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ABSTRACT

In a ceramic multilayer actuator, the abrupt end of an internal electrode concentrates the electric field,
inducing stresses in the ceramic. Crack nucleation and growth have been observed. experimentally, but
have not been well modeled due to the complex material behaviors. We write a finite element program to
solve this coupled electromechanical problem. The material is taken to be nonlinearly dielectric with
electrostrictive strain quadratic in electric displacement. The program solves field distributions in a mul-
tilayer actuator, which are combined with fracture mechanics to obtain cracking condition. The calculations
are compared with the existing analytical solution under the small-scale saturation conditions, and then
extended to the large-scale saturation conditions. We show that the cracking condition established under
the small-scale saturation conditions gives useful estimate even when the saturation zone is comparable to
the actuator layer thickness.

1. INTRODUCTION

Ceramic multilayer actuators have found a wide range of applications owing to their
small volumes, quick response, low energy consumption, and large generative forces
(Uchino, 1993 ; Rogers, 1995). Various electrode configurations have been proposed
(Yoshikawa and Shrout, 1993), one of which is shown in Fig. 1. An actuator often
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Fig. 1. A schematic picture of ceramic multilayer actuator.
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consists of hundreds of ceramic layers, alternating with thin metal films (internal
electrodes). Each metal film connects one edge to one of the external electrode strips,
and terminates another edge inside the ceramic to maintain insulation. The terminated
electrode edges raise a serious reliability problem. Cracks start in the ceramic around
the electrode edges, grow and damage the device (Furuta and Uchino, 1993 ; Abu-
ratani et al., 1994 ; Schneider ez al., 1994).

Figure 2 illustrates a basic cracking mechanism (Suo, 1993). When a voltage V' is
applied to the multilayer actuator, an electric field E,,, = V/H prevails in the region
covered by two internal electrodes, where H is the individual ceramic layer thickness
[Fig. 2(a)]. However, the electric field around a terminated electrode edge is non-
uniform and much higher than E,,, [Fig. 2(b)]. Consequently, the ceramic around
the electrode edge undergoes an incompatible deformation due to either ferroelectric
switching or electrostriction [Fig. 2(c)]. The incompatible deformation, in its turn,
induces a stress field that may activate flaws in the ceramic to grow.
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Fig. 2. A basic mechanism for cracking around an electrode edge.
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Winzer et al. (1989) was the first to analyze the problem using finite element method.
They determined the electric field in an actuator assuming that the ceramic is linearly
dielectric, and then solved a linear elastic problem to determine the stress field induced
by quadratic electrostriction. Yang and Suo (1994) studied the similar problems
analytically, and showed that at a small distance r from an internal electrode edge,
the stress field is 1/r singular. The strong singularity results from two idealizations:
the electrode was taken to be a mathematical plane with no thickness, and the ceramic
was linearly dielectric. In reality, as the electric field increases, the electric displacement
saturates, resulting in a lower electrostrictive strain than that predicted from a linear
dielectric. Yang and Suo (1994) proposed a step-like electrostriction model, and
showed that the stress is no longer singular. For an electrostrictive ceramic with
saturated electric displacement, Hom and Shankar (1995) and Hao et al. (1996)
showed that the stress field around the electrode edge is only logarithmic singular.

The analytical solutions are only valid under the small-scale saturation conditions,
and are obtained under the condition that the stress field does not affect the electric
field. To analyze the problem, with realistic device geometries and nonlinear electro-
mechanical coupling, one has to write a finite element program (Gong, 1994, 1995).
Independent of our work, Hom and Shankar (1995) have formulated a finite element
approach to the same problem. Their formulation differs from ours, but the two
formulations give similar numerical results. The present paper builds upon the pre-
vious work and reports details of a finite element simulation. The conclusion is
expected to be useful in actuator design. Section 2 formulates the coupled electro-
mechanical field in a ceramic multilayer actuator as a boundary value problem. This
problem is then solved by a finite element method outlined in Appendix A. Section 3
reviews the small-scale saturation model, and compares the solution with the finite
element results. Section 4 extends the finite element analysis to the actuators under
large-scale saturation conditions.

2. PROBLEM FORMULATION

We focus our attention on plane strain problems, which allow us to compare finite
element results with existing analytical solutions. This section lists governing equations
and boundary conditions for an actuator. Details of the finite element formulation
specific to nonlinear electrostrictive ceramics are given in Appendix A. Once the stress
field is solved, we apply fracture mechanics to obtain the stress intensity factor.

2.1. Governing equations

Subject a solid dielectric to a distribution of displacements u, v in the x, y directions,
and electric potential ¢. The strain tensor, y, and the electric field vector E, are the
gradients

Yij = %(ui,j"l'uj,i)v E=—¢, 2.1

Across an interface, the stress tensor, ¢, and the electric displacement vector, D, jump
by
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mloy —o;l=1t, n[Df—-D]=—ow, (2.2)

where n is the unit vector normal to the interface pointing from the — side to the +
side, t is the traction, and w is the charge per unit area, externally applied on the
interface. If the material is free of space charge and body force, the stress tensor and
the electric displacement vector are divergence-free, namely,

6,,=0, D,=0. (2.3)

Suo (1991), and Hom and Shankar (1994) proposed a set of constitutive equations
for nonlinear, isotropic electrostrictive ceramics on the basis of experimental obser-
vations and thermodynamic considerations. Under the plane strain conditions, the
constitutive equations take the form

Yo = [(1 =V —v(1+V)a,}/ Y+ Q[(1 —vg) DT —q(1 +v)D]] (2.4a)
Yy = [(1=V)a,, —v(1+V)0.. ]/ Y+ Q[(1 —vq) D} —q(1+v)D;] (2.4b)
P = (140, /Y +Q(1+¢)D, D, (2.4¢)
E, = -20[(1-vg)D.0+(1+q)D,a,,
—q(14+v)D,0,,— ¢’ D, YQ(D:+ D)+ fID)D,/D  (2.4d)
E, = =20[(1—vq)Dy0,,+(1+¢)D,0,,—q(1+Vv)D,0,
—¢*D,YQ(D:+D)]+AD)D,/D. (2.4e)

Here D =(D;D))"? is the magnitude of the electric displacement, v is Poisson’s ratio,
Y is Young’s modulus, Q and g are the electrostrictive coefficients. The strains are
linear in the stresses (elasticity) and quadratic in the electric displacements (elec-
trostriction). The electric field is nonlinear in electric displacements (dielectric effects),
and also depends on stresses (converse electrostrictive effects). The function, E = f(D),
is the dielectric response in the absence of stress. Experiments have shown that when
the electric field increases, its ability to induce further electric displacement decreases,
which finally saturates at a constant value D, (Uchino and Nomura, 1983 ; Jang et
al., 1989 ; Cao and Evans, 1993 ; Lynch er al., 1994 ; Lynch, 1995).

Figure 3 shows two D-F relations in the absence of stress. The relation used by
Gong (1994), Hom and Shankar (1994) and Gong (1995) in the finite element analysis
is written as

1 +D/Ds>. 25)

E,
SID) =5'In (m

Here D, is the saturated electric displacement, E, is a characteristic electric field.
When E is small, D is linearly proportional to E, and the slope defines the dielectric
permittivity &. One can confirm that

E. =D,/ (2.6)

The solid line in Fig. 3 is the D—E relation used by Hao et al. (1996). When E < E,,
the ceramic is linear. When E > E,, D is maintained at the constant saturation value
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Fig. 3. The electric field and electric displacement relations used in the HGS solution and in this paper for
finite element analysis.

D,. The relationship (2.6) among the three parameters D,, E, and ¢ is the same for the
two dielectric laws.

Notice that when the electric displacement saturates, the electrostrictive strain also
saturates. This introduces another important parameter in actuator design

s = QDZ, (2.7)

which is the saturation strain along the electric field direction in the absence of stress.
The saturation strain transverse to the electric field is —qQD?.

2.2. Boundary conditions

Figure 4 shows the boundary conditions appropriate for a multilayer actuator.
Place the origin of the Cartesian coordinate x—y at a terminated electrode edge.
Because of the symmetry, only half of an individual layer needs to be analyzed. Along
the upper electrode, the vertical displacement is constant

v(x, H) = constant. (2.8a)

The value of the constant is to be determined as a part of the solution. The electric
field potential equals the applied electric voltage,

¢(X,H) = Vappl' (28b)

When no external stress is applied on the actuator, the shear stress and the vertical
resultant force vanish, namely

LI

0, =0, J 0,,(x, Hydx = 0. (2.8¢)
ALZ

The lower electrode is connected to the ground, so that

¢(x,00 =0, —L,<x<0. (2.8d)
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Fig. 4. Boundary conditions for a multilayer actuator.

The vertical displacement and the shear stress vanish on both the electrode and its
front plane due to the symmetry
v(x,0)=0, 0,=0 —L,<x<L, (2.8¢)

In front of the lower electrode plane, due to symmetry, the vertical electric dis-
placement vanishes
D,(x,0)=0, 0<x<L,. (2.8f)
At the end of the actuator and its vertical symmetric plane, tractions and horizontal
electric displacement vanish
6,=0 0,=0, D,=0. (2.8g)
To avoid rigid body motion, we constrain the horizontal motion at the left lower

corner

u(—L,,0)=0. (2.8h)

2.3. Stress far away from the electrode edge

We will use finite element program to analyze a special case that both L, and L,
are much larger than H. Although this configuration is different from a typical
actuator, it emphasizes the conditions around the electrode edge with minimum
complications from the external boundaries. The more realistic complication L, « L,,
L, ~ H will be studied elsewhere.
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When L, » H and L, » H, one can readily determine the stresses in the actuator
far away from the electrode, where the electric field is uniform, vanishing in the
inactive part and equal to the applied electric field in the active part. The only nonzero
stress component is g,,, which is tensile ahead of the electrode edge, and compressive
behind, due to the global mismatch between the active part and the inactive part.
Denote the stress far ahead of the electrode edge by o and the stress far behind the

electrode edge by 6. The resultant force vanishes
LicT+L,6- =0. (2.9a)

The vertical displacement is the same in both parts

1—v2 2

1_
Y’ o~ +(1—vg)QD? = ot (2.9b)

These two equations solve the two stresses, giving

L2 l—vq
v YOD?, 2.10a
L+L, 1=y Q (2.10a)
L, 1l-vw
= YQD?. 2.10b
o L+L, 1=y Q (2.10b)

For example, taking L, = L, ¥ = 10" N/m?, QD? = 1073, v = g = 0.3, one finds that
the tensile stress o* = 50 MPa. We emphasize that the stresses ¢* and ¢~ are valid
far away from the electrode edge. The stress field in general must be determined by
using the finite element analysis.

2.4. Computing the stress intensity factor

Once the stress field is obtained from the finite element calculation, the stress
intensity factor can be evaluated by means of the fracture mechanics. Consider a
crack-like flaw of length a, taken to be much smaller than the layer thickness, i.e.
a/H « 1. The stress normal to the crack surface, g, induces a stress intensity factor

(Tada et al., 1985)
2 a
K = /—J 0, (x) |——dx. @.11)
na |, a—x

We evaluate this integral numerically.
Introduce a dimensionless parameter

oD, Yy, Yy;
o =

E, ~ ¢EY

(2.12)

which is a material constant that measures the relative magnitude of mechanical and
electrical energy. Its mathematical significance can be appreciated as follows. For a
ceramic under uniaxial stress o and electric displacement D, the longitudinal strain y
and electric field E are
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E, (1 +D/Ds)

_e 2 - _ Es |27 215
y = Y+QD , E 2QDo + 2ln 1-D/D, 2.13)

Normalize the strain by y,, the stress by Yy,, the electric displacement by D, and the
electric field by E,, so that (2.13) takes a dimensionless form

1. /1+D
y=06+D?, E=—2ocDa+§ln<ltD>. (2.14)

Similar relation for the multiaxial loading state can also be deduced from (2.4).

Consequently, when o = 0, the stresses do not affect electric fields. The approximation

o = 0 has been made in most previous publications, which we will verify in this paper.
The stress intensity factor takes the dimensionless form

K (a E.ppi )
— ==, L4V, q ). (2.15)
./ H \H L

Function & is to be determined from the finite element calculation.

3. SMALL-SCALE SATURATION

This section summarizes the model for an actuator under the small-scale saturation
conditions (Suo, 1993 ; Yang and Suo, 1994 ; Hao et al., 1996), and compares it with
our finite element results.

3.1. The small-scale saturation model

When the applied electric field is small compared to the characteristic electric field,
E,,p < E, the electric field in the bulk of the actuator is linearly dielectric. The electric
field a distance r ahead of the electrode edge is square-root singular

Kg

./2nr.

The electric field intensity factor K¢ depends on the driving voltage and the device
geometry, and can be solved from linear dielectric boundary value problems. Linearity
and dimensional considerations dictate that the intensity factor should take the form

Kg = QF,, /H. (3.2)

The dimensionless coefficient Q = \/5 for the present actuator geometry.
Under the small-scale saturation conditions, the electric displacement saturates
only within a small cylinder around the electrode edge. The radius of the saturated

cylinder is
1 (Ke\
=——=]. 33
"= 55 (3)

E =

3.1
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The linear dielectric solution (3.1) is approximately valid in an annulus with its inner
radius larger than the saturated cylinder and outer radius smaller than the individual
ceramic layer thickness, i.e. r, < r < H.

Around the electrode edge, the electric field generates an incompatible strain field,
which, in its turn, induces a stress field. The high stress field is localized in a region
scaled by the saturated cylinder. For a rapidly decaying stress field, the stress intensity
factor, K;, is small for both small and large flaws. Consequently K; peaks for a flaw
of some intermediate size scaled with r,. The peak value takes the form

YVSKE

=A
(Kl)max Es ’

3.4
where the dimensionless number A depends on the detail of the material model.
Substituting (3.2) into (3.4), one obtains that

Yy.Epo /H
(K)o = AQ 2N b‘:"‘f. (3.5)

Consequently, under the small-scale saturation conditions, function k£ in (2.15) is
linear in the loading parameter, £, ,/E..
No flaws, of any size and location, can grow if (K)m., < K., 1.€.

Yy Evpy / H
AQ% <K, (3.6)

where K. is the toughness of the electrostrictive ceramic material. Consequently,
everything else being equal, there exists a critical layer thickness, given by

KIcEs :
H =|\—s—"F— 3.7
(v 6.1

below which no flaw will grow.

The merit of the small-scale saturation approximation can be appreciated as follows.
An actuator is made of a complex material with a complex geometry. Under the
small-scale saturation conditions, the two complexities, material behavior and
geometry effect, can be treated independently. The dimensionless details of a material
law only affect the coefficient A defined by (3.4), which can be obtained either
empirically or by analyzing a material model. The geometry details of the actuator
only affect the coeflicient Q defined by (3.2), which can be obtained by analyzing a
linear dielectric boundary value problem. The scheme will be particularly useful in
evaluating several materials for a common actuator geometry, or several actuator
geometries for a common material.

3.2. Comparison of the finite element calculation with the HGS solution

We compare the HGS (Hao et al., 1996) solution with the finite element results in
this section. In all numerical calculations, we set v=0.26, g =0.38, and
L, = L, =40H. We use a small loading level E,,,/E, = 0.08 to represent the small-
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Fig. 5. The electric field distributions along the x-axis under the small-scale saturation conditions.

scale saturation conditions. Figure 5 compares the electric field distribution along the
x-axis. The solid line is the HGS solution ; the electric field vector lies in the x-direction
ahead of the electrode edge, and in the y-direction behind the electrode edge. The
finite element results for « = 0 and « = 0.02 are indicated. As mentioned before, o
defined in (2.12) affects the ability of the stress field to influence the electric field. In
most existing analytical solutions, this parameter has been set to zero to simplify the
analysis. Figure 5 shows that a realistic value a = 0.02, does not change the electric
field substantially, and both sets of results agree with the HGS solution.

Figure 6 compares the electric displacement distribution. Again, the two cases & = 0
and o = 0.02 give similar results. The difference between the finite element solutions
and the HGS solution is caused by different D—E relations used in the calculations

1.2

HGS Solution
a=0
a=0.02

a

1.0

0.8

0.6

0.4 I Eappl/Es=0.08

Magnitude of Electric Displacement

1 L 1
-4 -2 0 2 4

0.2

Normalized Distance from Electrode Edge, x/ts
Fig. 6. The electric displacement distributions along the x-axis under the small-scale saturation conditions.
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10  Eappl/Es=0.08
X 0=0.02

Normalized Stress, 0y, / Y¥

L 1 \
-4 -2 0 2 4

Normalized x-axis, X/rs
Fig. 7. The normal stress o,, in the electrode plane and in the plane directly ahead of the electrode edge.

(shown in Fig. 3). This is confirmed by comparing the finite element results with the
existing analytical solutions in Appendix B.

Stress distributions along the x-axis are plotted in Figs 7 and 8. The small differences
between the HGS solution and the finite element calculation suggest that the stress
singularity does not change when using a slightly different D~E relations in Fig. 3. It
also suggests that a similar stress intensity factor should be obtained. Consequently,
details in the shape of the D—E relation plays little role as far as cracking condition is
concerned.

Since the stress contributes negligibly to the electric field. Qur finite element cal-
culation under the large-scale saturation conditions will focus on the case o = 0.

— HGS Solution

| Eapp/Es~0.08 a a=0
x @=0.02

-

.

Normalized Stress, o, / Yy,
° o

-0.5 ! L L

Normalized x-axis, x/rs
Fig. 8. The normal stress o, in the electrode plane and in the plane directly ahead of the electrode edge.
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Fig. 9. The normal stress ¢,, in the electrode plane and in the plane directly ahead of the electrode edge for
different applied electric fields.

4. LARGE-SCALE SATURATION

When the applied electric loading approaches the saturation electric field, the
saturation zone size becomes comparable to the layer thickness. The electric field in
the ceramic is no longer r~'? distributed around the electrode edge. Consequently,
the electric field intensity factor, Kg, is no longer meaningful, nor is the saturation
cylinder radius, r,. Nevertheless, we can normalize lengths in the similar manner as in
the small-scale saturation case by a characteristic length, still written as r,, but defined
by

L HEy @1

*T mE? '
This definition is motivated by combining (3.2) and (3.3), although neither holds the
original physical meaning. Figures 9 and 10 plot the stresses along x-axis at different
applied electric fields. The solid lines are the stress distributions under the small-scale
conditions. It may be instructive to think of the stress field as a combination of the
local logarithmic singular stress field and the global uniform stress field. Near the
electrode edge, the stress distributions are similar to those under the small-scale
saturation conditions. Far away from the electrode edge, the stress is uniform, com-
pressive behind the edge and tensile ahead of the edge (2.10).

Once the stress field is determined, the stress intensity factor K| is evaluated for a
small flaw from (2.11). The value of K, depends on the position, orientation and size
of the flaw introduced in the calculation. Such information on flaws is in general
unavailable, or at the best, imprecise. We assume that the length of the crack-like
flaw, a, is on the order of grain diameter, much smaller than the layer thickness, H.
To be definite, we place the flaw along the x-axis, with one tip of the flaw at the point
behind the electrode edge, where the normal stress changes from compression to
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Fig. 10. The normal stress o, in the electrode plane and in the plane directly ahead of the electrode edge
for different applied electric fields.

tension. Figure 11 shows the calculated stress intensity factor at different applied
electric fields. They all peak when the other flaw tip is at the electrode edge, and
reaches similar value. The peak value of K| is written as

E
(KDmax = 0.25Yy,/2H ;’p'. 4.2)

s

It is noted from Fig. 11 that the prefactor varies with the load level E,,,/E;, but only
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Fig. 11. The stress intensity factor for flaws under different loads.
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Fig. 12. The stress intensity factor for fixed flaw sizes.

by a small amount. A larger value is chosen to write (4.2) for conservative design. No
flaw will grow if (K))m.x < Ki.. Equation (4.2) defines a critical layer thickness

chEs .
H. =8}, 43
<Yy5Eapp1> @)

No flaw will grow if every individual layer of the actuator is thinner than H.. The
form of the above expression is identical to the small-scale saturation approximation
(3.7). The prefactor in (4.3), however, depends on the load level E,,/E,. The value
used in (4.3) belongs to E,,,/E; = 0.2, which serves as a conservative approximation,
judging from Fig. 11.

The above cracking condition is derived under the assumption that small flaws are
available in a size range, and the flaw that maximizes K is critical. Consequently, the
cracking condition so derived does not depend on the flaw size. If, however, the flaw
size a is known from processing, a different cracking condition can be formulated.
Figure 12 shows crack driving force for three flaw sizes as a function of applied
electric loads. For large flaws, K; keeps increasing as the applied loading increases.
For small flaws, K; peaks at a certain applied load. The peak values are basically the
same as one obtained from Fig. 11. Based on this behavior, we construct a maximum
crack driving force versus normalized flaw sized curve in Fig. 13. Below this curve,
flaws cannot grow at any electrical loads.

5. CONCLUDING REMARKS

The finite element calculation indicates that the crack nucleation condition deduced
from the small-scale saturation is still approximately valid when the applied electric
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Fig. 13. The maximum stress intensity factor.

field approaches the saturation field. More accurate cracking conditions under the
large-scale saturation conditions can also be obtained in similar forms, but with
different numerical coefficients. Stress induced by electrostriction consists of two
parts: a uniform stress induced by the overall strain mismatch far behind and far
ahead of the electrode edge, and a nonuniform stress induced by the electric field
concentration near the electrode end. For the particular geometry we have analyzed
in the paper, the second part plays the dominant role in crack nucleation. For a
typical actuator, where the gap between the internal electrode edge and the actuator
end (L, in Fig. 4) is comparable to the layer thickness H, a further study on actuator
geometry dependence of the cracking criterion is necessary.
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APPENDIX A: FINITE ELEMENT METHOD FOR NONLINEAR
ELECTROSTRICTIVE CERAMICS

We use eight-node quadratic isoparametric elements (Zienkiewicz, 1977). Divide the physical
plane x—y into many (possibly curved) quadrilaterals, and map every element to a square with
side length 2 in the calculation plane £—# according to

8 8
X = le X,N,-(é, n)’ y= ; yt'Ni(és "): (Al)

where (x,, y;) are the nodal position vectors, and N,(&, n) are the interpolation functions. Denote
the nodal values of the displacements and electric potential by w,, v;, ¢,. Approximate the field
u(x, y), v(x,p), and ¢(x,y) within an element in the same way as the position vectors, namely
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M(X,y) = Z uiNi(éa ’7), U(X,y) = Z UiNi(é» ")s ¢(x,y) = —ZI ¢:’Ni(éa ’7) (A2)

i=1 i=1

Write all the nodal values of u, v, and ¢ on the mesh by a column, a, and assemble the above
interpolation in matrix form

u(x, y)
v(x,y) |= Na, (A3)
P(x,»)

where N contains the interpolation functions for all the nodes of the entire mesh.
The basic field equations in Section 2 can be written as a weak statement

j(a,-j &y, —D,;8E)dv = j([,- ou;—w é¢) ds. (A.4)
Here é( ) indicates small variations. Denote
Ox Vx
o, 7, I
E=|1,|, I'= |2y, |, T=| & | (A.5)
D, —E, -
D —FE

Here t° is the traction prescribed on part of the boundary S,, and w° is the charge per unit area
prescribed on part of the boundary S,,. Taking gradients of the displacements and the electric
potential according to (A.3) and (2.1), one obtains that

oT = Béa, (A.6)

where B is the matrix resulting from the differentiation. In the discretized form (A.4) becomes

éa’ j B'Zdv = daT ,[ NTTdS. (A.7)
v S+,

I}

The superscript T stands for the transpose of a matrix. Since (A.7) holds true for arbitrarily
chosen da, one concludes that

J B'Zdv = J N'TdS. (A.8)
v S,+S,

Notice X is a function of T, and therefore a function of a. Equation (A.8) is a set of nonlinear
equations for a nodal variables a. They are solved incrementally by linear equations

KAa = AJR. (A.9)

Here Aa is the increment, A is a parameter that controls the loading increment, K is the
tangential stiffness matrix

K=jBTC“de, (A.10)

and R is the equivalent load

R=.[ NTTdS. (A.11)
S,+S,

The matrix C contains the differential coefficients of the constitutive equations, namely
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dI = CdX. (A.12)

The matrix C is symmetric, but in general not positive-definite.

APPENDIX B: ELECTRIC FIELD NEAR ELECTRODE EDGE

When the effect of stress on the electric field is negligible, the governing equations for the
electric field around an electrode edge take the same form as the governing equations for the

5.0

Rice's Solution

aof & a=0
x & =0.02

0.0 L L !
-4 2 0 2 4

Normalized Distance from Electrode Edge, x/rs

Fig. B1. Comparison of the electric field distribution along the x-axis between finite element solution and
the analytic solution.

Magnitude of Electric Field along x-axis

Rice's Solution
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x a=0.02

08 D,/D,

0.6

04r

Magnitude of Electric Displacement

1 1 1
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0.2

Normalized Distance from Electrode Edge, x/rs

Fig. B2. Comparison of the electric displacement distribution along the x-axis between finite element
solution and the analytic solution.
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stress field around a mode III crack tip. We now interpret Rice’s (1967) solution of a mode I1I
crack in a nonlinearly elastic solid for an electrode in a nonlinearly dielectric solid. Let D, E be
the magnitude of electric displacement and electric field, ¢ be the angle between the direction
of the electric field and the x-direction, measured positive counterclockwise. Write

X(E) = K: l:zr du 1 } (B.1)

2mE2| " |, w*Dw) ED(E)
R(E) = O (B.2)
 2mE2ED(E)’ '

where K is the electric field intensity factor of an asymptotic approach to the linear D-F
interaction. For a given electric field magnitude E, the position coordinates are

x= —X(E)—R(E)cos2¢, y= R(E)sin2e¢. (B.3)

This solution for the dielectric law (2.5) is plotted and compared with the finite element solution
for small scale saturation in Fig. Al and Fig. A2.



