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An on-chip aluminum interconnect carries an intense electric current at an elevated temperature,
motivating atoms to diffuse in the solid state, and inducing voids that may cause an open failure.
Recent observations have shown that a void sometimes collapses to a slit running nearly
perpendicular to the electric current direction. Such a slit often lies inside a grain rather than along
a grain boundary. An earlier calculation showed that diffusion on the void surface, driven by the
electric current, can cause a circular void to translate in an infinite, isotropic interconnect. It was
suggested recently that this solution may be unstable, and that two forces compete in determining
the void stability: surface tension favors a rounded void, and the electric current favors a slit. A
linear perturbation analysis, surprisingly, revealed that the translating circular void isstableagainst
infinitesimal shape perturbation. Consequently, the slit instability must have resulted from finite
imperfections. This article reviews the experimental and theoretical findings, and describes a
numerical simulation of finite void shape change. We determine the electric field by a conformal
mapping of complex variables, and update the void shape for a time step by a variational method.
The simulation shows that a finite void shape imperfection or surface tension anisotropy can cause
a void to collapse to a slit. ©1996 American Institute of Physics.@S0021-8979~96!00504-0#
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I. INTRODUCTION

Aluminum interconnects in integrated circuits are le
than 1mm wide and about 0.5mm thick. They carry electric
current up to 1010A/m2, and operate near half of aluminum
melting temperature~933 K!. As a result of the small dimen
sions, intense currents, and elevated temperatures, solid-
mass diffusion driven by the electron wind, known as ele
tromigration, poses persistent reliability problems.1,2

Figure 1 contrasts a wide and a narrow interconnect. I
wide line, grain boundaries form a continuous network. D
fusion on grain boundaries is orders of magnitude faster t
diffusion in lattice, so that the latter is negligible. Atom
diffuse along the grain boundaries, and voids nucleate
grow. By contrast, a narrow line often has a bambool
grain structure, where grain boundaries are far apart
nearly perpendicular to the line direction. In addition
rounded voids, slits have been observed both in bamboo
and single-crystalline interconnects.3–5 A void often nucle-
ates at a junction of grain boundaries, or a junction of a gr
boundary and an aluminum passivation interface.6 The void
may enlarge, migrate in a grain, penetrate grain bounda
change shape, collapse to a slit, and finally sever
interconnect.7–10The slit is often found inside a grain instea
of along a grain boundary.9–11An interconnect is a complex
dynamical system that has multiple thermodynamic forc
and dissipative processes. It is therefore not surprising
voids in reality do not obey any simple rules, or follow th
same sequence of events mentioned here.7

Complexity notwithstanding, theoretical analyses ha
focused on elementary processes in the void dynamics. V

a!Electronic mail: zhigang@engineering.ucsb.edu
2394 J. Appl. Phys. 79 (5), 1 March 1996 0021-8979/96
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nucleation and growth have been studied by ma
investigators.12–15 Void migration is understood in terms of
surface diffusion.16,17Atoms diffuse on the void surface from
one portion of the void to another, so that the void appears
translate in the grain. It has been suggested that a roun
void is unstable: the electric current may amplify a sma
asymmetry in the void shape and cause the void to collap
to a slit.9,10 Two forces compete in determining the void
shape. Surface tension favors a rounded void, and the elec
current favors a slit; a rounded void collapses to a slit wh
the electric current prevails.18,19 A linear stability analysis,
however, shows that a circular void translating in an infinit
isotropic conductor is stable against any infinitesimal sha
perturbation.20 Consequently, a slit may result from a finite
shape imperfection. Indeed, recent simulations show tha
circular void in an interconnect of finite width is unstabl
and evolves to a slit.21,37

In an interconnect with the bamboolike grain structur
grain boundaries no longer serve as long-range mass tra
port paths. Interfaces between aluminum and surround
materials may provide a fast diffusion path.22 Dislocations
may also be important: not only do they act as fast diffusio
pipes, but they also climb and multiply under electr
current.23 Even lattice diffusion may become significan
when no other diffusion paths are available.

In this article, we will simulate void shape change due
surface diffusion, assuming all other transport processes
negligibly slow during shape change. Section II formulat
the dynamics of a void in the electron wind. Section III sum
marizes the existing analytical solution of a translating c
cular void, and Sec. IV of linear stability analysis. Section
describes a variational method to simulate the large vo
shape change. The results in Sec. VI show that a finite sh
/79(5)/2394/10/$10.00 © 1996 American Institute of Physics
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imperfection or a surface tension anisotropy may destabil
a void. Table I lists material properties to be used in nume
cal estimates.

II. THE EVOLVING VOID AS A DYNAMICAL SYSTEM

A. Kinematics, energetics, and kinetics

Figure 2 illustrates a void in a conductor under an ele
tric field E, where the rectangular coordinatesx and y are
also indicated. We will model a cylindrical void through th
thickness of the conductor. The void changes location a
shape by mass diffusion on the void surface. The void is
dynamical system, and the mathematical problem is
evolve a closed contour in a plane.

Following the classical differential geometry,24 we de-
scribe the contour at a given timet by the position vectorx
as a function of a parameteru, namely,

x5x~u,t !. ~2.1!

For example,x5a cosu andy5b sinu, 0,u,2p, describe
an ellipse, witha andb evolving with the time. At a given
time, one can calculate the length of an arc elementds, the
vector normal to the arc elementn, and the curvature of the
arc elementk. A sign convention is adopted such thatn
points from the void to the solid, andk.0 for a circular
void.

Denote the velocity normal to the surface byVn ~i.e., the
volume of mass removed from unit surface area in unit tim!.
The velocity relates to position vector on the void perimet
as

FIG. 1. ~a! A rounded void in a wide polycrystal interconnect.~b! A trans-
granular slit in a narrow interconnect with the bamboolike grain structur

TABLE I. Pure aluminum data.

Atomic volume V51.66310229 m3

Surface diffusivity Ds510253exp@20.7~eV!/kT# m2/s @36#
Effect surface
thickness

ds52.86310210 m ~approximated by
the Burgers vector!

Surface energy g51 J/m2

Effective valence Z*520
Electric resistivity r52.7431028 V m
J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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Let J be the atomic flux on the void surface~i.e., the number
of atoms per time crossing unit length on the surface!. Mass
conservation requires that the surface velocity relate to
flux divergence

Vn5V]J/]s. ~2.3!

Here V is the volume per atom. Equations~2.1!–~2.3!
specify the kinematics of the dynamical system.~In a con-
tinuum model, an atom is a unit for mass, which does n
imply discreteness.!

The electron wind exerts a force on an atom on the vo
surface,FE , in the direction of the electron flow, of magni-
tude proportional to the electric field. LetEt be the compo-
nent of the electric field tangential to the void surface. Th
electron wind force per atom is written as1,2

FE52Z* eEt , ~2.4!

whereZ* ~.0! is the effective valence, ande ~.0! the mag-
nitude of the electron charge. The negative sign means t
the force is in the direction of the electron flow.

Let G be the free energy, consisting of surface ener
and electrostatic energy—they both vary when the vo
changes shape. The relative magnitude of the two energie
described by a dimensionless numbereE2R0/g, whereR0 is
the length representative of the void size,g the surface ten-
sion, ande the permittivity. For typical values, this number is
much smaller than unity. Consequently, we will take the fre
energy to be the surface energy, and ignore the electrost
energy. Thus, the free energy of the system is

G5E gds. ~2.5!

All integrals in this article extend over the void surface. Th
surface tensiong may depend on crystalline orientation.

Following a previous article25 we will define the thermo-
dynamic force usingvirtual motion. Imagine that the void
changes shape slightly, mass relocating from one segmen
the surface to another. Denote the small movement norma
the void surface bydUn ; the magnitude of the movemen
need not be the same along the surface. LetdI be the number
of atoms across unit length on the surface. Following Biot27

we will call I the mass displacement. Mass conservation
quires thatdUn and dI satisfy a relation like~2.3!, i.e.,

e.

FIG. 2. A void in an interconnect subjected to an electric field. The mediu
inside the void may have finite resistivity.
2395Wang, Suo, and Hao
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dUn5V](dI )/]s. A small, mass-conserving motion is a vi
tual motion, so called because it need not obey any kin
law.

Associated with this virtual motion, the free energ
changes bydG, and the electron wind force does virtu
work, *FEdIds. Define the thermodynamic force that drive
atomic diffusion on the void surface,F, as free energy re
duction plus the virtual work done by the electron win
associated with one atom moving unit distance. That is,
any virtual motion,F satisfies

E FdIds52dG1E FEdIds. ~2.6!

This definition is consistent with that of Herring26 on the
basis of the chemical potential, as shown in Sec. III A, a
will lead to a numerical procedure presented in Sec. V. Eq
tions ~2.4!–~2.6! specify the energetics of the dynamical sy
tem.

We will adopt a commonly used linear kinetic law, i.e
the actual flux is proportional to the thermodynamic forc
namely,

J5MF, ~2.7!

whereM is the atomic mobility on the void surface, whic
we regard as a phenomenological quantity to be determ
experimentally by its macroscopic consequences. This lin
law is often a good approximation because the poten
drop, over an atomic spacingb, is much smaller than the
average thermal energykT, namely,Fb/kT!1. The mobility
is related to the effective surface diffusivity,Dsds , by the
Einstein relationM5Dsds/VkT. Equation~2.7! specifies the
kinetics of the dynamical system.

The above completes the problem description. As w
many continuum descriptions of natural phenomena, this
scription can be cast into two forms. They are mathem
cally equivalent, but lead to different computation
schemes. In the first form, a combination of Eq.~2.6! and
mass conservation gives an expression of the thermodyn
force F in terms of local quantities~curvature and surface
tension!, leading to a high-order partial differential equatio
to be solved analytically or numerically by the finite diffe
ence method. In the second form, a combination of Eqs.~2.6!
and ~2.7! gives an integral representation of the proble
with mass conservation as a constraint, providing the b
for the Galerkin method or the finite element method. W
will use both forms in this article to our advantage.

B. Electric field around a void

To determine the electron wind force requires that
electric field be solved for a given void shape. We assu
that the electric field distribution is unaffected by electrom
gration and capillarity, and obeys the standard equati
summarized below. The electric field components,Ex and
Ey , are the gradients of the electric potentialf

Ex52]f/]x, Ey52]f/]y. ~2.8!

Conservation of electric charge requires that the compon
of the current density vector,j x and j y , satisfy
2396 J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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] j x
]x

1
] j y
]y

50. ~2.9!

The electric field and the current density relate linearly

Ex5r j x , Ey5r j y , ~2.10!

wherer is the resistivity. A combination of Eqs.~2.8!–~2.10!
shows that the electric potential obeys the Laplace Eq.

]2f

]x2
1

]2f

]y2
50. ~2.11!

This partial differential equation, together with boundar
conditions, determines the electric potential. The electr
field component tangential to the void perimeter is calculate
from the gradient of the electric potential in the direction o
the arc length

Et52]f/]s. ~2.12!

Since there might be conductive species trapped in t
void, we assume different resistivity inside the void,rn , and
outside the void,rm . If the void is a perfect insulator,rn5`.
A list of useful solutions follows:
A circular void lies in an infinite interconnect.

In this case, the electric field is nonuniform outside th
void, but uniform inside the void. Denote the electric field
inside the void byEvoid , which points in the same direction
as the remotely applied electric fieldE, and has magnitude

Evoid5aE, ~2.13!

with a52rn/~rn1rm!. The coefficient varies within a factor
of 2 for all reasonable situations, 1,rn/rm,`.
The medium inside the void has the same resistivity as
conductor, rn/rm51.

In this case the electric field is uniform everywhere, an
the electric potential is

f52Ex. ~2.14!

This solution applies to a void of arbitrary shape in an inte
connect of any width. As will be shown later, even this trivia
field distribution gives rise to interesting void dynamics.
An insulating void lies in an infinite interconnect, rn/rm5`.

The solution is readily obtained by complex variabl
methods; the formulas to be used later are~2.18! and~2.20!.
Define a complex variablez5x1 iy , where i 5 A21. Let
v(z) be an arbitrary analytic function. The general solutio
of the Laplace Eq. is

f5Re@v#, ~2.15!

where Re stands for the real part of a complex number. T
electric current flowing across a curved segmentAB is given
by

E
A

B

j nds52
1

r
Im@v#, ~2.16!

where Im stands for the imaginary part of a complex numbe
Next consider another complex plane, thez -plane, and a

unit circle on the plane,z5exp(iu), 0,u,2p. A power se-
ries
Wang, Suo, and Hao
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n51

`

anz
2n ~2.17!

maps the exterior of the unit circle on thez plane to the
exterior of the void on thez plane. The coefficientsai de-
scribe the shape of the void on thez plane. For example,a21
describes a circle, anda0 a shape-preserving translation
During void shape evolution, the unit circle on thez plane
remains unchanged, and the coefficientsai evolve with the
time.

We will assume that the void shape has a mirror symm
try with respect to thex axis, so that all the coefficientsai
are real numbers. This situation also models a void at
surface of a semi-infinite interconnect. Written in real nu
bers, a point on the unit circle at angleu maps to a point on
the void perimeter, (x,y), according to

5 x5a21 cosu1a01 (
n51

`

an cosnu

y5a21 sin u2 (
n51

`

an sin nu.

~2.18!

The analytic functionv is determined by the boundar
conditions: the electric field isE as uzu→`, and the current
density normal to the void perimeter,j n , vanishes. That is,
v→2Ez as uzu→` and, according to Eq.~2.16!, Im@v#50
on the void surface. Thus,

v52a21E~z1z21!. ~2.19!

Consequently, the electric potential on the void surface is

f522a21E cosu. ~2.20!

This solution is valid for an insulating void, symmetric abo
the x axis, in an infinite interconnect, subject to the elect
field E in the x direction.

III. A VOID IN AN ISOTROPIC CONDUCTOR

This section summarizes analytical results for a void in
conductor that has isotropic surface tension, surface mobi
and effective charge. The results will guide later simulatio

A. Length scale, time scale, and equation of motion

When the surface tension is isotropic, Herring26 showed
that

dG5gE kdUnds. ~3.1!

The integral is the increase in the length of the void peri
eter associated with the virtual motion. Inserting this expr
sion into Eq. ~2.6!, using the mass conservation relatio
dUn5V](dI )/]s, and integrating by parts, one obtains th
thermodynamic force

F52Z* eEt1Vg]k/]s. ~3.2!

The first term is the electron wind force; the second term
the capillary force, which reproduces Herring’s formula.
J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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With reference to Fig. 2, consider the shape evolution
an initially circular void of radiusR0. The relative magnitude
of the two forces, the electron wind and the surface tensio
is measured by a dimensionless group18,19

x5
Z* eER0

2

Vg
. ~3.3!

This number is of primary importance and will appear man
times later. Note that the length scaleR0 enters this group; its
physical significance will become evident when we consid
void instability.

We will normalize all the lengths by the radius of th
circular void,R0, and normalize the electric field in the con
ductor by the remotely applied electric fieldE. The combi-
nation of the equations in Sec. II A suggests a characteris
time

t05
R0
4

V2Mg
. ~3.4!

All the time in this article will be reported in this character
istic unit.

Combining the equations in Sec. II A, we obtain th
equation of motionfor the dynamical system

n–
]x

]t
5

]2

]s2
~xf1k!. ~3.5!

This is a partial differential equation in a dimensionles
form, valid when the conductor has isotropic surface tensio
surface mobility, and effective charge.

B. A shape-preserving circular void translates in an
infinite conductor

Ho13 discovered many years ago that, in an infinite, is
tropic conductor under a remote uniform electric field, a c
cular void can migrate without changing its shape. His so
tion is summarized as follows, and will be used to guide t
later development. For a circular void of radiusR0, from Eq.
~2.13!, one obtains the electric field component tangential
the void surface,Et52aEy/R0 , so that the electron wind
force @see Eq.~2.4!# is

FE5aeZ*Ey/R0 . ~3.6!

The isotropic surface tension does not cause diffusion on
surface of the circular void.

On the void surface in Fig. 2,A is a symmetry point
where the flux vanishes, andB is a point at heighty. Let the
circle translate at a uniform velocityV in the x direction. In
unit time, atoms of volumeyV are removed from the seg-
ment AB, and flow out of the segment at pointB. Mass
conservation requires that the flux at pointB be

J5yV/V. ~3.7!

A combination of Eqs.~2.7!, ~3.6!, and ~3.7! gives the
steady-state velocity

V5aVMZ* eE/R0 . ~3.8!

The void migrates in the direction of the applied electr
field, at a velocity proportional to the applied electric field
2397Wang, Suo, and Hao
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and inversely proportional to the void radius. AtT5500 K
andE51000 V/m an insulating void of radiusR050.1 mm
translates at velocityV52.431029 m/s.

C. Intense electron wind blows a void away from a
trap

A void is subject not only to the electron wind, but als
to the forces like grain-boundary tension. In a bambooli
interconnect, grain boundaries or junctions may trap voids
critical electric field exists, above which the void break
away from the trap.22 Following similar analyses for a
precipitate28 and a dislocation loop,23 we estimate the critical
electric field for a void using the principle of virtual work.

Denote f T as the force by the trap applied to the void
For example, when a void tries to break away from a gra
boundary of tensiongb , the grain boundary exerts a forc
~per interconnect thickness! on the void, f T52gb , in the
direction opposing the breakaway. In equilibrium this forc
balances the electron wind force, and surface diffusion sto
Let the void undergo a virtual translation in thex direction
by a displacementdU. The associated virtual mass displac
ment, dI , satisfies a relation similar to Eq.~3.7!, i.e., dI
5ydU/V. In equilibrium, the total virtual work vanishes

E FEdIds2 f TdU50. ~3.9!

Inserting Eq.~3.6! and approximating the void by a circle in
integration, we obtain that

aZ* eER0
2

V f T
5
1

p
. ~3.10!

Material properties being fixed, a critical value ofER0
2 exists,

above which the void breaks away from the grain bounda
Takinggb50.5 J/m2 anda52, we find that a void ofR050.1
mm breaks away from the grain boundary underE582.5
V/m.

FIG. 3. ~a! A void with the critical asymmetric shape.~b! A void with the
uncritical asymmetric shape. Adapted from Arzt,et al.10 ~see Ref. 10!.
2398 J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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IV. LINEAR STABILITY ANALYSIS

A translating circular void is a solution, but may be un
stable. Arzt and co-workers9,10 suggested that the electron
wind may amplify certain perturbation from the circula
shape, leading to a slit. Figure 3 illustrates two asymmet
void shapes. The shape in Fig. 3~a! is critical because the
electromigration-induced atomic flux fromb to c is larger
than that froma to b, so that mass depletes fromb, and the
void elongates normal to the interconnect line direction. B
contrast, the shape in Fig. 3~b! is uncritical because the
electromigration-induced atomic flux fromc to b is larger
than that fromb to a, so that mass accumulates atb, and the
void elongates along the interconnect line direction.

Two forces, the electron wind and the surface tensio
compete in determining the shape stability.18,19 The former
destabilizes a circular void, and the latter stabilizes it. T
relative magnitude of the two forces is measured by the
mensionless groupx of Eq. ~3.3!. Whenx is small, the sur-
face energy dominates, and the void remains rounded. W
x is large, the electron wind dominates, and void collapses
a slit.

Marder’s linear stability analyses,20 however, donot
completely support the above qualitative picture. He pr
scribed infinitesimal perturbation to the translating circul
void in an infinite, isotropic interconnect carrying an electr
current, and found the following results. Ifrn/rm51 the void
is unstable whenx exceeds a critical value. An insulating
void ~rn/rm5`!, however, is stable for arbitrarily highx.
Hao29 extended the analysis and showed that a void w
finite resistivity is unstable whenx exceeds a critical value
that depends onrn/rm . The remainder of this section cast
Marder’s results in the notation of this article.

The translating circular void in Sec. III B is described b

a2151, a05axt, ~4.1!

with all other coefficients vanishing. One can confirm th
Eq. ~4.1! is a solution to the partial differential Eq.~3.5!. We
next impose a small perturbation as

a21511e21 , a05axt1e0 . ~4.2!

In addition, all other coefficients,a1 ,a2 ..., perturb from zero.

A. If rn/rm51, the void is unstable when x exceeds a
critical value

In this case the dimensionless electric potential is simp
f5x. Substituting the perturbed coefficients into Eq.~3.5!
and keeping the first-order terms, one obtains that
5
ė2150

ė052xe211
3

2
xa1

ȧn5x
n221

2
an212n~n12!~n11!2an1x

~n11!~n13!

2
an11 ~n>1!

~4.3!
Wang, Suo, and Hao
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This is a set of linear ordinary differential equations. Th

solution can be a superposition of two solutions with diffe
ent initial conditions

I. e21~0!Þ0, e0~0!Þ0; a1~0!50, a2~0!50...

II. e21~0!50, e0~0!50; a1~0!Þ0, a2~0!Þ0...

The solution under initial condition I is

H e21~ t !5e21~0!

e0~ t !5e0~0!2xe21t
an~ t !50.

~4.4!

This solution is a circular void. Under initial condition II, the
solution is determined by the set of equations of the last li
in Eq. ~4.3!. They are solved by the exponential functions

an~ t !5an~0!exp~lt !. ~4.5!

Herean~0! describe the initial perturbation from the circula
shape, andl is an eigenvalue of the matrix formed by th
coefficients of the equations in~4.3!. Whenl,0, the solu-
tion decays exponentially, and the circular void is stab
Whenl.0, the solution grows exponentially, and the circu
lar void is unstable.

We used finite number of terms,N, in the calculation;
the computed eigenvalues withN510 are listed in Table II.
When x is small, all eigenvalues are negative. Whenx is
large, some eigenvalues are positive. The critical value

TABLE II. Eigenvalues of the ordinary differential equations~rn/ rm51,
N510!.

x510 x511

21.48 10.84
266.46 262.96

2232.96 2231.50
2593.22 2591.81

21253.37 21251.99
22345.47 22344.10
24025.53 24024.18
26473.58 26472.24
29894.15 29893.07

214 583.74 214 597.00

TABLE III. Eigenvalues of the ordinary differential equations~rn/rm5`,
N510!.

x520 x5200

212.00 212.00
2119.69 2724.58
2316.37 21519.0521503.09i
2687.32 21519.0511503.09i
21351.53 22912.2325036.97i
22445.67 22912.2315036.97i
24127.16 25208.85211 472.19i
26572.66 25208.85111 472.19i

210 083.68 29725.56223 378.06i
213 751.91 29725.56123 378.06i
J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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between 10,xc,11, which agrees with our previous resul
xc510.65, obtained from a noncircular steady-sta
solution.19

B. An insulating void is stable against infinitesimal
shape perturbation

In this case, the electric potential is given by Eq.~2.20!.
The same procedure leads to

H ė2150
ė0522xe211xa1 ~4.6!

ȧn5x~n221!~an212an11!2n~n12!~n11!2an .

Within the rangeN,100 andx,200, we found that the real
parts of eigenvalues are all negative; Table III gives e
amples. We stop atx5200 because this corresponds to a
electric field an order of magnitude higher than that used
the accelerated tests. Thus, the insulating void is stab
against infinitesimal shape perturbation.

V. NUMERICAL PROCEDURE

Linear stability analysis has two limitations. First, it
gives no information about the behavior after the circula
void loses stability. Will the void collapse to a slit, or will it
settle down with a noncircular shape, translating without fu
ther shape change? Second, a void stable against infinite
mal perturbation need not be stable against finite perturb
tion. In practice, the initial void is never a perfect circle
deviation may result from surface tension anisotropy, fini
interconnect width, thermal stress, etc. To determine the vo
stability under practical conditions, we must studylarge
shape change.

In the previous articles,25,30 we outlined a variational
method for the electromigration problem. The method of th
kind, pioneered by Needleman and Rice,31 has been devel-
oped by several research groups to simulate diverse pheno
ena of structural evolution in materials.30–35A general for-
mulation of the finite element method for electromigratio
problems has been given recently.37 In what follows, we give
the details of the method in the context of this work.

A combination of the force definition~2.6! and the ki-
netic law ~2.7! gives

E J

M
dIds52dG1E FEdIds. ~5.1!

In the previous article,25 this equation leads to a variationa
statement. Here we directly apply the Galerkin procedure
this equation. Describe the void shape by a set of generaliz
coordinates,ai ; they are the coefficients in the power serie
~2.18! in the present problem. Writeȧi as the generalized
velocities.

The kinematics require that the flux be linear in the gen
eralized velocities

J5(
k
Akȧk . ~5.2!

HereAi are analogous to the shape functions in finite el
ment methods. They are computed as follows. In a dime
sionless form, the mass conservation Eq.~2.3! is
2399Wang, Suo, and Hao

t¬to¬AIP¬copyright,¬see¬http://ojps.aip.org/japo/japcpyrts.html



is
ed
rate

id

te

he
-

e

,
e

n
for

e
or

e
f
pe
is

ric
of
]J

]s
5S ]y

]u

]x

]t
2

]x
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]t D du
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. ~5.3!

The quantities in the bracket relate to the generalized co
dinates and velocities by Eq.~2.18!. Integrating and taking
J50 at u50, we obtain the fluxJ~u! in the form ~5.2!, with
the shape functions given by

A215a21u2 (
n51

an
n sin~n11!u

n11
, ~5.4a!

A05a21 sin u2 (
n51

an sin nu, ~5.4b!

Ak5a21

sin~k11!u

k11
2kaku

2 (
n51
nÞk

nan
sin~k2n!u

k2n
, ~k51,2,...!. ~5.4c!

Since no net mass is added or removed from the void,
flux J~u! should be a periodic function with period 2p. In the
above, only the functionu is aperiodic. Consequently, mas
conservation places a constraint among the coefficients

a21ȧ212 (
k51

kakȧk50. ~5.5!

One can confirm that this constraint ensures that the cro
section area of the cylindrical void remains constant as t
shape changes. We used a Lagrange multiplier to incorpor
the constraint into the numerical simulation.

The same kinematics require that the virtual mass d
placement be linear in the virtual coordinate change

dI5(
i
Aidai . ~5.6!

The shape functions are the same as Eq.~5.4!.
Insert Eqs.~5.2! and ~5.6! into Eq. ~5.1!, and we obtain

(
i ,k

Hikȧkdai5(
i

~ f i1 f Ei!dai . ~5.7!

Each term in Eq.~5.7! has a clear physical meaning. The fre
energy depends on the void shape, and is therefore a func
of the coordinates,G(a21,a0 ,a1 ,a2 ,...). The generalized
force column resulting from the free energy is

f i52]G/]ai . ~5.8!

The generalized force column resulting from the electro
wind is

f Ei5E FEAids. ~5.9!

The generalized viscosity matrix is

Hik5E AiAk

M
ds. ~5.10!

The viscosity matrix is symmetric and positive–definite. Th
above integrals are evaluated numerically when necessar
2400 J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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Equation~5.7! holds for any arbitrary virtual motion, so
that

(
k
Hikȧk5 f i1 f Ei . ~5.11!

That is, the viscosity times the velocity equals the force. Th
is a set of ordinary equations that evolve the generaliz
coordinates. We use a standard computer routine to integ
the equations numerically.

VI. SIMULATION RESULTS

The following results are computed withN515 coordi-
nates. We run the simulation with a perfect circular vo
under electric field up tox5200, for both casesrn /rm51 and
rn /rm5`. The voids are found to translate at a steady-sta
velocity as determined by Eq.~3.8!. This shows that round-
off error of the machine is small enough not to change t
stability of the void, even in the case where the void is lin
early unstable.

A. Case rn/rm51

The initial imperfect circle may take any shape. To b
definite, we prescribe the initial void shape as

a215A11e2, a156e, ai50 ~ iÞ61!. ~6.1!

The parametere indicates the magnitude of the imperfection
anda21 is chosen so that the noncircular void has the sam
area as a unit circle. The two signs ofa1 give two asymme-
tries in Fig. 3. Figure 4 shows the results of the simulatio
~e50.01!. Each row is a sequence of snapshots of a void
a level of x, taken at time intervalDt50.4. The void mi-
grates in the direction of electric current, from the left to th
right; the location of the void can be read from the ruler. F
the critical asymmetry,a1520.01, once the void buckles, it
collapses to a slit. Figure 5 details the slit formation in th
casex511, where only half of the void is drawn because o
the symmetry. The time is mostly spent on the initial sha
change from the circle, and the later stage of slit formation

FIG. 4. Each row is a sequence of snapshots, taken at time intervalDt50.4,
of a void migrating in an interconnect, in the direction of the applied elect
field, from the left to the right. The electric resistivities inside and outside
the void are identical,rn/rm51. The initial perturbation ise50.01.
Wang, Suo, and Hao
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fast. Because the void is linearly unstable, the critical va
xc is insensitive to the initial perturbation, so long as t
perturbation is small. The value computed withe520.001 is
between 10,xc,11, in agreement with the linear stabilit
analysis in the last section.

For the uncritical asymmetry,a1510.01, after the circle
loses stability, the void reaches an egg-shaped steady s
translating without further shape change. If the electric fi
increases, the void elongates more, until the upper and
lower part of the void surface touch. The void might the
split into two smaller ones.

FIG. 5. Details of the late stage void evolution of the critical situation f
x511 in Fig. 4.

FIG. 6. Each row is a sequence of snapshots, taken at time intervaDt
50.06, of a void migrating in an interconnect, in the direction of the appl
electric field, from the left to the right. The void is a perfect insulator. T
initial perturbation ise50.1.
J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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B. Case rn /rm5`

As discussed in Sec. IV B, an insulating void, in an in
finite, isotropic interconnect, with infinitesimal perturbation
will relax back to a circle. Our simulation, detailed as fol-
lows, shows that the insulating void is unstable against fini
imperfection. We will still present our results in terms of the
dimensionless groupx in Eq. ~3.3!. The critical value for a
rounded void to evolve to a slit,xc , now depends on the type
and the magnitude of the imperfection. The imperfectio
may be introduced in many ways, such as finite resistivit
inside the void,29 finite interconnect width,21,37as mentioned
before. Three other types of imperfections are considered
follows.

1. Finite shape imperfection

In the simulation, the void takes the initial shape of Eq
~6.1!. Figure 6 shows the snapshots at time intervalDt50.06
of a void with initial imperfectione50.1. Whenx is small,
the void migrates and changes its shape, but finally reache
steady state. Whenx is large, the void collapses into a slit.
Figure 7 plotsxc as a function of the imperfectione. The
critical value drops sharply when moderate initial imperfec
tion is introduced, and decreases somewhat thereafter.

2. Surface energy anisotropy

Consider a film with the plane parallel to~111! plane.
The~111! planes are taken to have lower surface tension th
other crystalline planes. Under no electron wind, a void
faceted with~111! planes. That is, we assume that the void i
approximately a truncated tetrahedron. To explore the effe
of the anisotropy on slit instability, we assume that the su
face tension is a function of surface orientation. Denotew as
the angle from thex axis to the surface normal vectorn. In
the numerical simulation, the function is taken to have
threefold symmetry

g5g0~11gs cos 3w!. ~6.2!

The magnitude ofgs indicates the degree of anisotropy, and
the sign gives two crystal orientations relative to the electr

or

l
ied
he

FIG. 7. The critical valuexc as a function of the magnitude of the initial
shape imperfectione.
2401Wang, Suo, and Hao
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field. The average surface tensiong0 enters the dimension-
less groupx in Eq. ~3.3! and the characteristic time in Eq.
~3.4!. We will still use the two-dimensional electric field de-
veloped in Sec. II B; this should give a good approximatio
when the in-plane void size is large compared to the fil
thickness.

In the simulation, we start with a circular void, and let i
relax under the anisotropic surface tension to the noncircu
equilibrium shape. An electric field is then applied and th
void migrates and changes shape again. Under the criti
configuration~gs,0!, for a givengs , there is a critical elec-
tric field xc , above which the void collapses to a slit. Th
void evolution sequence is similar to that of shape imperfe
tion. Figure 8 plots the critical valuexc as a function of the
anisotropy factorgs . Surface energy anisotropy drastically
reduces the critical electric field.

FIG. 8. The critical valuexc as a function of the magnitude of surface
energy anisotropy.

FIG. 9. Void evolution forx5100 and high surface diffusivity anisotropy
gd50.99.
2402 J. Appl. Phys., Vol. 79, No. 5, 1 March 1996
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3. Mobility anisotropy

Atomic diffusivity on the void surface can be nonuni-
form due to, for example, crystalline anisotropy or tempera
ture nonuniformity caused by the Joule heating. The effect o
diffusivity anisotropy has been modeled with a sixfold
symmetry.21 Consequently, the void becomes faceted unde
the electric current, resulting in a hexagonal shape which
stable. In the present simulation, to model the truncated te
rahedron, we adopt the threefold symmetry of form

M5M0~11gd cos 3w!. ~6.3!

The parametergd dictates the magnitude and two configura-
tions relative to the electric current. The average mobilityM0
enters the characteristic time~3.4!. Figure 9 shows snapshots
for a void underx5100 with anisotropyugdu50.99. In this
case surface diffusion at some parts of the void surface
about 200 times faster than at other parts. The lowest diffu
sivity limits the flux, and the void tends to have polygonal
shapes. The migration velocity of the void as a whole is
limited by the slowest diffusion on the void surface.

The situation complicates when both surface tension an
mobility are anisotropic; Table IV lists some examples. A
void is denoted as uncritical if it reaches a steady state~e.g.,
the void in Fig. 9!, or collapses along the line direction. If the
mobility is highly anisotropic, it controls the void evolution
in a way similar to Fig. 9. If both surface tension and mobil-
ity anisotropies play roles, depending on their combinations
the critical valuexc either increases or decreases.

VII. CONCLUDING REMARKS

Void shape change is understood in terms of surface di
fusion driven by the electron wind and surface tension. In
only one situation, among many that have been investigate
is the circular void stable against infinitesimal perturbation
In reality, finite imperfections exist in the interconnects. Our
simulation shows that the instability is sensitive to imperfec
tions. A void collapses into a slit if the dimensionless group
Z* eER0

2/Vg is large.
We have described a method to simulate void shape ev

lution, combining a conformal mapping to determine the
electric field, and the Galerkin method to construct a dy
namical system of finite degrees of freedom. We could a
well approximate the void perimeter by many short straigh
segments, and formulate a finite element procedure for th
shape evolution, as has been done in Refs. 21 and 37. T
resulting ordinary differential equations would look formally
the same as those in Sec. V, but the finite element metho

TABLE IV. Effect of surface diffusivity anisotropy on void stability.

gd gs520.1 gs50 gs510.1

20.99 Uncritical Uncritical Uncritical
20.9 Uncritical Uncritical
20.1 Uncritical Uncritical
0.0 35,xc,37 Circle Uncritical

10.1 15,xc,16 13,xc,14
10.9 29,xc,30 240,xc,260
10.99 Uncritical Uncritical Uncritical
Wang, Suo, and Hao
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would be much more versatile. The generality of these ide
has just been appreciated.30–35 It will be fascinating to see
the ideas be implemented and applied to diverse problem
materials science in the following years.
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