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Stress-dependent surface reactions and implications
for a stress measurement technique

H. H. Yua) and Z. Suob)
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~Received 3 August 1999; accepted for publication 19 October 1999!

In contact with an environment, a solid may gain or lose mass due to, for example, deposition or
etching. As the reaction proceeds, the surface of the solid moves, either extending or receding. If the
solid is under stress, the elastic energy adds to the driving force of the reaction, and may cause the
surface to roughen. This phenomenon has recently led to a novel experimental technique to
determine the stress state in a solid by using an atomic force microscope to scan the surface profiles
before and after etching. Stress is also known to change the mobility of a reaction. By this
mechanism, the stress may either roughen or stabilize a flat surface. This article describes a linear
perturbation analysis of a three-dimensional solid surface evolving under stress, using a general
kinetic law. It is found that when the reaction is near equilibrium, the stress effect on driving force
dominates; when the reaction is far from equilibrium, the stress effect on mobility dominates. Under
these two conditions, the surface profile spectra have different patterns and length scales. The
implications for the stress measurement technique are discussed. It is suggested that the same
experimental procedure be used to measure surface energy and activation strains. ©2000
American Institute of Physics.@S0021-8979~00!04303-6#
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I. INTRODUCTION

A solid may lose mass to, or gain mass from, its en
ronment by a surface process. Examples include vapor d
sition, chemical etching, and phase transition. Many kine
processes may determine the velocity of the interface
tion. If a phase transition generates a large amount of h
such as during freezing, heat conduction in the phases
limit the interface velocity. If the two phases have differe
compositions, such as during solution precipitation, mass
fusion in the phases may limit the interface velocity. If
transition involves a large volume change, such as whe
crystalline particle grows in an amorphous matrix, visco
flow of the matrix may limit the interface velocity. In add
tion to the long-range transport, atoms must leave one ph
react on the interface, and join the other phase. This ar
analyzes the situations where the long-range transport
deformation are absent or rapid, so that the interface reac
limits its velocity.

As a nominally flat solid surface moves, it either rema
flat or becomes wavy. A solid surface can become wavy
to long-range transport, such as surface diffusion in
strained epitaxial film and heat conduction near a solidifi
tion front, which will not be discussed in this paper. Mullin1

studied the effect of surface energy on the evaporation
solid. If the solid surface is perturbed into a wavy shape,
surface energy causes the solid to evaporate faster at c
than at troughs, so that the wave amplitude decays over t
and the surface flattens. Srolovitz2 considered the effect o
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stress. For a perfectly flat surface, a stress applied parall
the surface induces a uniform stress state in the solid. F
wavy surface, however, the stress field is nonuniform:
magnitude of the stress is larger at troughs than at cre
Consequently, the solid evaporates faster at the troughs
at the crests, so that the wave amplitude grows over ti
and the surface roughens. When both surface energy
stress act together, the ratio of the surface energy to
elastic energy defines a length scale: short waves decay
long waves grow.

These theoretical studies have recently led to a no
experimental technique to measure stress with high sp
resolution. Using an atomic force microscope, Kimet al.3

scanned the surface profiles of a stressed solid before
after etching. They showed that the difference between
two profiles can be used to identify the stress state. T
technique was demonstrated with an aluminum alloy.

The analytical studies of Mullins and Srolovitz, as we
as the interpretation of the etching experiment, are all ba
on an idealized kinetic law. LetF be the driving force~i.e.,
the free energy reduction associated with the solid gain
per unit volume!. For a solid under a state of stress and w
a curved surface, the driving force is4

F5g2w2Kg. ~1!

Here g is the free energy difference between atoms in
two bulk phases~i.e., the environment and the unstress
solid!, w the elastic energy per unit volume,g the surface
energy per unit area, andK the sum of the principal curva
tures (K.0 for a solid sphere!. The solid gains mass whe
F.0, and loses mass whenF,0. In the analyses of Mullins
and Srolovitz, the flat, unstressed solid is taken to be in e
librium with the environment, namely,g50. The analyses
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highlighted the effects of surface and elastic energy. In pr
tice, however, the contribution due to the chemical energyg,
can be much larger than that due to either elastic or sur
energy. Nonethelessg by itself does not affect surface sta
bility.

Let R be the reaction rate, namely, the volume of so
gained (R.0) or lost (R,0) per unit surface area per un
time. These authors assumed that the reaction rate v
linearly with the driving force, namely,

R5MF. ~2!

The proportionality constantM is known as the mobility of
the surface. When the reaction process is thermally activa
the mobility may follow the Arrhenius relation

M5M0 exp~2Q/kT!, ~3!

wherek is Boltzmann’s constant, andT the temperature. The
activation energyQ and the preexponential factorM0 are
parameters to fit experimental data. These authors assu
that the mobilityM is independent of the applied stress. Th
kinetic law can be inadequate for two reasons as discu
below.

First, the linearity is expected only when the reaction
near equilibrium and the driving force is small, name
FV/kT!1, where V is the volume per atom in the un
stressed solid. When reaction is far from equilibrium and
total driving forceF is large, the reaction rate usually varie
with the driving force exponentially.

Second, the mobility itself can depend on stress. T
kinetic law @Eq. ~2!# dictates that the reaction rateR depend
on the stress through the driving forceF, which depends on
the stress through the elastic energy density. Because
elastic energy density is quadratic in the stress, this law
dicts that the reaction rate is the same for a solid under
sion and under compression. The prediction contradicts w
experimental observations. Azizet al.5 showed that, during
the crystallization of an amorphous silicon, when the crys
line silicon surface is subject to an in-plane stress, the ve
ity of the phase boundary increases linearly with the stre
higher when the stress is tensile and lower when the stre
compressive. The experimental data have been interprete
an effect of the stress state on the mobility.

More recently Aziz and co-workers showed that t
stress-dependent mobility affects the stability of a mov
surface.6 Assume that, at the high temperature, the stres
the amorphous silicon is relaxed by viscous flow, and
applied load is fully carried by the crystalline silicon. A
shown in Fig. 1, for a wavy phase boundary under an app
stress nominally in the plane of the surface, the magnitud
the stress is higher at troughs than at crests. When the so
under a compressive stress, the crystallization rate is slo
at troughs than at crests, so that the amplitude of the w
amplifies. Conversely, when the solid is under a ten
stress, the amplitude of the wave decays. These predic
were confirmed by Aziz and co-workers with experimen
and calculations. The surface instability caused by stre
dependent mobility is different from that caused by elas
energy, where both tension and compression ca
instability.
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Analogous considerations apply to processes like e
ing, when the solid loses mass to the environment. The c
clusion, however, is opposite to the case when the solid g
mass from the environment, assuming that the reaction
still increases linearly with the stress. As shown in Fig.
when the solid is under a compressive stress, the etching
is slower at troughs than at crests, so that the crests will c
up with the troughs, and the wave amplitude decays. C
versely, when the solid is under a tensile stress, the w
amplitude grows.

From these considerations, it is quite clear that the e
lution of a surface during reaction depends on how the re
tion rate varies with the stress. This dependence has sig
cant implications for the stress measurement techni
proposed by Kim and co-workers. Under what conditions
the instability predicted by the simplified kinetic law valid
When it is not valid, what information can be extracted fro
the etching experiment? This article analyzes surface pe
bation on the basis of a general kinetic law, and discusses
implications for the stress measurement technique.

FIG. 2. A solid loses mass. Still assume that the reaction rate decre
under compression, and increases under tension. The compression sta
a flat surface, and the tension destabilizes a flat surface.

FIG. 1. A solid gains mass. Assume that the reaction rate decreases
compression, and increases under tension. The compression destabil
flat surface, and the tension stabilizes a flat surface.
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II. KINETIC LAWS

A surface reaction can be anisotropic in several wa
The reaction rate can be different on different crystal plan
as can the surface energy and elastic constants. A su
reaction can also be inhomogeneous. For example, an op
fiber exposed to water or an acid may roughen or deve
etch pits even under no stress.7 Any structural nonuniformity
in the surface, such as defects and impurities, can lead to
observation. To highlight the effect of stress state, in t
article the solid is taken to be isotropic and homogene
with respect to its reaction kinetics, surface energy, and e
tic constants. Consequently, the theory should be used
caution in interpreting experiments.

When the driving force is large~i.e., FV/kT@1), the
reaction rate is no longer linear in the driving force. Oft
used nonlinear laws include

R}sinhS FV

2kTD , ~4a!

R}expS FV

kT D21, ~4b!

R}12expS FV

kT D . ~4c!

These laws are derived from simplistic transition state m
els, and may not fit perfectly with any real material. Litt
experimental information is available to favor one form
another.

Next consider the stress effect on mobility. F
amorphous-to-crystalline transformation in silicon, the tra
formation rate is affected by the stress applied in the plan
the phase boundary. The transformation rate increases u
a tension, and decreases under a compression.5 The observa-
tion is interpreted as the effect of the stress state on
activation energy, and the experimental data are fit to
following expression:

R}expS 2Q1s i j « i j* V

kT D , ~5!

where the activation strains« i j* are parameters to fit exper
ment data, andQ is the activation energy when the solid
unstressed. Aziz and co-workers5 retained the first orde
stress effect on the activation energy~i.e., « i j* are taken to be
independent of stress!. A similar law was used to analyze th
shape change of a notch root in a glass, where the se
order stress effect on the activation energy was a
invoked.8,9 Because the second order effect on activation
ergy is likely to be small in the stress range of interest he
we will only consider the first order stress effect. For
isotropic solid, or the~001! surface of a solid of cubic sym
metry, the two in-plane activation strain components
equal,«11* 5«22* . The component normal to the surface,«33* ,
usually differs from the in-plane components. Because in
phenomena of interest here the stress normal to the su
vanishes,«33* is irrelevant. Symmetry also dictates that all t
shear components of the activation strain tensor should
s.
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ish. For the amorphous-to-crystalline transition on the~001!
silicon surface, the measured activation strains are«11* 5«22*
50.14 and«33* 520.56.5

Combining Eqs.~4! and~5!, we adopt the kinetic law of
the form

R5expS 2Q1s i j « i j* V

kT DUS FV

kT D . ~6!

The functionU may take the form of one of those in Eq.~4!,
or any other suitable forms. A representative order of m
nitude of the activation strain is«11* 50.1, so thatus«11* u
@s2/E for the practical stress range. Consequently, to
tract the activation strains from the experimentally measu
reaction rates at various stress levels, one may neglec
second order stress effect in the driving force.5

In the next section, we derive the surface evolution eq
tion. Rather than committing to a specific form of the kine
law, we assume that the reaction rateR is a function of the
driving forceF and the stress tensors i j , namely,

R5R~F,s i j !. ~7!

The function is taken to have well defined derivatives. T
reaction should proceed in the direction of the driving forc
Consequently,R50 whenF50, R,0 whenF,0, andR
.0 when F.0. It is also assumed that the reaction ra
increases with the driving force, namely,]R/]F.0. The
function is otherwise arbitrary. The reaction rate may a
depend explicitly ong, or more generally on the compositio
of the environment. In this article we assume that the m
transport in the environment is so fast that the composit
of the environment is uniform during reaction.

We have assumed that the mobility is independent of
curvature. In principle, one may expect that the activat
energy depends on the curvature. Analogous to Eq.~5!, the
leading order curvature effect may be written as

R}expS 2Q1Ki j g i j* V

kT D . ~8!

Here Ki j is the curvature tensor, andg i j* may be termed as
the activation surface energy. One may even speculate on
consequences of the curvature-dependent mobility, and
experiments to detect them. At this point, however, no
perimental information is available to us regarding any
these. We will not include the curvature-dependent mobi
in the following presentation, although it can be do
readily.

III. LINEAR PERTURBATION ANALYSIS

Figure 3 illustrates the problem to be analyzed. A so
gains or loses mass by reacting with an environment. T
solid surface is nominally flat and the solid is subject to
in-plane stress state. Denote the principal stresses bys1 and
s2 , and the principal axes byx1 andx2 . At time t50, the
solid occupies the half spacex3,0, and the environmen
occupies the half spacex3.0. At time t.0, the surface
height is designated asH(x1 ,x2 ;t). Decompose the heigh
into the average heightH0(t) and the roughnessh(x1 ,x2 ;t):

H~x1 ,x2 ;t !5H0~ t !1h~x1 ,x2 ;t !. ~9!
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In what follows, for a given kinetic law of form of Eq.~7!,
we will solve for the time evolution of the average heig
and of the roughness.

When the surface is perfectly flat, the stress state is
form in the solid, and so is the reaction rate. Consequen
as the solid surface moves, it remains flat and at timet its
height isH0(t). This uniform height can be readily calcu
lated. We look for a solution of surface motion independ
of x1 andx2. The elastic energy density is

w05
s1

21s2
222ns1s2

2E
, ~10!

whereE is Young’s modulus andn Poisson’s ratio. When
the surface is flat, the curvatureK vanishes, and only the
chemical energy and the elastic energy contribute to the d
ing force. Consequently, the driving force of Eq.~1! special-
izes toF05g2w0 . At time t, the height of the surface is

H0~ t !5tR, ~11!

where the reaction rateR is evaluated at the uniform driving
forceF0 and the uniform stress states1 ands2 . By record-
ing the average height as a function of the time for surf
under various stress states, one can experimentally deter
the kinetic law. Wheng@w0 , which is often the case, th
change in the average height is mainly driven by the che
cal free energy.

We next study the time evolution of the surface roug
nessh(x1 ,x2 ;t). The roughness is a linear superposition
the Fourier components of wavevectors~lying in the x1-x2

plane! of all magnitudes and directions. When the wave a
plitude is small, to the first order in the wave amplitude, t
stress and the curvature changes due to one Fourier co
nent are independent of those due to another. The time

FIG. 3. Geometrical conventions used in the calculations.
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lution of one Fourier components is independent of anoth
Consequently, only one representative Fourier compon
need be analyzed. Figure 3 illustrates a wavevector of m
nitudev pointing in the directionx, which is at an angleu
from thex1 axis. The two components of the wavevector a
v15v cosu andv25v sinu. For the time being assume tha
the roughness has one single Fourier component, which
cos-wave in thex direction:

h5q~v,t !cosvx. ~12!

A linear perturbation analysis will be performed, where t
wave amplitude is small compared to the waveleng
namely,vq!1. Results are retained up to the leading te
in the wave amplitudeq.

A projection of the velocity]H/]t to the direction nor-
mal to the surface gives the relationR5]H/]t@1
1(]H/]x)2#21/2. To the leading order inq, the reaction rate
is

R5
dH0

dt
1

]h

]t
. ~13!

The curvature is defined as K52]2h/]x2@1
1(]h/]x)2#23/2 and, to the leading order inq, is K5v2h.

Figure 3 also illustrates the stress components in the
tated axes,s11

0 , s22
0 , ands12

0 , which relate to the principa
stresses as

s11
0 5s1 cos2 u1s2 sin2 u,

s22
0 5s2 cos2 u1s1 sin2 u, ~14!

s12
0 52~s12s2!sinu cosu.

When the surface is wavy, the stress state in the solid
nonuniform. The stressess11

0 , s22
0 , and s12

0 now serve as
boundary conditions.

Denote the stresses in the wavy surface bys11, s22, and
s12. To the leading order in the wave amplitude, the stres
in the wavy surface relate to the stresses in the flat surfac

s i j 5s i j
0 1b i j h, ~15!

where b i j must be determined by solving the elastici
boundary value problems of a half space bounded by a w
surface. When the solid is subject tos12

0 alone, the surface
perturbationh5q cosvx causes a state of antiplane she
deformation. When the solid is subject tos11

0 alone, because
of the constraint of the bulk of the solid, the surface pert
bation causes an additional plane strain field. When the s
is subject tos22

0 alone, the solid with the wavy surface sti
has the uniform stresss22

0 throughout the body. The elastic
ity boundary value problems were solved by Asaro a
Tiller, giving10

b1252vs12
0 , b11522vs11

0 , b22522nvs11
0 . ~16!

Combining Eqs.~15! and~16!, one notes that the stresses
the wavy surface linearly depend on the nominal stresses
expected. More extensive discussion of the problem and
erature review can be found in Refs. 11 and 12.

To the leading order in the wave amplitude, the pert
bation changes the elastic energy density to
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w5w02
2~11n!

E
@~12n!~s11

0 !21~s12
0 !2#vh. ~17!

This result agrees with that obtained by another approa3

Assembling the above results, we obtain the driving force
the leading order inq as

F5F01ah, ~18!

where

a5
2~11n!

E
@~12n!~s11

0 !21~s12
0 !2#v2gv2. ~19!

The significance of this expression will become clear in
next section.

To the leading order in the wave amplitude, the Tay
expansion of the kinetic law in Eq.~7! gives

R~F,s i j !5R~F0 ,s i j
0 !1S ]R

]F
a1

]R

]s i j
b i j Dh. ~20!

The partial derivatives are evaluated in the state when
surface is flat, (F0 ,s i j

0 ). A comparison between Eqs.~13!
and~20! gives the average surface height@Eq. ~11!#, as well
as the governing equation for the roughnessh:

]h

]t
5S ]R

]F
a1

]R

]s i j
b i j Dh. ~21!

Recall thath5q(v,t)cosvx. Consequently, Eq.~21! is also
an equation governing the wave amplitudeq.

Integrating Eq.~21! with respect to the time, we obtai
that

1

t
ln

q~v,t !

q~v,0!
5

]R

]F
a1

]R

]s i j
b i j . ~22!

This equation is a main result of this article. When the qu
tity on the right-hand side is positive, the wave amplitu
grows with the time. Otherwise the wave amplitude dec
with the time. Clearly details of the kinetic law will affec
the outcome. The remainder of the article is devoted to
analysis of this result.

IV. SURFACE PROFILE SPECTRA

Kim and co-workers3 recently described a novel tech
nique to experimentally determine the stress state in a s
region on a solid surface. A solid surface was under a stat
in-plane stress, but the directions and the magnitudes of
principal stresses were unknown. The stressed surface
exposed to an etchant. The surface profiles before and
etching,h(x1 ,x2 ;0) andh(x1 ,x2 ;t), were scanned by usin
an atomic force microscope. Each surface profile was t
represented by the Fourier transform:

h~x1 ,x2 ;t !5E q~v1 ,v2 ;t !expi ~v1x11v2x2!dv1dv2 .

~23!

The experimentally determined surface profiles were t
converted to the value of ln@q(v1,v2;t)/q(v1,v2;0)# as a
.
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function of the wave numbersv1 andv2 . By comparing this
function with the right-hand side of Eq.~22!, these authors
could deduce the stress state in the surface.

We now study the effect of the kinetic law on this stre
measurement technique. Kimet al.3 assumed the linear ki
netic law of Eq.~2!, the mobility M being independent o
stress. One generalization is to allow the reaction rate to
an arbitrary function of the driving force,R(F), still assum-
ing that the explicit dependence on the stress state is n
gible. Thus, Eq.~22! becomes

1

t
ln

q~v,t !

q~v,0!
5

dR

dF
a. ~24!

Observe that on the right-hand side, onlya depends on the
wave number, anddR/dF.0. Consequently, the function
a(v1 ,v2) is identical to ln@q(v1,v2;t)/q(v1,v2;0)# up to a
constant positive multiplier independent of the wave numb
To identify the stress state, one does not need to know
value of this multiplier~see below!. The significance of this
generalization is evident: to determine the stress state f
the spectrum, one does not need to know the kinetic law
long as the reaction rate depends on the stress only thro
the driving force.

Substituting Eq.~14! into Eq. ~19!, one obtains that

a5
2~11n!

E
@~12n!~s1 cos2 u1s2 sin2 u!2

1~s12s2!2 cos2 u sin2 u#v2gv2. ~25!

Figure 4 essentially reproduces a figure given in Kimet al.,3

and is included here to compare with other cases later.
two principal stresses play equivalent roles. Furthermo
when both the principal stresses change signs, the valuea
is unchanged. Consequently, we need only consider st
states represented on thes12s2 plane within the sector
bounded bys12s250 and s11s250. Contour plots of
a(v1 ,v2) are given for five representative stress states A
C, D, and E. The system has a length scale defined by

l 5Eg/s1
2 . ~26!

For representative values,g51 J/m2, E51011N/m2 ands1

5108 N/m2, the characteristic length scale isl 51025 m.
The coordinates of the contour plots,v1l andv2l , are made
dimensionless by using the characteristic length scale. P
son’s ratio is taken to be 0.3 in the plots.

For each contour plot, the contoura(v1 ,v2)50 is
drawn by a darker curve. Inside the darker curve,a.0, and
the corresponding Fourier components grow over time. O
side the darker curve,a,0, and the corresponding Fourie
components decay over time. Under an equal-biaxial st
state~A!, the contours are concentric circles, anda reaches
peak whenv l 512n2, which is a circle on thev12v2

plane. Under the uniaxial stress state~C!, the contour plot
has two peaks atv l 512n2, corresponding to the fastes
growing Fourier components; after some time, the solid s
face will grow into a shape of periodic trenches normal to
s1 direction. Under the pure shear stress state~E!, the con-
tour plot has four peaks atv l 511n; after some time the
solid surface will grow into a shape of periodic islands.
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Recall that the experimentally measured da
ln@q(v1,v2;t)/q(v1,v2;0)#, are identical to these contour plo
up to a constant positive multiplier. Consequently, these c
tour plots serve as ‘‘fingerprints’’ to identify the stress sta
Regardless of the stress state, the contour plots are alw
symmetric about the two principal stress axes. This sym
try allows the principal axes to be identified from the expe
mental spectrum. The shape of a contour plot determines
ratio of the two principal stresses,s2 /s1 . The size of a
contour plot~i.e., the location of the peaks or thea50 con-
tour! determines the characteristic lengthl. Provided the
elastic constants and the surface energy are known, the s
state is determined by such contour plots. The surface en
itself can also be measured this way by subjecting the s
to a known stress state. Note that the absolute values o
contour levels play no role in this technique.

This technique cannot determine the sign of the stres
the sign of all stress components are changed, the con
plot remains the same. The spatial resolution of this te
nique is obviously affected by the homogeneity of the s
face in response to the etchant, and by the resolution of
atomic force microscope. In addition, at sufficiently lar
wave numbers,v l @1, the surface evolution is dominated b
the surface energy, and the contours are insensitive to
stress state. Consequently, the length scalel also limits the
spatial resolution of this stress measurement technique.

FIG. 4. Surface roughness spectra for reactions near equilibrium~adapted
from Ref. 3!. On the plane of the principal stresses, five representative s
states A–E are indicated. For each stress state, a contour plo
ln@q(v1,v2;t)/q(v1,v2;0)# is given. The horizontal axis isv1l , and the ver-
tical axisv2l , wherel is a length scale defined in the text. Along the dark
contour, ln@q(v1,v2;t)/q(v1,v2;0)#50, i.e., the wave amplitude does no
change with the time. These plots can be used as fingerprints to identif
stress state.
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V. EFFECT OF STRESS-DEPENDENT MOBILITY

To study the effect of the stress-dependent mobility,
need to assume a specific kinetic law. An often used kin
law takes the form

R5R0 expS 2Q1s i j « i j* V

kT D sinhS FV

2kTD . ~27!

This law was used in the numerical analysis of the surf
stability.6 Equation~22! is specialized to

1

t
ln

q~v,t !

q~v,0!
5

VR0

2kT
expS 2Q1s i j

0 « i j* V

kT D coshS F0V

2kT D
3Fa12b i j « i j* tanhS F0V

2kT D G . ~28!

In the above expression onlya andb i j depend on the wave
number. Consequently, the quantity in the bracket on
right-hand side of Eq.~28! as a function of the wave numbe
is identical to ln@q(v1,v2;t)/q(v1,v2;0)# up to a constant
positive multiplier independent of the wave number. Now
plot the quantity in the bracket as a function of the wa
number, one needs to know the activation strain, and
value of F0 . Usually, w0V/kT!1; for example, to make
strain energy comparable tokT, stress should be at the leve
above 7 GPa at room temperature. Consequently, the ma
tude ofF0 is typically dominated byg. One can measure th
value of«11* tanh(gV/kT) by subjecting a surface to a know
stress, and perform a spectrum analysis similar to that
scribed above. After the value of«11* tanh(gV/kT) is deter-
mined experimentally, one can construct contour plots
various stress states, and use them as fingerprints to ide
unknown stress state.

Note that tanh(F0V/2kT) is a number between21 to 1.
We next consider three special cases.

Case 1. The reaction is near equilibrium

In this case,F0V/2kT→0, and the bracket in Eq.~28!
becomes justa. The result is the same as discussed befo
To neglect the activation strain term, one needs to ensure
u«* gV/kTu!us/Eu.

Case 2. The reaction is far from equilibrium and the
solid gains mass

In this case,F0V/2kT→1` and tanh(F0V/2kT)511.
For a representative activation strain«11* 50.1, observe that
us«11* u@s2/E for the practical stress range. Consequen
we can neglect the quadratic stress terms ina, and the
bracket in Eq.~28! becomes

2gv224~11n!~s1 cos2 u1s2 sin2 u!«11* v. ~29!

When this quantity is negative, the amplitude of the Four
component decays over time. When this quantity is posit
the amplitude of the Fourier component amplifies. Anoth
length scale is identified:

l * 5g/us1«11* u. ~30!

Taking representative values,g51 J/m2, «11* 50.1, ands1

5108 N/m2, the characteristic length scale isl * 51027 m.
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This length scale is two orders of magnitude smaller than
length scalel identified above, Eq.~26!. Consequently, when
the reaction is far from equilibrium, the stress measurem
technique can have higher spatial resolutions.

Figure 5 shows the contour plots of Eq.~29!, where the
coordinates are made dimensionless asv1l * andv2l * . Pois-
son’s ratio is taken to be 0.3 in the plots. The two princip
stresses play equivalent roles, so that we restrict the dis
sion to stress states whereus1u>us2u. Because of the linea
dependence on the stress, when both the principal stre
change signs, the contour plots change. Consequently, in
dition to the stress states A, B, C, D, and E, four other str
states F, G, H, and I are selected in Fig. 5. We assume«11*
.0 in this discussion. When both the principal stresses
tensile~A,B,C!, all the Fourier components decay over tim
When one or both principal stresses are compressive~D–I!,

FIG. 5. Surface roughness spectra for reactions far from equilibrium. On
plane of the principal stresses, nine representative stress states A–I a
dicated. For each stress state, a contour plot of ln@q(v1,v2;t)/q(v1,v2;0)# is
given. The horizontal axis isv1l * , and the vertical axisv2l * , wherel * is
a length scale.
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the Fourier components inside the darker contours grow,
the Fourier components outside the darker contours de
The stress-dependent mobility do not give rise to the fo
peak plots under any stress state. Under equal-biaxial c
pression~I!, the contour plot peaks along a circle of radi
v l * 52(11n). Under uniaxial compression~G!, the contour
plot peaks at two points withv l * 52(11n).

If one uses the same procedure of Kimet al.3 to deter-
mine the stress state, one needs to know the activation st
in addition to the surface energy. The activation energy
also be determined in similar experiments if one subjec
the solid to a known stress state.

Case 3. The reaction is far from equilibrium and the
solid loses mass

In this case,F0V/2kT→2` and tanh(F0V/2kT)521.
An etching or a dissolution process of a solid is such
example. The quantity in the bracket in Eq.~28! becomes

2gv214~11n!~s1 cos2 u1s2 sin2 u!«11* v. ~31!

Comparing Eqs.~29! and ~31!, we note that the only differ-
ence is a sign. If we also assume that«11* .0, then a tensile
stress tends to destabilize the surface, while a compres
stress tends to keep the surface flat. The roughness sp
for various stress states are similar to those in case 2,
vided one changes the sign of the stresses.

If one is unsure whether kinetic law@Eq. ~27!# ad-
equately describes a given experimental system, one
consider using Eq.~6!. Equation~27! then becomes

1

t
ln

q~v,t !

q~v,0!
5

VR0U8

kT
expS 2Q1s i j

0 « i j* V

kT D
3Fa1

b i j « i j* U

U8
G , ~32!

where U and the derivativeU8 are evaluated atF0V/kT,
which can be approximated bygV/kT. One can experimen
tally determine the number«11* U/U8 by using the procedure
of Kim et al.3 by subjecting the solid to a known stress sta
After the value of«11* U/U8 is determined, one can then me
sure the unknown stress state for the same material sys

VI. CONCLUDING REMARKS

A stress affects a surface reaction by changing either
driving force ~a quadratic effect!, or the mobility ~a linear
effect!. Both effects cause the surface roughness to cha
with time. This article analyzes the time evolution on t
basis of a general kinetic law. The roughness change
mainly caused by the quadratic stress effect when the r
tion is near equilibrium, and by the linear stress effect wh
the reaction is far from equilibrium. Under the two cond
tions, the roughness spectra have different patterns and
ferent length scales. The results can be used to interpre
periments. By measuring surface profiles of a solid unde
known stress state, one can extract surface properties su
surface energy and activation energy. Once the surface p
erties are known, one can then use the roughness spec
patterns as fingerprints to identify the stress state on the s
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surface with high spatial resolution. The theory assumes
isotropic and homogeneous kinetic law. Substantial exp
mental observations for various solids and etching comp
tions need be carried out before stresses can be reliably
sured by the technique.
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