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Abstract—Consider a ceramic in an environment, corroding gradually by a surface reaction. When in ad-
dition subject to a mechanical load, the ceramic loses mass preferentially at grain-boundary grooves where
stress concentrates, so that atomistically sharp cracks may nucleate. Before becoming a crack, a groove
maintains local equilibrium at its root; after, it loses local equilibrium. The crack further propagates by
breaking atomic bonds, often assisted by environmental molecules. This paper models the groove-to-crack
evolution. The groove changes shape to reduce the free energy due to the combined effects of surface ten-
sion, grain-boundary tension, elasticity, and chemical potential difference between the solid and the en-
vironment. At any point on the surface, the reaction rate is taken to be proportional to the free energy
reduction per unit volume of mass loss. The ceramic body is modeled by a half plane bounded by a curve,
whose shape is described by a conformal mapping of many terms, allowing the elastic field in the body to
be solved analytically. A variational method leads to a set of ordinary differential equations to evolve the
shape. The model predicts threshold loads, and the times required, for crack nucleation. © 1998 Acta

Metallurgica Inc. Published by Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

A brittle solid may withstand a static load for a
long time and then, without warning, break sud-
denly. The smaller the load, the longer the delay
time. The phenomenon is known as delayed frac-
ture or static fatigue. A practically important ques-
tion is whether a threshold stress exists—that is,
whether there is a stress limit below which the solid
can sustain the load indefinitely. Another question
is how long the solid can sustain a stress above the
threshold.

Orowan [1] attributed the phenomenon to an en-
vironmental effect on surface tension. According to
Griffith, the strength S of a solid scales with its sur-
face tension y as Socy!/?. Certain molecules in air,
adsorbing on the surfaces, reduce the surface ten-
sion. To affect fracture, the molecules must diffuse
to a crack front, and assist in breaking atomic
bonds. Both steps take time. Wiederhorn [2]
reviewed evidence of glass weakened by water mol-
ecules. Within the framework of fracture mechanics,
this theory has led to a procedure to predict life-
times of engineering components [2,3]. Cracks are
assumed to pre-exist on the surface of a given en-
gineering component, and grow slowly under a sta-
tic stress. The time-to-fracture is the time required
for one of the cracks to grow to a critical size. An
upper bound of the initial crack size on the com-
ponent surface is estimated by a proof test. To
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obtain a crack growth law, one cuts a sample of the
same material with a long crack, loads it in a con-
trolled environment, and measures the crack vel-
ocity as a function of stress intensity factor. The
two pieces of information—the initial crack size
and the crack growth law—are then used to predict
a lower bound of the lifetime of the component.

This procedure has been successfully applied to
components with relatively large initial crack sizes
and short lifetimes. How to apply the procedure to
components like microelectronic chips is uncertain.
The feature size on a chip is about 1 pum. The initial
flaw is ill-defined, and the total crack growth should
be less than the feature size. Suppose that 10 years
of lifetime is required; the allowed crack velocity
should be lower than 107" m/s. Direct measure-
ment of such low crack velocities is extremely diffi-
cult. One is then forced to do accelerated tests, or
find a way to determine the threshold condition. To
extrapolate the data to predict lifetime, one must
understand what happens at low crack velocities or
near the threshold condition.

That atomistically sharp cracks pre-exist in ma-
terials has always been a vexing assumption. Hillig
and Charles [4] and others [5-15] have considered a
different theory of delayed fracture. Initial flaws can
be blunt. A solid loses mass to its environment by a
surface reaction; the rate of the reaction depends on
local stress. Because the stress along a flaw surface
is non-uniform, the reaction may proceed faster at
the flaw root than elsewhere, gradually changing
the flaw into a sharp crack. Alternatively, at elev-
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ated temperatures, a flaw can change shape by mass
transport due to surface diffusion, evaporation—con-
densation, etc. Newcomb and Tressler [16] observed
fracture of sapphire fibers at high temperatures.
Micron-sized pores were left inside the fibers in a
manufacturing process. When the fibers were loaded
in tension, delayed fracture often originated from
these internal pores. The experimental observations
were interpreted as follows [13]. A pore may change
shape by surface diffusion. Surface tension tends to
keep the pore rounded, but the applied stress tends
to change the pore shape to form a sharp crack
front. Consequently, the model predicts a threshold
condition: the pore reaches an equilibrium shape
close to an ellipse when the applied stress is small,
but forms a crack front when the applied stress is
large. Most models in the literature relied on elas-
ticity solutions for elliptic or ellipsoidal holes.
However, before forming a crack front, a pore
becomes eye-shaped, localizing the shape change
and shortening the diffusion length. Recent
models [14,15] allowed such non-elliptic shapes,
better estimating the crack nucleation time.

The two theories of delayed fracture do not
oppose each other; rather, they complement. In the
above example, if the applied stress exceeds the
threshold, a fiber may spend its lifetime in two
stages [14]. First, a pore pre-existing in the fiber
changes shape by surface diffusion to form a crack
front. Then the crack extends by a slow bond-
breaking process to attain the critical size for fast
fracture. The two stages involve different rate pro-
cesses. The total lifetime can be dominated by either
crack nucleation or crack growth, depending on
pore size, stress level, temperature, etc.

Asaro and Tiller [17] and others [18-21] showed
that even a flat surface under a stress is unstable,
and can evolve to a wavy shape by surface diffu-
sion. Chiu and Gao [22], and Yang and
Srolovitz [23] further showed that the wavy surface
can evolve to form a sharp crack front. The process
was observed by Jesson et al. [24] on a surface of a
strained epitaxial film. Thus, a stress-concentrating
flaw is unnecessary for crack nucleation.
Furthermore, there is no threshold condition for
crack nucleation, that is a crack can nucleate at
arbitrarily small stress. The practical significance of
the findings has been understood in terms of time.
The system has a natural length scale L = yE/o°,
where v is the surface tension, £ Young’s modulus,
and o the applied stress. When the dominant mass
transport mechanism is surface diffusion, with mass
mobility M, the crack nucleation time-scales as
tnoc LY/ My. If cracks take too much time to nucle-
ate, because either the stress or the temperature is
low, the process should be ignored so far as lifetime
is concerned.

A perfectly flat surface is an idealization. Most
real surfaces have flaws due to abrasion or machin-
ing. For polycrystalline materials, grain boundaries
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cause surfaces to form grooves. In integrated micro-
structures, sharp material discontinuities such as
corners are present. These features all concentrate
stress. This paper studies cracks nucleating from the
grooves on polycrystalline surfaces. At high tem-
peratures, when a ceramic is under a tensile load
parallel to the surface, matter on the surface can
diffuse into and along a grain boundary. This pro-
cess can lead to a notch growing along the grain
boundary under certain conditions [25,26]. Mass
inserted into the grain boundary alleviates the stress
concentration so that such a notch is usually not
atomistically sharp. In this paper, following Suo
and Yu [27], we consider another situation: the
grain boundary does not transport mass, but the
surface changes shape by evaporation—condensation
or a chemical reaction. This process may dominate
at relatively low temperatures and in corrosive en-
vironments. Two types of behaviors are expected. If
the applied stress is small, the grooves approach a
steady shape, and the ceramic loses mass evenly on
the surface. If the applied stress is large, the grooves
sharpen into crack fronts, and the cracks sub-
sequently grow by decohesion.

A main difficulty in analyzing the model is to
determine the elastic field in a body with a curved
surface. Following Chiu and Gao [22], who solved
the elastic field in a plane bounded by a cycloid, we
modeled the evolving polycrystalline surface by a
family of cycloids [27]. The family had two degrees
of freedom: one described gross mass loss, and the
other the surface shape. This low-dimensional
model predicted the trends of threshold stress and
nucleation time. The model, however, did not con-
tain enough degrees of freedom to give quantitat-
ively reliable results. In particular, the geometry of
the cycloid dictated that a crack should form when
the groove depth reached 1/m times the grain size.
In reality, when the applied stress is large, the
grooves are expected to be more localized, and the
groove depth can be much smaller when the crack
forms; the localization significantly shortens the
crack nucleation time.

The object of the present paper is to use more
degrees of freedom to model localized grooving. We
first outline the physical aspects of the model, and
then use a family of curves to describe the bound-
ary of the ceramic body. The elastic field is solved
analytically in Appendix B. In Appendix A, we dis-
cuss the local equilibrium and the loss of it at a
groove root. A variational approach is used to con-
struct a dynamical system to evolve grooves. The
paper finally presents simulation results.

2. PHYSICAL DISCRIPTION OF THE MODEL

Figure 1 illustrates the two-dimensional model.
Represent a ceramic body by a half plane and its
surface by a curve. All grains have the same size 4.
The surface tension yg and the grain-boundary ten-
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Fig. 1. A ceramic in a corrosive environment, subject to a stress parallel to the surface.

sion yp are taken to be isotropic. They are the
values obtained after the ceramic is exposed to the
environment (e.g. a vapor or a solution) for a pro-
longed time. Within the environment, the molecular
mobility is so large that the chemical potential is
uniform. The solid and the environment, however,
are not in equilibrium with each other: they
exchange mass by dissolution or precipitation.
Denote g as the free energy increase per unit
volume of solid deposited on a flat, stress-free sur-
face. We assume that the solid is immersed in such
a large environment that the chemical potential of
the environment changes negligibly during the reac-
tion. Thus, g is a constant in this model. The solid
is subject to a remote stress ¢ in the horizontal
direction, and remains elastic—that is no dislo-
cation or diffusional creep occurs to alleviate the
stress concentration at the groove roots.
Furthermore, if condensation or precipitation
occurs, mass attaches to the solid coherently, intro-
ducing no dislocations or pores.

As the surface reaction proceeds, the solid—envir-
onment, as a system, reduces its free energy. The
displacement at the loading point is held fixed so
that the loading device does no work to the ceramic
as the surface evolves. The total free energy, G, con-
sists of the surface energy Us, the grain-boundary
energy Ug, the chemical energy Uc, and the elastic
energy Ug. Thus,

G=Us+Ug+Uc+ Ug Q)

In our model, the energy is given per grain per unit
thickness, to be calculated in the next section.

Three dimensionless groups measure the relative
significance of the various energetic forces:

r=",4="",=* @
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Their qualitative significance is readily understood.
When I' >2, the free energy reduces as two free sur-
faces replace one grain boundary, so that a triple
junction loses local equilibrium: atomic bonds
break spontaneously along the grain boundary even
under no applied stress. Our model will be
restricted to 0 <I"'<2. Local equilibrium dictates
that the dihedral angle W, in Fig. 1 be given by
cos(Ve/2) = yp/2ys.

The normalized load can take any value A >0,
and tends to destabilize grooves. As shown in
Appendix A, under stress, as the surface changes
shape, the groove becomes more localized, but the
equilibrium dihedral angle is maintained. The stress
field at the groove root is singular. So is the local
curvature. Before the groove becomes a crack, the
singularity is so weak that the elastic field does not
give an energetic force to drive the motion of the
triple junction. After a sharp crack is formed, the
two surfaces becomes parallel at the triple junction,
the local equilibrium is lost; the elastic energy, as
well as the surface and the grain-boundary tension,
contributes to the driving force on the triple junc-
tion. Thus, both the groove and the crack cause a
singular stress field within the linear elasticity the-
ory; the exponents of the singularity are different,
so that the groove maintains local equilibrium, but
the crack does not.

The normalized chemical free energy, y, may take
any value. When x>0, a solid with a flat, stress-free
surface has a higher free energy than the environ-
ment, and the solid dissolves. When y < 0, a solid
with a flat, stress-free surface has a lower free
energy than the environment, and the solid precipi-
tates. A solid surface, if curved or under stress, dis-
solves or precipitates even when y = 0, depending
on the total free energy G. Although the chemical
free energy y can take very large values, by itself it
can never drive a groove into a crack. Stress con-
centration is a prerequisite for crack formation. In
fact, our simulation results will show that y makes
little contribution to the crack nucleation process.

We now consider the kinetic process, following a
variational approach described by Suo [28]. Let 4
be the free energy reduction associated with a unit
volume of mass attached coherently to the solid
surface. When a surface element ds moves by a dis-
tance Jr,, the free energy reduces by ,dryds.
Consequently, associated with the entire surface
motion, the total free energy variation, 0G, is given
by

Jﬁéznda = -9 3)
The integral is over the surface per grain. Because

ory, i1s an arbitrary virtual motion, this relation
defines the driving force for the surface reaction, z,
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at every point on the surface. The actual normal
velocity of the surface is a function of the driving
force. For simplicity, we adopt a linear kinetic law:

Y =my @)

where m is the specific reaction rate. A special case
of a more general law introduced by Hillig and
Charles [4], this linear kinetic law is valid when the
driving force is small compared to the average ther-
mal energy. Because little is known quantitatively
of the general law, this paper is restricted to the lin-
ear law. Eliminating x4 from equations (3) and (4),
we obtain that

Jvn_érnds = -G ®)
m
This is the weak statement, which will be used in
the next section to evolve the ceramic surface.
Temperature enters the model through the specific
reaction rate m.

This paper assumes that the grain-boundary
grooves are the only geometric features on the solid
surface. Two points need be clarified here. First, the
ceramic is assumed to be well annealed: other than
the grain-boundary grooves, no imperfection such
as cracks or holes exist on the surface. With such a
perfect surface, a crack may still nucleate on a
grain surface, away from the grain boundaries, as
shown in Fig. 2(a). Such a crack, however, should
take a longer time to nucleate than those along the
groove roots. Thus we focus on cracks nucleating
from the groove roots. Second, under a small
applied stress, the periodic grooves can be unstable
against a perturbation of a wavelength larger than
the grain size [Fig. 2(b)]. Here we tentatively assume
that such cracks take a very long time to nucleate,
and will treat them elsewhere.

Grain Boundary
(@

*Grain Boundary
()
Fig. 2. (a) Solid forms a crack away from the grain

boundary. (b) Solid has a surface perturbation with wave-
length larger than the grain size.
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3. EVOLUTION EQUATIONS

3.1. Shape of the ceramic boundary

We describe the boundary of the ceramic by a
family of curves:

kx =04 oy sinf + ... + o, sinnf (6a)

ky = ao + o cosO + ... + a, cosnd (6b)

Here k = 2n//, and the o values are dimensionless
real numbers. As 6 varies, —oo < 6 < +o00, the
point (x,y) traces the boundary. Chiu and Gao [22]
used one term (the oy term) in their work. The term
oo is added to represent uniform mass gain or loss.
To adequately describe highly localized grooves,
this paper extends the family: the more terms, the
more kinds of curves the family includes. As the
coefficients og,o,,...,o, evolve with time, the surface
changes its shape. When og=0o;=... = 2,=0, the
ceramic surface is flat. This is taken to be the
energy reference state. When the crack tips form at
the groove roots (0 = + =, +3m,...), the surface
normal vector becomes horizontal, so that

l—ay+...+(=1)"no, =0 @)

This condition ends our calculation. Here we simu-
late the crack formation process, not the subsequent
decohesion process.

As explained in Appendix B, this family of curves
is given by a conformal mapping, which allows the
elastic field in the half plane bounded by such
curves to be solved analytically. The curves are
smooth during the entire simulation before cracks
form. On the other hand, at the root of a groove,
the surface is not smooth, but forms an equilibrium
dihedral angle W.. Furthermore, the elastic stress
field at such a groove root is singular.
Consequently, our simulation based on the smooth
curves does badly for the geometry and stress field
at the groove root. There is nothing unusual about
this situation, however. As shown in Appendix A,
the local equilibrium is implied by the weak state-
ment as a natural boundary condition. In approxi-
mation methods based on weak statements, such as
finite element analysis for stress field, natural
boundary conditions are seldom satisfied exactly;
rather, they are satisfied in some average sense. As
will be shown below, our simulation results agree
well with the known exact solutions, all the way to
points very close to the groove root. The more
terms in equations (6a) and (b) we use, the better
the shape.

The curve element is

ds = /dx2 + d)?

where

kdx = (1 4o cosd + ...+ nx, cosnf)d0  (8a)
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kdy = (— o sind — ... — na, sinn6)do (8b)

Consequently, all the integrals per grain surface are
carried with respect to 6, in the interval (—=,7).

3.2. Energy calculation

Appendix B solves the elastic field in a half plane
bounded by a curve represented by equations (6a)
and (b). With the aid of Fig. 3, note that Ug is the
difference of the elastic energy stored in the current
body and in the reference body. Both bodies are
subject to the horizontal stress ¢. Figure 3 also
shows an imaginary body whose shape is identical
to the current body, but whose body is under a uni-
form stress ¢. To maintain this stress field in the
imaginary body, a distribution of surface stress gn,
must be applied, where 7, is the horizontal com-
ponent of the surface normal vector. The additional
elastic displacement of the current body relative to
the imaginary body is

U, = —Ii—;(c] sind + . ... + ¢, sinnf) )
The coefficients ¢ are dimensionless functions of o,
as given in Appendix B. The elastic energy differ-
ence between the current body and the imaginary
body is the work done in removing the surface
stress, —(1/2)fu,on,ds. The elastic energy difference
between the imaginary body and the reference body
is the energy density ¢2/2F times the area jydx. The
sum of the two differences is the excess elastic
energy stored in the current body relative to the
reference body. Integrating, we find that

ne? [1
UE=:z7§[§(ZWr+a%+~--+nab-—(ﬁ“'
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The excess surface energy is

Us =5 [ds =357 (12
This integral is carried out numerically. The excess
chemical energy is g times the area [ydx, so that

g

Uczp

(200 + o7 + 205 + ... +no)  (13)

3.3. Virtual motion

When a small amount of mass is added to or
removed from the ceramic surface, it changes the
surface shape and position slightly. Describe the
small variation of the surface by a set of variations
d0Lp,001,. . .,00,. In the above we have calculated the
free energy as a function of curve shape, i.e.
G(ag,a1,- - -,0,). The energy variation associated with
the motion is written as

0G = —fooug — 10w — ... — fudoly (14)

The expressions of the generalized forces fo.f1,. - ../,
are given in Appendix C. They are functions of
(073 750 S TN o N

Associated with the virtual change, a point (x,y)
on the surface moves by a small distance, (dx,0y),
given by

kdéx = sinfday + ...+ sinn0dw, (15a)

koy = dog + cosboo + ... + cosnbda, (15b)

The components of the unit normal vector are
n,= — dy/ds and n, = 0x/ds. An element ds moves in
the normal direction by a small distance
Orn=n,0x + n,dy, given by

tot ”""“")} (10) kSt = Aodotg + AySoty + .. + AySa,  (16)
The excess energy per grain boundary is the grain-  With
boundary tension times the height of the grain A = [cospd
= +ocos(p — 1)0 + ... + na,cos
boundary, P [ ? 1cos(p ) (r
Up = Blag— o + ...+ (=1)'0] (11) —n)o]a—g (17)
k kos
< > P S < =
Bod, Imagi Bod Current Bod
- Reference Body . < maginary y L, o y .
< —> - > S —>

Fig. 3. Bodies used in calculating excess elastic energy.
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The normal velocity of the surface, v,, is written as

kv, = Aobg + Ay + ...+ A,d, (18)

The superimposed dots denote time derivatives.

Inserting equations (14), (16) and (18) into the
weak statement given by equation (5), we obtain
that

n

Hpqd‘q :fb (19)
q=0
with the generalized viscosity being
1
H,, = e JApAqu (20)

Note that equation (19) is a set of nonlinear ordin-
ary differential equations. They are solved numeri-
cally to evolve the coefficients oq,xq,.. and
thereby the curve.

- 5%ps

4. EVOLVING GROOVES

4.1. Steady surface motion in the absence of stress

In the absence of the stress, evolution is driven
by the surface tension, the grain-boundary tension,
and the chemical energy. The surface always
approaches an invariant shape moving steadily as
the solid dissolves to or precipitates from the en-
vironment. The steady shape of the surface has
been solved analytically [28], given by
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7:—iln|ccosd>+1| (21b)
cx

The parameter c¢ relates to the steady state velocity
as ¢ = v/mg. As the tangent angle ® varies from
—(n—W.)/2 at x = 1/2 to (1 —W¥e)/2 at x = — /2,
equations (2la) and (b) traces the grain surface.
For a given pair of y and ¥, c¢ is determined by
using equation (21a), with x = 4/2 and
O = —(n—Y.)/2.

Figure 4 compares the exact surface shapes (solid
lines) with the approximate shapes (open circles)
obtained by using the weak statement. The shapes
agree well even for large values of . When
2 = — 50, the solid gains mass, and the groove is
relatively localized. When y = 100, the solid loses
mass, and the surface near the grain boundary is
almost straight. Although the dihedral angle cannot
be represented by the numerical simulation, the sur-
face shapes are well approximated all the way to
points very close to the groove root. In the absence
of stress, the groove root always maintains local
equilibrium, and cannot evolve into a sharp crack.

4.2. Two behaviors: approaching steady state or

forming crack

Figure 5 shows the time sequences of the surfaces
under three applied stress levels. The initial surface
is taken to be flat. At a small stress [A =1,
Fig. 5(a)], the surface approaches a steady shape,
the body loses mass evenly over the entire surface,
and no crack is formed. At a large stress [A = 3,
Fig. 5(b)], the surface never reaches a steady shape,
the body loses mass preferentially at the groove
root, and a crack forms on the surface. At an even
larger stress [A = 20, Fig. 5(c)], the shape change is
more localized, and the crack forms at a smaller
groove depth and in shorter time.

1 1 V1= sind )
® - —tan _— c <1
x 1 V1 =2 ¢ + cos®
i e 1 V@ 1 sind
D — tanh™! ye—  sm® A >1
V2 —1 ¢+ cos®
(21a)
1

2y/A

2x/2

Fig. 4. A comparison of the exact and approximate steady state groove shapes. No stress is applied.
' =0.5.
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Figure 6 plots the groove depths as functions of
time in logarithm scale. When the applied stress is
small, the groove approaches a steady depth. When
the applied stress is large, the crack nucleation time
is short and the crack depth is small. As a super-
critical groove sharpens, the grooving velocity
approaches infinity. This is because once the crack
front forms, the triple junction loses local equili-
brium, and subsequent crack extension is not lim-
ited by surface mass exchange. Other processes
should be invoked to limit the crack velocity, such
as stress-wave propagation or diffusion of environ-
mental molecules to the crack front to lower the
surface tension. This paper does not study the deco-
hesion process after crack nucleation.
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As discussed above, when a ceramic is subject to
a stress, the surface either approaches a steady
shape or forms cracks. There exists a threshold
stress for crack nucleation. Figure 7 plots the nor-
malized threshold stress as a function of y and T.
Under a condition below a corresponding line, a
polycrystalline surface approaches a steady shape;
above it, the surface nucleates cracks. The threshold
A increases when the solid gains mass (large nega-
tive y), and almost remains constant when the solid
loses mass (positive x). In the latter case, the
threshold stress is close to the estimation [27]:

2
("—’1> =4-278 (22)
Eys) Vs

1 (a)
YB/YS =0.5, g}\,/’YS =0 GZ)L/E'YS =1
0.5 |
- tmyg(2m/A)? =0, 0.36, 0.98, 2, 4, 6.13
; 0 —_—
N

05 |
_1 1 L L
0 0.5 1 1.5 2
2x/\
(b)
1
6%A\/Erg =3
05
<2 tmyg(2m/A)? =0, 0.26, 0.54, 1.54
50

T
—_—————

1 1.5 2

2x/A

Fig. 5. Time sequences of surface shapes: (a) A = 1; (b) A = 3; and (c) A = 20.
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Fig. 6. Groove depths as functions of time.
8
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Yy/Ys =0.5 Crack Nucleation
Steady State Groove
0 1 1 1 1
-50 -30 -10 10 30 50

gy,
Fig. 7. Threshold condition.

In this case, the chemical free energy y plays a neg-
ligible role on the value of threshold stress.

The existence of threshold is partly due to a con-
straint of our model. We have assumed that the
wavelength of the curve coincides with the grain
size. If, as pointed out earlier, the wavelength is
allowed to exceed the grain size [Fig. 2(b)], some
grains losing more mass than others, cracks may
nucleate at stresses lower than the threshold given
above, over a long time-scale. We will explore this
behavior elsewhere.

4.3. Crack nucleation time and crack size

Above the threshold condition, an initially flat
polycrystalline surface nucleates a crack in a finite
time. In the two-degrees-of-freedom model, the
shape of the curve is constrained such that the
crack always forms at the groove depth a = 7/
n [27]. Consequently, the model cannot predict the
crack size accurately when a groove localizes within

Table 1. The effects of the degrees of freedom

n ™ ali
2 1.33 0.318
4 0.47 0.145
8 0.25 0.095
12 0.20 0.079
16 0.19 0.074
20 0.186 0.072
24 0.1841 0.0708
28 0.1839 0.0703
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Fig. 8. The time needed for an initially flat polycrystalline
surface to nucleate crack fronts.

a length scale much smaller than the grain size.
Neither can it simulate the steady state with nor-
malized groove depth larger than 1/n. As mentioned
before, the more the degrees of freedom, the more
flexibly the surface can change its shape. Table 1
shows the effect of the degrees of freedom on the
crack nucleation time and crack size when the crack
just forms for the supercritical case I' = 0.5, y = 50
and A = 6. The nucleation time calculated from the
two-degrees-of-freedom model [27] is about one
order of magnitude longer than the value from the
28-degrees-of-freedom model, so is the crack size
when the crack just forms. In this paper, we have
increased the degrees of freedom until the results
are insensitive to the change.
The nucleation time takes the form

12

A
= — 7 F,“ ,/1
N (27[)2}’}/1’\')5 ( X )

(23)
where 7(I',y,A) is a dimensionless function. Here we
use the grain size A to scale the time, rather than
the length L given in Section 1. The latter depends
on the applied stress, which complicates the in-
terpretation in the present situation. Figure 8 plots
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the nucleation time as a function of load. These
curves resemble the lifetime—stress plots in the ex-
perimental literature on delayed fracture. A solid
losing mass forms crack faster than a solid gaining
mass. However, when the applied stress is far
beyond the threshold, the chemical energy par-
ameter y affects the nucleation time negligibly.
Figure 9 plots the crack size (when it just forms) as
a function of normalized load. When the applied
stress is large, the crack can form at a very small
groove depth. The value of y has little effect on the
crack size.

5. CONCLUDING REMARKS

When a solid is under a static load in a corrosive
environment, delayed fracture can proceed by first
nucleating cracks, and then extending the cracks.
The two stages involve different kinetic processes:
the former, surface reactions; and the latter, en-
vironment-assisted bond breaking. FEither process
can dominate the time-to-fracture, depending on ex-
perimental conditions. A better understanding of
the crack nucleation process is expected to be im-
portant to lifetime prediction for integrated micro-
structures, where feature size is small and desired
lifetime is long. This paper presents a model of the
crack nucleation process on a ceramic surface by
stress-dependent surface reaction. The ceramic sur-
face changes its shape by mass exchange with en-
vironment, but the bulk deforms elastically. When
the applied stress is large, grain-boundary grooves
sharpen, leading to cracks. Elastic field in a half
plane with a curved boundary is solved analytically.
The curve is described with many degrees of free-
dom to simulate localized grooving. Numerical
results include the time sequences of groove shapes,
the threshold condition for crack nucleation, and
the time required for a surface to form cracks.
Further calculations with wavelengths longer than
the grain size are required to clarify whether a true
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Fig. 9. The crack size when it just forms.
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threshold exists. The large surface shape change due
to the applied stress should be readily detected ex-
perimentally. It is hoped that experiments will soon
succeed in ascertaining the significance of the pro-
cess in real materials.
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APPENDIX A

Dihedral angle, local equilibrium, and crack formation

Before a crack forms, the surfaces at a groove root
make an angle . When the surface undergoes a virtual
motion or, and the groove root deepens by da, the free
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energy varies by
[ L4
0G = J (W + g+ ysK)drnds + <2ys cos 5 — yB>6a (A1)

where W is the elastic energy per unit volume, and « is the
surface curvature. The quantity in the first term is the
driving force for surface motion; the second, for groove
root motion. Because the virtual motions or, and da are
arbitrary, a comparison to the weak statement of
equation (5) shows that the surface driving force relates to
the surface velocity:

vy = —m(W+ g+ yslc) (A2)
and the groove driving force vanishes:
lpe 7B

— )= A3

o (3) -3 @

Thus, the equilibrium dihedral angle given in equation (A3)
is the consequence of local equilibrium. It comes out as a
natural boundary condition of the weak statement, which
implicitly assumes that the kinetic process at the grooving
root is infinitely fast.

Because the dihedral angle W, is preserved, the stress
field is singular at the groove root. Let R be a small dis-
tance from the groove root. The stress field in the solid
scales as R, where 0 < u < 1/2. Consequently, near the
root Woc R, In equation (A2), because g is a constant,
to maintain a finite surface velocity, the curvature must
also be singular. The stress singularity is weak so that the
integral in equation (Al) is finite for any reasonable Jr,,.
Consequently, the weak statement of equation (5) is well
posed.

When a sharp crack forms, the surfaces at the root
become parallel, the stress field becomes R'? singular, and
the energy variation becomes

56 = J (W + g+ 75k)rads + (275 — 7 — 9)oa (Ad)

where % is the elastic energy release rate. If no mass is
added to or removed from the crack surfaces, the integral
in equation (A4) extends over only the surface away from
the crack. Local equilibrium now requires that

G =25~ 7y (A3)
Because ¢ depends on the crack length, equation (AS5) can
only be satisfied by one crack length. When the crack
front loses local equilibrium, the weak statement of
equation (5) is ill-posed. A kinetic law for the decohesion
process should be specified to limit the crack velocity. In
our simulation, we stop the calculation when the crack
emerges.

APPENDIX B
Elastic field in a half plane with a curved boundary

We use the method of complex variables to solve the
elastic field. In Fig. 1 the physical plane is (x,y). Define a
complex variable z = x + iy, where i = \/ — 1. Introduce
another plane (6,1) and denote { = 6 + in. The function

kz={+i(oo+oue™ +...+o,e™) =0 () (B1)
maps the lower half of the {-plane to the area below the
wavy boundary in the z-plane. In particular, the function
maps the f-axis in the {-plane to the wavy boundary in
the z-plane, as described by equations (6a) and (b). Before
the surface forms any crack, w({) is an analytic function
in the lower half of the {-plane. When cracks form, the
function loses analyticity, namely, ®'({) =0 at
(=+mn4+3m,....
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Any plane elastic field can be represented by two ana-
lytic functions ¢(z) and Y(z). Written in terms of the two
functions, displacements and resultant forces on the
boundary are [29]

Feltin) =k - @ —4@) (B
Sty = =ilg + 28" +U(E)] (B3)

Here E is Young’s modulus and v Poisson’s ratio;
k=3 -v)/(1 +v) for plane stress and x = 3 —4v for
plane strain. The notation ()’ stands for differentiation of
a function with respect to its independent variable.

The two analytic functions are determined by boundary
conditions. The imaginary body in Fig. 3 has a simple
elastic field corresponding to ¢ = 6z/4 and Y = —oz/2.
The body has traction on the wavy boundary, which can
be negated by an additional elastic field. Thus, write the
complex functions in the current body in Fig. 3 as

9O =T+FONE@ =-T+Y0O  (BY
where F and Y are the analytic functions representing the
additional elastic field. The traction-free condition requires
that the resultant force vanish. A combination of
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sionless real numbers. We can confirm that equation (B7)
is the right form by finding all the coefficients. Split
@ '(OF(Q) and w()F'({) into functions analytic in upper
and lower half planes.

In the boundary condition of equation (BS), functions
analytic in the lower half plane have terms e "7, ¢~ = i,
.., €% Equating their coefficients term by term, we
obtain that

Cp = Oy

Cp—1 + 01 Cy + 0y C1 = Olp—1 + 010y

Cn—2 + oy Cpt + 2000, + 200,02 + 01 €
= Op—2 + 1 0y—1 + 2000,

(BY)
cr+orer+ 20+ ..+ (= Doy ¢ + o0y
+203¢0 + ...+ (n— Doyepy
= oy + oo + 20003 + ...+ (1 — Doy,_go,
Once the coefficients of the mapping function, o,0y,. . .,0,,

are prescribed, the above is a set of linear algebraic
equations for ¢y,c,,. . .,c,, which we solve numerically.

The function Y({) does not take a simple form like
equation (B7). Without assuming its form, by equating
functions analytic in the upper half plane in equation (BS5),
we find that

YO =55 @)

—e~ " Dn (0 ¢ + omey — oyoty)

@' (9) (aleii’: +.Foe ) =il (ceT L+ ee™™)
—e % Quyer + ...+ 2n00, — of — ... — no?)
io —e (2ot + .o+ N0 Cuy + 2000 A MOy Gy — 20000 — .. — N0 )
_e*Zi;(3og3cl + ...+ no,cp + 30103+ ..+ o0, —

o0 — ... — N0 (B9)

equations (B1), (B3) and (B4) gives the boundary con-
dition along the #-axis on the {-plane:

@ " (O)FO)+o (O)F () + o () Y(0)

+220' OO -aO]=0  (BS)
The original elasticity problem now reduces to a problem
of finding two functions F({) and Y({) that are analytic in
the lower half of the (-plane, vanish as n — — oo, and
satisfy the boundary condition of equation (B5) along the
0-axis.

We solve this boundary value problem by analytic con-
tinuation. Collect functions analytic in the upper half
plane on one side of the equation, and functions analytic
in the lower half plane on the other side of the equation.
The theory of function of a complex variable dictates that
both sides be a constant in the entire plane.

Evidently the function @ '({) Y({) is analytic in the upper
half plane. Also note that

@' Olw©) — @] =i(1 + o€ + ... + no,e™)
(ne™ 4. e

(B6)

Multiplying term by term, we obtain a sum of terms like
¢ which is analytic in the lower half plane for m < 0,
and analytic in the wupper half plane for m>0.
Consequently, the function @ '({)[w ({) — @ ()] splits into a
sum of two parts, one analytic in the upper half plane,
and the other analytic in the lower half plane. We make a
guess that F({) takes the form

+ “lels + ...+ mﬂemg)

Ho:f§@¢%+m+qu) (B7)

The factor in front is so chosen that ¢ values are dimen-

On the surface of the current body, because the resultant
force vanishes, a combination of equations (B2) and (B3)
shows that the elastic displacements on the surface are
given by
. 4¢
Uy + 1y = E
The above result is valid under the plane stress conditions;
replace E by E/(1 —v?) under the plane strain conditions.

(B10)

APPENDIX C

Determination of the generalized forces

A component of the generalized force is

aUg 0Uc

(CH
where

aUs Jp cospl — p sinpf
du, S kds/30

BUB )}B
Z¥B (1) pB
do, ( )pk
p=0

BUC_n_g{ 2
p#0

dap, k2| 2poy

0 p=0
0 UE 2 n
— =1 no dc, (€2)
dop Tb,[pocpfpc',,quaqa“;] p=1
g=1

Leta = (z; o ... )" and ¢ = (c1 ¢ ... c,,)T. To calcu-
late the last two terms in equation (C2), we need to solve
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¢ and the derivative of ¢ with respect to a. Equation (BS)
can be written as
AV + A@)c = AVa (C3)

where A and A® are n by n matrices with elements

0 i>]j
AP = { 1 i=j
(j—Daj-i i<j

A(z):{ 0 j'>n—f
v Joi J<n—i
Let A = AD+ AP We obtain ¢ by solving equation (C3),
c=A"A0q (C4)
equation (B8) can also be written as
(€Y +CP)a+ec=A"a (C5)

where C" and C® are n by n matrices with elements
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C(--l)z 0 j>l’l—f
v Jeiri j<n—i
@ _ 0 J<i

Ci = {(.f—i)ci—i j>i

Let C=CP+C?. A differentiation of both sides of
equation (B8) gives

Ade + Cda = (dAV)a + AVda (C6)
With (dAM)a, we find that
(dAV)a = A®da (C7)

A substitution of equation (C7) into equation (C6), gives

de=A"YA - C)da (C8)



