - 

l+m E ’ 

Substituting Eq. (As) into Eq. (Al), one finds the elastic 
energy difference between a body with an elliptic hole and a 
body with a circular hole, 

2rrai 
AU,=E 

m 2 m ‘, 
-cr,-l+mq l-m (A6) 

Plane stress conditions are assumed in the above; under 
plane strain conditions, replace E by E/( 1 - ZJ’), u being 
Poisson’s ratio. 

APPENDIX B: STRESS AROUND A HYPOCYCLOIDAL 
HOLE 

The hoop stress around a hypocycloidal hole is obtained 
from Ref. 24 with some manipulations. For two-dimensional 
elasticity problems, the stress field is solved by two analytic 
functions n(z) and w(z) where z=x + iy and i= ,/- 1, 
namely 

oyr+cXX=4 Re[R’b)l, W 

cyy - ir,, 
2 

-t io;y=Zfi”(z) -t w’(z). 

The function 

z=R(J’+ml-“) (B3) 

conformally maps the exterior of a unit circle on the p plane, 
l= exp(i@, to the exterior of a hypocycloid on the z plane. 
Here n is a positive integer and OGm< l/n. The last restric- 
tion ensures that the hypocycloid does not have loops and 
only has cusps if m = l/n. A hypocycloid hole under remote 
biaxial tension, cr,, z a,,r = CT as jz/ -+a, is solved by 

iw 

u(z)=--? [ t-m[X+( :~~~~~~ ) (b+ y )]. 

The hole is traction free so that the hoop stress on the surface 
is giving by the first invariant of the stress tensor, 
a,=&-,,+rTyy. From Eqs. (Bl), (B3), and (B4) one finds that 

(r,=4 Re 
2-2m’nZ 

1+m”n2-2mn cos(n+1)0 * 
036‘) 

In the body of the text, Eq. (3.10) retains the terms up to the 
frrst power in m. 
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