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Abstract

The formation of interparticle contacts and neck growth by grain boundary and surface diffusion during the sintering
of rows of spherical particles is modeled. It is shown that rows of identical particles sinter into a metastable equilibrium
configuration whereas rows of particles with different sizes evolve continuously by sintering followed by relatively slow
coarsening. During coarsening, smaller particles disappear and larger particles grow. The model is based on a varia-
tional principle arising from the governing equations of mass transport on the free surface and grain boundaries.
Approximate solutions are found through the use of very simple shapes in which the particles are modeled as truncated
spheres and neck formation is represented by a circular disc between particles. Free and pressure assisted sintering of
rows of identical and different size particles are studied through this numerical treatment. The effect of initial particle
sizes, dihedral angles, diffusivities, and applied compressive forces are investigated. © 1999 Published by Elsevier

Science Ltd. All rights reserved.

1. Introduction

Densification of a compact made of identical
spherical particles depends on the properties of the
powder material and the initial relative density of
the compact (i.e. the ratio of current density to the
full theoretical density of the material). However,
densification is limited by the evolution of con-
tacting particles into equilibrium shapes. This
shape is defined by the configuration in which the
decrease of surface area is balanced by the increase
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of grain boundary area so that the total free energy
is stationary. On the other hand, real powder
particles are not identical in size or shape and the
equilibrium can easily be perturbed by coarsening.
During coarsening, the total surface area is re-
duced by the growth of larger particles at the ex-
pense of the shrinkage of smaller particles and
their eventual disappearance.

The modeling of the formation of interparticle
contacts and neck growth between powder parti-
cles by grain boundary and surface diffusion has
been the subject of study by several authors.
Kuczynski (1949), Coble (1958), Ashby (1974) and
Swinkels and Ashby (1981) have developed ana-
lytical relationships for the size of the interparticle
contact radius and the center-to-center approach
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velocity in terms of geometric variables and ma-
terial properties. These relationships are based on
simplifying assumptions about the geometry of the
neck and the particle shape. Furthermore, the
models are restricted to the very early stages of
sintering when the contact size and the radius of
curvature at the neck are very small compared to
the particle radius.

Nichols and Mullins (1965), Bross and Exner
(1979), Svoboda and Riedel (1995), Zhang and
Schneibel (1995) and Bouvard and McMeeking
(1996) relaxed the constraint of small contact ra-
dius and neck radius of curvature and solved the
resulting equations by numerical procedures for
realistic particle shapes. This approach provides
more accurate solutions for the evolution of par-
ticle shape, interparticle contact size and particle
shrinkage during sintering. Svoboda and Riedel
(1995) also introduced a numerical procedure
based on the maximization of the rate of dissipa-
tion of Gibbs free energy for a pair of particles
through grain boundary and surface diffusion.
They provided results for the evolution of inter-
particle necks between particles of like size. Except
for Zhang and Schneibel (1995), none of the above
studies predicted the equilibrium shape (Lange and
Kellett, 1989) for a pair or a row of identical
particles which occurs when small perturbations of
geometry produce no change in free energy of the
system. Only Zhang and Schneibel (1995) com-
puted the evolution of initially circular prisms into
their equilibrium shape. Furthermore, little anal-
ysis has been done for particles of unequal size,
though recently Pan and Cocks (1995), through a
numerical procedure, have introduced a two-di-
mensional model for the coarsening of a row of
nonidentical circular prisms in the absence of ap-
plied force.

The aim of the current paper is to use the
methodology of Svoboda and Riedel (1995) of
energy rate extremization to solve the problem of a
row of spherical particles with different sizes sub-
ject to free and pressure assisted sintering. The
model provides insight into the processes by which
aggregates of powder of unequal size densify. In
addition, such results will be useful as unit solu-
tions for discrete element network studies (Parha-
mi and McMeeking, 1998) of the macroscopic

behavior of powders at high temperature during
densification.

In this paper, we develop our formulation for
energy rate extremization of a row of particles
through a variational principle. Then we use this
formulation to simulate the growth of interparticle
contact and shrinkage of a row of identical parti-
cles. Thereafter, we extend the studies to simulate
the growth of interparticle contact between parti-
cles of different sizes and thus the coarsening
phenomenon.

2. Model formulation
2.1. Variational principle

Consider a row of spherical particles in contact,
as shown in Fig. 1(a). At high temperature, atoms
travel along the free surfaces and the interparticle
contacts to reduce the total free energy of surfaces
and interfaces of the system. Energy is dissipated
in the process of mass transport, because atoms
must be driven over energy barriers during the
process of diffusion. For example, on being moved
to another interstitial site, an atom dissolved in the
lattice must first be raised to a higher energy before
descending into the new position. The work done
to lift the atom over the barriers is not recovered
but rather lost in heat, phonons and other ener-
getic activities. An energy balance between sources
and sinks occurs such that it extremizes the func-
tional (Needleman and Rice, 1980; Svoboda and
Turek, 1991; Svoboda and Riedel, 1995; Sun et al.,
1996)

H: Gs +R57 (1)

where G, is the rate of change of the free energy of
the system and R; is one-half of the rate of energy
dissipation.

The dissipation is such that

171 171

Ro=—~ | —j joddy += [ —j -j.da 2

S Z/ijb Jv b+2/9515 Js d4, (2)
Ay, As

where A4, and A, are the grain boundary and sur-
face areas respectively, j, and j, are the fluxes of
material on the grain boundary and on the free
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Fig. 1. (a) A row of spherical particles in contact. (b) Repre-
sentation of unit tangent vectors to the grain boundary and
particle surfaces at the neck and the velocity of the neck. (c) A
unit problem representing the geometry of a row of particles
during neck formation.

surface respectively, &, and %, are diffusion pa-
rameters given by
- 5bDbQ
kT

7 (3)

0D Q
95 = ’
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)

where Dy, and D, are the grain boundary and
surface atom diffusivities respectively, J, and Js are
the thicknesses within which diffusion occurs on
the grain boundary and the surface respectively, Q
is the atomic volume, k is Boltzman’s constant and
T is the absolute temperature. The fluxes j are
defined as the volume of material passing by dif-
fusion through unit length in unit time.

The rate of change of the free energy of the
system is the rate of change of the internal energy
minus the external work rate. In the system under
consideration, internal energy is the sum of surface
and grain boundary energies. Therefore

Gs = ysA's + VbAb - Fl], (5)

where y; and v, are the surface and grain boundary
energies per unit area respectively, F'is the applied
force and v is the velocity of one end of the row of
particles relative to the other.

It can be demonstrated that the functional I1
has a stationary minimum value with respect to
compatible variations of j,, j, As, Ay, and v, and
that this leads to the appropriate governing
equations for the mass transport problem on the
actual free surface and grain boundary of the row
of particles (Needleman and Rice, 1980; Svoboda
and Turek, 1991; Svoboda and Riedel, 1995; Sun
et al., 1996). This is demonstrated in Appendix A.
Consideration of the governing differential equa-
tions of the problem is found in Herring (1951),
Asaro and Tiller (1972) and Chuang et al. (1979).

2.2. Rayleigh—Ritz method

Since a minimum principle is available, it can be
used to obtain approximate solutions to the
problem using a Rayleigh-Ritz approach. Simple
but robust representations of the evolving shape of
the row of particles can be used which depend on
only a few parameters of shape. In our calcula-
tions, we have used the shape shown in Fig. 1(c) of
truncated spheres joined by discs. For a periodic
row of particles, this shape depends on only four
independent parameters. The grain boundary is in
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the middle of the disc. (A simpler shape of two
truncated barrels without the disc at the contact
could be used as invoked by Sun et al. (1996) in
their study of evolution of grain shape in cylin-
drical lines. However, the initial behavior of very
small contacts with undercutting is thought to be
better represented by the presence of the disc.) The
calculations are initiated with the disc absent (i.e.
t=0) and the disc is allowed to appear or disap-
pear according to the evolution of the numerical
results. The rates of change of the shape parame-
ters become the degrees of freedom of the varia-
tional functional I1. However, the rates of change
of the shape parameters must preserve compati-
bility and volume. For the periodic system shown
in Fig. 1(a), this will eliminate one parameter so
that IT depends finally on three independent de-
grees of freedom. Minimizations of [T with respect
to these three parameters then provides three
coupled linear equations for the rates of change of
the shape parameters which can be solved to
provide values for them. These rates of change of
shape parameters are then used for a finite time
increment to update the shape of the system. This
process is repeated so that the evolution of the
shape in time can be computed incrementally. In
this way, approximate solutions can be obtained
with modest amounts of computation.

Note that the chosen shape in Fig. 1(c) does
not conform to the dihedral angle at the neck. In
the solution, the dihedral angle at the neck may
never be satisfied in the evolution of the simple
shapes used in the computation. The variational
method, however, produces the best overall shape
within the class of shapes permitted by the de-
grees of freedom employed. Thus, a given local
condition such as dihedral angle may not be sat-
isfied but enforced only in the weak variational
sense. On the other hand, the vector fields for the
fluxes j, and j, on the particle surfaces and on the
grain boundary must be computed compatibly
with the rate of change of shape. The diffusion
fluxes on the surface and the contact obey
Egs. (A.4) and (A.5) for the chosen shape and the
flux of material at the neck must be equal to the
sums of the fluxes on the particle surfaces at the
neck (Eq. (A.6)). Furthermore, the periodic sys-
tem of Fig. 1(a) requires that no material enters

or leaves the unit geometry shown in Fig. 1(¢); i.e.
the surface fluxes at the top and bottom of the
unit geometry are zero. This also means that the
volume of the unit cell shown in Fig. 1(c) stays
constant during the evolution of the shape. These
conditions arising from the requirements of
compatibility are essential conditions in the ter-
minology of variational methods.

A further point is that the chosen shape is ca-
pable of representing special configurations, the
most notable being when the disc at the contact is
absent, i.e. r=0 (see Fig. 2(a) and (c)). The dihe-
dral angle at the neck can then be represented
exactly. The feature that in equilibrium, the grain
boundary, which is taken to be flat, bisects the
dihedral angle is not always satisfied. However,
when the two particles are of equal size, all con-
ditions can be met and this occurs in the equilib-
rium condition depicted in Fig. 2(c). Another
special shape which can be represented is a long
cylindrical line when the neck disc absorbs the
truncated spheres as shown in Fig. 2(b).

We define a unit problem as shown in Fig. 1(c).
In this figure, F is the applied force, @ and b the
radii of the larger and smaller particles respec-
tively, ¢ the thickness of a circular disc between the
truncated spheres, representing neck formation, L
and £ the distances between the circular disc and
the center of the larger and smaller particles re-
spectively and x the radius of the circular disc. It is
assumed that throughout the process, the initially
spherical surfaces remain spherical but their radii
may grow or shrink. Similarly, the circular disc
may thicken or get thinner and may increase or
reduce its radius. The problem is therefore axi-
symmetric.

The aim of the method is to find the rate of
change of the independent degrees of freedom, a, b
and x in terms of geometric variables, the applied
force, and material properties. The parameters of
the model will be given in terms of the response of
the unit cell of Fig. 1(c). From the geometry, the
relative velocity v° across the grain boundary is
=L+ h+i The compatibility condition be-
tween the flux and relative velocity, see Eq. (A.5),
can then be integrated to give

P

Jo==5L+h+i), (6)
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(b)

Fig. 2. (a) Configuration resulting from elimination of the cir-
cular plate. (b) Configuration resulting from elimination of
spherical surfaces. (c) Equilibrium configuration of a row
identical spherical particles.

where p is the radial distance in the grain boun-
dary from the axis of symmetry and j,, which must
be zero at p=0, is the radial flux in the grain
boundary. Therefore, the virtual dissipation rate in
the grain boundary is

X

| P,
[ i div din =2 [ L35, 00
Ay 0
ot . . )
=——(L+h+1)(0L+ oh+ o1). (7)
8%y
On the surface of the larger particle, the normal
velocity v, =a and Eq. (A.4) becomes

di
£ —Jjp tan ¢ = —aa, (8)
where ¢ is defined in Fig. 1(c) and jj; is the azi-
muthal flux on the surface. Subject to j, =0 at
¢ =0, integration of Eq. (8) gives

J¢ = —aa tan ¢. 9)

Therefore the sum of the variations of the dissi-
pation rate on the surfaces of the small and large
particles is

1
—j. - 8j. dA,
[ L
Aspheres

4 arctan L/x
2na

=7 / tan’ ¢ cos ¢ d¢ ada

0

arctan i/x

/ tan®> ¢ cos ¢ d¢p bob

0

2nb*
78

= (a*g.ada + b*g,bob), (10)

B 27
s

where g, and g, are given by

gaanlg (1 e (g)zﬂ L
wenl (-GY)] @

On the free surface of the circular disc,
Eq. (A.4) gives

di. .
E— X, (13)

where z is the direction perpendicular to the grain
boundary. The grain boundary is taken to be po-
sitioned at z=0. At z=1¢/2, where the disk meets
the large truncated sphere, the flux j, must be equal
to —j4. At this position ¢ =arctan L/x. Integra-
tion of (13) for z > 0 therefore gives

, (11)

Q|

L t
Lot S
Jz = da— x(z 2) (z=0). (14)
The equivalent result for z <0 is
. h t
L t <0).
o= b x(z+2) (2<0) (15)
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The values of j. in Eqgs. (14) and (15) generally
differ at z=0. The difference is equal to the flux
away from the grain boundary. Enforcement of
this condition will be taken care of below. The
virtual dissipation rate on the disc surface is
therefore

t/2
1 2nx aal Xt
— o dd, = [ | T
/9815 Js S @s ( X +2 xz)
0

Agise

X (aLéa + %5}% - zé)'c) dz

X

« (@b +1 5x—zax> dz
X 2

2nx <da2L2t )'caLt2> .
_ o (aalt | xalt ) s,

D, 2x? 8x

N 2mx Bb2h2t+kaht2 s
D, 2x2 8x

2nx [ aal® bbh*  xf\ .
+95 < ™ + ™ +12>5x. (16)
It follows that dR; is the sum of Egs. (7), (10) and
(16).

To compute 6G, we need to express the surface
and grain boundary areas in terms of the geo-
metric parameters identified above:

As = 2nal + 2nbh + 2nxt (17)

and

Ay, = nx’. (18)

Therefore

75045 = 21y (adL + La + bSh + hdb + xdi + tdx)
(19)

and

Yy 0dy = 21y xdx, (20)

whereas

Fov = F(OL + oh + 0t). (21)

The result for dG; is computed from Eq. (5). The
Rayleigh—Ritz minimization is achieved by setting
SIT = 6G, + 6R, = 0. Since oIl must be zero for
arbitrary variations of da, 9b, 5L, oh, 6t and dx, the
coefficients of these six quantities in dII are set to
zero. The resulting expressions are coupled linear
equations for a4, b,L,h,tand x having the form

{5} () o

where {0} are the rates of change of the six degrees
of freedom. This vector plus the coefficient matrix
(termed the viscosity matrix by Sun et al., 1996)
and the conjugate force vector are given in Ap-
pendix B.

The set of variables used above are not inde-
pendent. By imposing volume conservation and
the geometrical constraints given below, the set
can be reduced to three independent parameters.
Geometric considerations require

> =a*—x* (23)
and
= b — X (24)

Volume conservation gives

I N R T I N VR e
L (o) - (- 2] s

where V, is the volume of two touching hemi-
spheres representing the initial state as shown in
Fig. 1(a). The constraints in incremental form can
be written as

{o} =1c1{s}. (26)
a

{5} —{bh Y, (27)
x

where 4, b and x are the chosen independent de-

grees of freedom. The constraint matrix [C] is

given in Appendix C. With these constraints im-

posed, the sum of the fluxes determined from

Egs. (14) and (15) at z=0 and Eq. (6) at p=x

equals zero, ensuring that continuity of flux where

the grain boundary meets the free surface,
Eq. (A.6), is satisfied.



F. Parhami et al. | Mechanics of Materials 31 (1999) 4361 49

The coupled linear equations for the indepen-
dent variables are then

k{o} = {f}, (28)
where

[k] = [C]" [k][C] (29)
and

{1y =1y (30)

The components of the coefficient matrix [k] and
the generalized force {f}, which drive sintering
and coarsening, are given in Appendix D.

3. Numerical Procedures
3.1. Initial formation of interparticle contact

At each increment of time, @,b and x are cal-
culated from Eq. (28) and are used to update a, b
and x using Euler integration. The initial condi-
tions are a = ay, b= by and x = 0. It was found that
assigning very small values for the magnitude of x
results in instability of the numerical scheme. The
following asymptotic approach is used to circum-
vent this problem.

In the limit where x/a, x/b and t/x are much
smaller than 1 and higher order terms in Eq. (28)
are neglected, the following formulation results:

[4Dv8.8s + D5(8a + 86)](27s — 1) 4DF

Zagpxt? et
(31)
i %(ZZ; T) | . ;izfga 7 (32)
Pl 95(2;1; T) . ;i;fgb , (33)
:é %—%(a3+b3)+%4<%+%>]~ (34)

It can be seen from Eqgs. (11) and (12) that g, and
g» are logarithmically divergent when x goes to
zero. This could be used to simplify further the
expressions in Egs. (31)—(34). However, the loga-

rithmic singularities are so weak that it is prefer-
able to retain the form as given, except for the first
step of the calculation. In this step 1/g, and 1/g,
are considered negligible and therefore

. 4gb (2ys — 'yb) 4,@},[7
x= — .
xt? Xt
When a/x is computed using Egs. (32) and (35), it
is found that the ratio is always small unless &, is
negligible. We will always take &, to be compa-
rable to %, so a/x can be taken to be zero for the
first step. A similar result prevails for i)/ic, so in the
first step of the calculation, @ = b = 0 is used. This
means that throughout this step, a = ap and b = by
and thus Eq. (34) simplifies to

X2 (1 1

Eq. (35) then integrates to give

(35)

4(2y, — ) F
(1/ag +1/b)* m(1/ag+ 1/bo)

x6 = 969b [ Té,

(37)

where T, is the time elapsed since the particles first
touched. When ay= by, F=0, and the dihedral
angle is 180° (y,=0), Eq. (37) is Coble’s free
sintering result (Coble, 1958). Therefore, we can
regard Eq. (37) as a generalization of Coble’s
analysis. Eq. (37) is used to compute x at the end
of the first time increment and thereafter
Eqgs. (31)—(34) are used until x/a reaches a value of
0.01. Eq. (28) is used thereafter with the expres-
sions in Appendix D utilized for the matrix of
coefficients and the right-hand side array.

3.2. Elimination of the circular disc

At some point, the numerical simulation
reaches a situation where the circular disc (i.e. #)
disappears. This configuration usually arises late
in the sintering process. The formulation must be
adjusted for this case. After the disc disappears,
there are two independent variables ¢ and b as
shown in Fig. 2(a). Furthermore, since ¢ is zero
and remains zero, ¢ is also zero. The constraint
equations are then
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» | a
{0} = [C]{ 1;} (38)
with [C] as given in Appendix E. The governing
equations are thus

i}

"[&]rer (40)

and

{ff' } = @), (41)
/2

When [k] and {f} are evaluated in this case, r=0.
The components of [k] and {f} are given in Ap-
pendix E. After each increment, Eq. (28) is used to
check whether the central disc will grow. If the
results show that <0, the calculations are con-
tinued with =0 using Eq. (39). If # > 0, the cal-
culations are continued using Eq. (28).

3.3. Elimination of the spherical surfaces

In some cases, the configuration becomes a
cylinder due to the circular disc thickening to re-
place the spherical surfaces which disappear. This
configuration is depicted in Fig. 2(b) and results in

. 1299, (nyxt — nyx* — Ft)
X =
Dprxtt’ + 3D nx3

(42)

with
t="W/ nx2, (43)

since only Egs. (7), (16) and (19)-(21) contribute
to the result with x and ¢ the only nonzero terms.
This configuration is reached when the dihedral
angle is large or when large compressive forces are
applied. It provides the metastable equilibrium
shape for y,=0. When the original particles are
identical, this configuration, as shown in Fig. 2(b),
can approximate the equilibrium configuration of
Fig. 2(c). When the particles are not initially
identical, the cylindrical configuration approxi-
mates the coarsened stage after the smaller particle
has completely disappeared.

4. Results and discussion
4.1. Free sintering of rows of identical particles

Fig. 3 shows the growth of the interparticle
contact radius x vs. time for various dihedral an-
gles and Z2,,/%; = 1. The shape of the unit geom-
etry in the two main stages is shown. Note that
somewhere between x/ay = 107! and x/ay = 1 the
circular disc disappears. The dips in our numerical
results are associated with this disappearance. The
development and disappearance of the circular
disc is similar to the development and disappear-
ance of the undercutting at the neck in more exact
treatments. The numerical results are somewhat
erratic at the beginning, corresponding to the
transition from the asymptotic formulation (i.e.
Eqgs. (31)-(34)) to the full set of equations (i.e.
Eq. (28)). This occurs when the neck is so small
that the nonsmooth feature of the results here is of
no importance.

Also shown in the figure are Coble’s analytical
solution (Coble, 1958) and the numerical results of
Svoboda and Riedel (1995), Zhang and Schneibel
(1995) and Bouvard and McMeeking (1996). The
Coble solution is as given in Eq. (37) with by = ay,
F=0 and y,=0. It is evident that early in the
process our results agree very well with Coble’s
analytical solution. Later, our results deviate from
Coble’s solution and reach an equilibrium config-

10! pr—rr T T
F omom Svoboda & Riedel (¥=120°, 1,/ D,=1) D
[ OO0 Zhang & Schneibel (¥=150°, 1,/ D,=1) ] X
r . (. 133F
o +++ Bouvard & McMeeking (¥=130°, 0,/ D,=2) 0 st—} eq
S 'OF — Coble (vas1920,%3,°*T.I") 5007 05 F S B
F oo w=150° ; 3
x ——— w=120° 7O A
" 0
@ otk T ¥=60 Our results .
=] E cos(¥/2)=1,/2Y, —_—
c(:?, ' Dy/D=1 ]
L[ X, =Equilibrium : 1
— 2 -
8 10%F " value for 7 3
€ each ¥ Z ]
o -
) T %-{ 1
104 A L1111

i 1 1 1 1
10%0 102 102 10"° 107 10° 10°  10°
Time TeY¥sDp/ast

Fig. 3. Contact radius vs. time for the free sintering of a row of
identical particles for various dihedral angles.
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uration. In this configuration, the driving force in
Eq. (39) is zero. By setting f, to zero with a=b,
h=L and F=0, it is calculated that

14
xX=a sin57 (44)

where it should be recalled that y, =2y cos /2.
The value of x in Eq. (44) is the exact value for the
neck radius at equilibrium (Lange and Kellett,
1989) as shown in Fig. 2(c), i.e. Xeq. Volume con-
servation can be used to show that, in terms of the
initial particle radius

Xeq _ Sin% (45)

VEN
“ " [1eosE~Leos' (%)

The relevant results for x.q/a, for each dihedral
angle are indicated in Fig. 3.

It can be seen that there is good agreement and
the simple model results reach the equilibrium
configuration. Note that even though Coble’s so-
lution (Coble, 1958) is for the case of ¥ =180°, it
shows good agreement with our results in the early
and intermediate stage of sintering regardless of
the dihedral angle. Presumably, this is due to a
weak dependence of x on the dihedral angle, as
suggested by the asymptotic result of Eq. (37).
Only later in the process, and during the evolution
of the equilibrium configuration, does the dihedral
angle ¥ become important. Our results also show
good agreement with the numerical solutions of
Svoboda and Riedel (1995) and Bouvard and
McMeeking (1996) which are calculated for
¥Y=120° and Z,/%;=1 and ¥ =130° and
v/ 9 = 2, respectively. When plotted on a log—
log scale as in Fig. 3, it is difficult to discern any
difference between the results of Svoboda and
Riedel (1995) and Bouvard and McMeeking (1996)
despite the differences in dihedral angles and sur-
face diffusion coefficient. The difference between
our results and the results of Zhang and Schneibel
(1995) calculated for ¥ =150° and Zy,/%; =1 is
presumably because their simulation is performed
on a pair of prisms in contact and not a row of
particles. The discrepancy is most notable in the
equilibrium configuration. Thus the agreement
with more thorough numerical efforts is remark-
able given that our calculations were done with a
3-parameter shape approximation.

Fig. 4 shows the center-to-center distance be-
tween neighboring particles for various dihedral
angles vs. time. The results have been compared
with Coble’s prediction (Coble, 1958) and the re-
sults of Zhang and Schneibel (1995) and Bouvard
and McMeeking (1996). The agreement between
our results for ¥ =120° and those of Bouvard and
McMeeking (1996) for ¥ =130° is very good. As
before, it is likely that the difference between our
results and those of Zhang and Schneibel (1995)
calculated for ¥ = 150° is because their simulation
represents the sintering of a pair of prisms and our
simulation represents sintering of a row of parti-
cles. A result due to Coble (1958) is also shown in
Fig. 4. Tt can be obtained from Eq. (23) with
a=a, and x small compared to a;. When com-
bined with 7 from Eq. (36), it gives, to first order,
the center-to-center spacing

ZL“:z—;(")z. (46)

ap ap

This predicts the shrinkage poorly when it first
becomes significant, but it later gives reasonable
agreement with our results until equilibrium is
approached. The value predicted in our results for
the center-to-center distance at the equilibrium
configuration is the exact result as calculated ac-
cording to Fig. 2(c). This gives a prediction of

2eq

@ [feost—Leos® ()]

L4
2cos5

(47)

1.4
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Fig. 4. Center-to-center distance vs. time for the free sintering
of a row of particles for various dihedral angles.
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which is indicated for each dihedral angle in
Fig. 4. Our results compare well with the more
exact value shown in Fig. 4.

Fig. 5 shows how the radius of the particle
varies with time. This figure shows that initially the
particle radius does not change significantly, indi-
cating that during the early stages of sintering,
neck formation and shrinkage is mainly dominat-
ed by grain boundary diffusion. Surface diffusion,
which affects the radius, only becomes important
later in the process. The results confirm Coble’s
assumption (Coble, 1958) that in the early stage
the particle radius does not change. This result is
consistent with the analysis that led to the result of
Eq. (37). The reason for the dip in the plot of
particle radius vs. time for ¥ =150° is that in this
case, the growth of the circular disc dominates the
later stages of sintering. As the disc grows, both
radially and axially, the radius of the spherical
region gradually reduces until the radius of the
disc, x, equals the particle radius a. This occurs at
a radius corresponding to the minimum of Fig. 5.
At this point the spherical region disappears and
the shape of the particle is represented by a cyl-
inder. In order to complete Fig. 5 we now interpret
the radius of the cylinder as the radius of the
particle. This radius gradually increases as the
particle spreads out radially and reduces in length.
Close to the equilibrium configuration the spheri-
cal region reforms at the center of the particle and
spreads along its length. If we ignore the redevel-
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Fig. 5. Particle radius vs. time for the free sintering of a row of
identical particles for various dihedral angles.

opment of this spherical region a pseudo equilib-
rium cylindrical profile is achieved when, a/ay = x/
ap=1.37, which is very close to the true equilib-
rium value of 1.38 indicated in Fig. 5 determined
from

a 1

2 _ . 48

% [reost—teos (2] ”
The results from the numerical simulation for the
particle (or disc) radius in the equilibrium config-
uration for the other values of ¥ are in exact
agreement with the predictions of Eq. (48), which
are indicated on Fig. 5.

4.2. Free sintering of rows of different size particles

Fig. 6 shows the variation of the interparticle
neck radius between two different size particles
with time for different ratios of initial particle ra-
dii. These simulations are performed for ¥ =120°
and 2y/%, = 1. The shape of the unit geometry in
the two main stages is shown. The circular disc
disappears somewhere between x/ap=10"! and x/
ap =1 and the dip in the plot is associated with this
disappearance. It can be seen that the interparticle
neck radius reaches a maximum level. Until this
maximum, the process is dominated by sintering,
which causes neck growth. After the maximum,
surface diffusion dominates and the coarsening
process results in the disappearance of the smaller
particle. The calculation was not continued there-
after, but if this had been done, all three cases
would have evolved to the equilibrium configura-
tion for the remaining equal sized particles. This is
given by

1+ (bo/a0)’
3cos¥ — cos? (

X

ao

By
sin—, (49)
7) ] 2

which indicates that further rearrangement would
occur in each case after the small particles disap-
pear.

Also shown in Fig. 6 is Coble’s analytical so-
lution (Coble, 1958), as given in Eq. (37) with
ay=>by, F=0 and ¥ =180°. Our results for by/
ap=0.9 are very close to Coble’s prediction
showing that initially, neck growth does not de-
pend strongly on the initial ratio of particle radii.
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Fig. 6. Contact radius vs. time for the free sintering of a row of
particles for various initial size ratios.

Late in the process, however, the radius of the
smaller particle influences the neck growth. De-
creasing the ratio by/ay results in a smaller maxi-
mum value of x and the earlier disappearance of
the smaller particle.

Fig. 7 shows the particle radii vs. time for dif-
ferent initial ratios of particle sizes. Initially, the
particle sizes change gradually but later the smaller
particle shrinks rapidly and disappears while the
larger particle continues to grow gradually. The
smaller particle has a finite radius when it van-
ishes. It is eliminated by the grain boundaries on
either side fusing together, i.e. # — 0. The smaller
the second particle the sooner it disappears. Fig. 8
shows how the change in the particles’ center-to-
center spacing varies with time. Coble’s analytical
result (Coble, 1958), as given in Eq. (46) for the
case ay=>by is shown also. Our simulation for
bo/ap=0.9 is similar to, but slower than, Coble’s
result. Our results indicate that shrinkage is con-
tinuous once it becomes significant and occurs
during coarsening as well as earlier in sintering.
However, the results indicate that diffusional re-
arrangement of material around the larger particle
is the rate controlling mechanism for this process.

Effect of diffusivity ratio: Fig. 9 shows the
growth of the interparticle neck radius for an ini-
tial size ratio of 0.7, ¥ =120° and various diffusi-
vity ratios (2y/%;). The figure shows that faster
surface diffusivity results in the formation of larger
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Fig. 7. Particle radii vs. time for the free sintering of a row of
particles for various initial size ratios.

interparticle necks sooner. The results also indicate
that the maximum value of x/qy is reached earlier
and the neck disc is eliminated sooner when Zy,/ %
is low. This effect is clearer in Fig. 10 where the
particle radii are plotted vs. time for various ratios
of Z,/%,. It can be seen in this figure that the
disappearance of the smaller particle occurs sooner
when grain boundary diffusion is slow. Fig. 11 is a
plot of the particles’ center-to-center distance vs.
time for various values of Zy,/%,. This figure
shows that shrinkage occurs faster when grain
boundary diffusivity is low. In these plots the time
has been normalized in terms of the grain-boun-
dary diffusivity. Thus decreasing %,/ %;, results in
an increase in the rate of surface diffusion, allow-
ing the material to redistribute around the parti-
cles quicker. All the above observations are
consistent with a net increase in mobility of the
material.

Effect of dihedral angle: Fig. 12 shows the
growth of the neck radius for an initial size ratio of
0.7 and /%, =1 for various dihedral angles (V).
This figure shows that a large dihedral angle re-
sults in a high maximum value for the neck radius.
When the particle sizes are unequal, a large dihe-
dral angle causes early elimination of the small
particles. As before, when ¥ =150° the growth of
the circular disc dominates the process and the
spherical surfaces disappear. In this case the
evolved shape (a cylinder) is an approximation of
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the stage where the particles have coarsened and
equilibrium of the remaining equal sized particles
is reached. In this problem, the total number of
particles remains constant, while, for smaller val-
ues of ¥ the total number of particles decreases as
the larger particles grow at the expense of the
smaller ones. This result is a direct consequence of
the way in which we have idealized the micro-
structure. In our formulation of the cylindrical
disc, we assume that the grain-boundary is located
at the center of the disc. As soon as the second
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Fig. 9. Effect of grain boundary and surface diffusivity ratio on
the free sintering of a row of particles with different sizes.
Contact radius vs. time.

F. Parhami et al. | Mechanics of Materials 31 (1999) 4361

1.2 T T T T T T T T T
2]
= T
el
€
o 06 K \ N T .. 7
5
o4 5 Dy/D=10 -
o --- q,/o:=1 0
i —- B/D,=0.1
- by/a,=0.7 g
0.2 $e120°
cos(¥/2)=Y,/2Y,
0 1 1 1 1 I 1 I I 1

0 0.1 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time ToYsDp/as?

Fig. 10. Effect of grain boundary and surface diffusivity ratio on
the free sintering of a row of particles with different sizes.
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spherical region disappears, the geometry is sym-
metric and no further transfer of material can
occur between the two grains. In practice, coars-
ening should continue in the same way as is ob-
served for the other values of ¥ considered in
Fig. 12. Thus, for ¥ =150°, our idealization over-
constrains the evolution process. Additional de-
grees of freedom are required to more accurately
model the system response. This can readily be
achieved by replacing the disc by one or two
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conical sections. Further consideration of this is
beyond the scope of this paper. It is important to
note, however, that a sufficient number of degrees
of freedom and idealization of the microstructure
needs to be adopted to allow the major features of
the system response to be modeled. The fewer the
degrees of freedom the more thought that must be
given to the way in which the microstructure is
likely to evolve.

Fig. 13 confirms the results of Fig. 12 by
showing that the smaller particle is eliminated
earlier as the dihedral angle increases. In fact, the
sharp decrease of the neck radius is a consequence
of the disappearance of the smaller particle.
Fig. 14 shows the influence of the dihedral angle
on the way in which the center-to-center distance
changes with time. As before, only the early stages
of the result for ¥ =150° can be considered to be
reliable.

4.3. Pressure assisted sintering and coarsening

We now consider the influence of a superim-
posed compressive force on the evolution process.
Fig. 15 is a plot of neck radius vs. time for the
situation where all the particles are the same size
with a dihedral angle of 120°. This figure shows
that the application of a compressive force causes
the interparticle necks to grow quicker and to
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Fig. 13. Particle radii vs. time for the free sintering of a row of
particles with an initial size ratio of 0.7 for various dihedral
angles.

eventually achieve a larger final size. For F/
vs ap=0 and —10 the constrained equilibrium
configuration consists of a row of truncated
spheres while for F/y, ap=-100 the final config-
uration is a row of cylinders. Perturbation of these
shapes resulted in no further evolution of micro-
structure. These shapes therefore represent the
minimum energy configurations within the limited
class of profiles considered. The value for the
contact radius at equilibrium is marked on the
figure and can be found by setting the driving force
to zero (i.e. setting f, = f, = 0 in Egs. (E.12) and
(E.13) for the spherical shapes and x=0 in
Eq. (42) for the cylindrical shape). Fig. 16 shows a
plot of the particles’ center-to-center distance
(2L + 1) vs. time. The final distance, labeled 2L,
in Fig. 16, is the equilibrium height of the unit cell.
This can be computed from volume conservation
and the final values for x/a, are shown in Fig. 15.

Whereas the magnitudes of our results are
sensible for the class of shapes considered, the
theoretical equilibrium shape of the particle sur-
faces under a compressive force are curved, but
not spherical. Cannon and Carter (1989) have
provided an analysis of the equilibrium shape, al-
though they focus their attention on problems with
tension applied rather than compression. The
formulae given by Cannon and Carter (1989) are,
however, inconsistent with those in the paper by
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Carter (1988) serving as a source. After correction
to be consistent with Carter (1988) (i.e. in Cannon
and Carter (1989) replace sin ¥/2 by —cos ¥/2 in
Egs. 7(a) and 7(b)), Eq. 7(a) and (8) in Cannon
and Carter (1989) can be used to compute pa-
rameter values consistent with the compressive
forces used to obtain the results in our Figs. 15
and 16. These parameters are then used in their
Eq. 7(b) to evaluate L at equilibrium and in their
Eq. (6) to give x at equilibrium. The results for
¥ =120° are x/ap=1.534 and 2L.q/ay=0.533 for
Flysay=-10 and x/ay=2.583 and 2L/ay=0.197
for Flysap=-100. The final neck and particle
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length shown in Figs. 15 and 16 are within 2% of
these exact equilibrium values, thus demonstrating
that the simple particle shapes assumed here pro-
vide a good approximation of the general features
of the evolving microstructure.

In our simulation in which the particles are
initially of different radii we find that the central
disc dominates the evolution process. As with the
free sintering situation considered in Section 4.2
this configuration does not adequately reflect the
major features of the microstructure that is likely
to evolve. We therefore do not consider this situ-
ation further here.

5. Closure

Evolution of identical spherical particles into an
equilibrium configuration after sintering is pre-
dicted using a simple numerical method. Results
show good agreement with Coble’s analytical
treatment (Coble, 1958) of the problem for early
and intermediate configurations. The numerically
predicted parameters for the equilibrium shape are
in good agreement with the analytical solutions.
The simulation also predicts the sintering of dif-
ferent size particles followed by the coarsening
process as the large particle absorbs the smaller
one. The ratio of initial particle sizes influences the
process with a smaller value resulting in a smaller
maximum size and an earlier disappearance of the
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neck. High grain boundary diffusivity results in the
later disappearance of the smaller particle and
slower shrinkage. A large dihedral angle leads to
higher maximum values for the neck radius and
the earlier elimination of the smaller particles. The
application of a compressive force results in faster
neck growth and shrinkage. In addition, a larger
neck radius and a smaller center-to-center distance
at equilibrium occurs compared to free sintering.
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Appendix A. Weak vs. strong form of the governing
equations

The compatibility condition on the rate of
change of surface area in Eq. (5) is

A = /;cvndAs + Z/v"“k . (s1 —|—s2) dL, (A1)
neck

A all b .

where x is the sum of the principal curvatures of the
particle surface defined so that positive curvature
denotes convexity. The velocity v, on Aj is the rate
of motion of the particle surface in the outward
normal direction. The second contribution to 4 in
Eq. (A.1) comes from the motion of the locus of
points of connection between the grain boundary
and free surface of neighboring particles, which can
create or destroy surface area. The rate of motion
of each point is »"*** and the unit tangent vectors to
the surfaces which attach to this point are s' and s,
as shown in Fig. 1(b). The infinitesimal quantity
dL is the length of a line element around the edge of
the neck and the integral is taken around the neck.
An integral is computed for each grain boundary
and summed as indicated where “all »”” means sum
over all grain boundaries.

Similarly, the rate of change of grain boundary
area arises from the motion of the neck edge (as-
suming that the grain boundary is flat or is sta-
tionary within the system) and therefore

yreck L b dr, (A.2)

Ay= /

allb Y
where s is the tangent unit vector to the grain
boundary at the neck, as shown in Fig. 1(b). Given
that the particle interior is rigid, the relative ve-
locity v of one end of the row compared to the
other is composed of the sum of the relative ve-
locities v® across all grain boundaries in the row of
particles. Furthermore, the force F is equal to the
integral of the stress over each grain boundary.
Therefore

Fo= Z/a dAyo®. (A.3)

all b s

Compatibility and volume conservation then re-
quires that on A
vy + V- j, =0, (A4)

where V® is the gradient operator on the particle
surface. Similarly, on each grain boundary (which
are assumed to be flat)

"+ VG =0, (A.5)

where V® is the gradient operator in the grain
boundary. Finally, flux continuity at the necks
requires

sl 'jsl + s2 'j52 + sb 'jb = Ov (A6)

where j, is the flux at the neck on the particle with
tangent s' as shown in Fig. 1(b) and j, is the flux
at the neck on the particle with tangent s?.

Now let variation of j, j,, As, Ay and v occur
along with variations of v,, v**¢ and *, but such
that compatibility (Egs. (A.1)-(A.6)) is obeyed for
the varied quantities. It follows that to first order
(Needleman and Rice, 1980; Sun et al., 1996)

OI1 = T1(j, + Oy + Oy As + 04 Ay
+5Ab7 v+ 51))7
_H(jsmiva.SaA.bv U) = yséA.S + ybéA.b

., o | S
—F5U+/@_b]b5]b dAb+/@_\]sé.ls dAs
Ayp A5

(A.7)
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Use of Egs. (A.1) and (A.2) in terms of the vari-
ations then gives

| S
oIl = /(yskévn +@—S]S . 5]5) dA;

/ “/5 Ty s + P8 ] ok dL
all b -

/(Gév ——Jb 5]b> d4,.
all b

Eq. (A.4) is then used to replace dv, by —V*° . 9j,
and Eq. (A.5) allows 6° to be replaced by
—V® . 9j,. This permits 61T to be restated as

1
o1t = / v i)~ (Ve i) 0|

/ 7s(s s' 4+ 8) s ] ovrek dL
all b -

(A.8)

1 ]
/ {Vb (cd7,)+ (—Jb—v )%] dy.
all b @

(A.9)

Use of the divergence theorem on A and on 4,
then provides

oIl = Z/[Vs(lﬁsl “0fg + Kos” - 5j82—o—sb ) 5j/r)] dz

all bneck

1
» Vi +—j. | - 0f. dd,
+/</s ’H-JJ) s

/ V(s +87) 4 9ps®] - ov™et dL
all b

/(—]b Va) Of, d4y, (A.10)
all b

where the subscripts on k denote the different
particles meeting at L. Finally, use of Eq. (A.6)
gives

ol =>"

/ (g1 = 0)s" -

allb Y

+(ysK2 - G)S2 . 5j52] dL

+ Z/ +ybs } - ok dL
all b

neck

1
Vi +—j, | - 9j d4;
+/</s K+gls> Js
d]lb/<

This shows that for arbitrary compatible varia-
tions from the problem solution, 017 is zero. This is
true because the pointwise governing equations
(Herring, 1951; Asaro and Tiller, 1972; Chuang et
al., 1979) are: the flux conditions on the free sur-
face and grain boundaries,

bo‘) - 0, ddy. (A.11)

= -3V’ on A, (A.12)

jo = 2.V’ on 4, (A.13)
the continuity of chemical potential at all junctions
between particle surface and grain boundary,

=—0 onl

K1 = 752 (A.14)

and the dihedral angle is enforced at the neck,

(8" +57) +7,s° =0 onL. (A.15)
(The latter can only be true if s® bisects the angle
between s' and s*> and this angle is the dihedral
¥ = 2 arcos (y,,/2y,)). The conditions represented
by Egs. (A.14) and (A.15) are enforced by ex-
tremely rapid local motion of material, so that
even if an initial shape does not satisfy these
equations instantaneously, mass transport en-
forces them locally. Thereafter, the shape evolu-
tions occurs with Egs. (A.14) and (A.15)
satisfied.

It is also readily shown that the functional IT is
minimized. Let the exact solution of the problem
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be denoted by, j,, j, A, Ay and v. Since the
functional IT is stationary for these values,

H(js - Ofirjo O As + Ods, Ay + 4y, v+5v)

.. i1
—H(]S,]b,As,Ab,U> +§/97b5]b5]b dAb

Ay

L1
As

to second order. Since Z; and %y, are both posi-
tive, the right-hand side is always greater than or
equal to zero and therefore IT is minimized by the
exact solution.

Appendix B. Governing equations for a row of
bidiametrical spheres in terms of six degrees of
freedom

The governing equations for the six degrees of
freedom &, b, L, h, f and x can be stated in matrix
form as

{15} - (1) o

where
a
b
X L
op =< B.2
{ ; (B.2)
{
X
and
—2my L
—2nyh
A —2nyaa+F
{ f} - . (B.3)
—2ny b+ F
—2nyx + F
—2myt — 2wy x

The nonzero entries in the coefficient matrix are

na2

xYD

1211 = (Zxazga +L21)7 (B4)

. nalt?
ki =
16 495 ]
" b2
k22 = TE‘ (szng + hzf)7
~ nbht?
frg = ——
26 49S )

1233 = 1€34 = ]€35 = ]€43 = ky = 1245 = 1253
4
~ ~ X
54 55 87y

59

Appendix C. Constraint equations to reduce six
degrees of freedom to three independent parameters

With 5 defined as in Appendix A, the con-

straint equations are

{3} -rc

. Oe. Q.

with the nonzero terms of [C] as follows:

Cll = C22 = C66 = 1)

C31:%7
Cn=Co=-7,
C42:§7
Cs1 2:—2L -

(C.1)

(C2)

(C.3)

(C4)

(C.5)
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2t

Cs3 = -=. (C.8)

S~ =
=
=

Appendix D. Governing equations in terms of three
independent degrees of freedom

The symmetric coefficient matrix for Eq. (28) is
given by

t 1 2
ki = a*L? — —d p D.1
1n=a (x93+2@b>+950g; (D.1)

alLbh

kip =ky = —— D.2
12 21 29b ) ( )
ks = oy = alxt —— + (D.3)
BE A= g T g, )

1 t 2
ko = B*H* | — —p* D4
22 (29b+x95>+95 8b, ( )
s = kg — bt (D.5)

= = X .
23 32 29, 47, )
X221 t

by =— | — D.6
) (9b+3x@s> (D-6)

with Egs. (27) and (28) repeated for convenience
as

g =Ln[§ <1 /1 - (g)zﬂ —g, (D.7)
g =1Ln [g <1 - (%)2>] _%’ (D-8)

The generalized force vector is given by

4y.al x xa X 2al.
= S| e (D9)
4y.bh x xb X 2bh
L= [1_2b_2h2+2h2}_m2F’ (D-10)

(D.11)

Appendix E. Constraint matrix after the circular
disc has vanished reducing six degrees of freedom to
two independent parameters

With {6} defined as in Appendix B, the con-
straint equations are

{S} - [C]{Z} (E.1)

with the nonzero terms of [C] as follows:

Cii=Con=1, (E.2)
_a(x* —2hL)
Gy = T (E3)
bR
Cn= x2(h+1L)’ (E4)
_ a(a®> +L?)
Cy = —xz(h—i—L) ) (E.5)
| b(x? — 20L)
Cp = Ph+I) (E.6)
o _a@ ) .
T Bh+L) '
BL(B? + 1)
62 — m (Eg)

The symmetric matrix [k] for Eq. (39) is then

— 2natg, mall?

= E.
kll 95 2@]3 9 ( 9)
- - nabLh
kirn =ky = E.10
12 21 Zgb ) ( )
_ bt 22
oy = 27080 MO (E.11)

(78 29y,

and the generalized force vector for Eq. (39) is

- 2Fal ah(a* + L*)
= ———2 gy ——2 L
fl xz T[/b Xz(h —|—L) Tws
2mya 2 2 2
_m [a(x —2hL) —b(a +L )],

(E.12)
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- 2Fbh bL(b* + h*)
= = I _mvh
f2 xz nyb xz(h+L) TEI)S
2myb 2 2 2
—— " _Ip(x* —=2hL) —a(b* + h7)|.(E.13
g e ) —a(b* +7)].(E13)
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