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Abstract

A two-phase epilayer on a substrate may exhibit intriguing behaviors. The phases may
select stable sizes, often on the order of 10 nm. The phases sometimes order into a
periodic pattern, such as alternating stripes or a lattice of disks. The patterns may be
stable on annealing. This paper describes a model that accounts for these behaviors.
The phase boundary energy drives phase coarsening. The concentration-dependent
surface stress drives phase refining. The competition stabilizes nanoscopic phases and
periodic patterns.

1. Introduction

Rice and co-workers wrote a series of papers on polycrystalline materials subject to both
stress and heat (Chuang and Rice, 1973; Chuang et al., 1979; Needleman and Rice, 1980;
Rice and Chuang, 1981). The phenomenon concerned a cavity on agrain boundary. The
cavity could change shape and size via mass transport processes (creep, diffusion on the
cavity surface, and diffusion on the grain boundary), driven by thermodynamic forces
(stress, surface energy, and grain boundary energy). Building on those of Herring (1951),
Mullins (1957), and Hull and Rimmer (1959), the papers developed a general approach to
this complex phenomenon.

Figure 1 outlines the approach in generic terms. The basic ingredients are
kinematics, energetics, and kinetics. To model an evolving structure, one first describes
its configuration with kinematic quantities: the shape of the structure, the deformation
field, the concentration field, etc. These kinematic quantities are thermodynamic
coordinates. One then equips the structure with a free energy as a functional of the
kinematic quantities. The variation of the free energy associated with the variation of the
kinematic quantities defines the driving force. Finally one provides the kinetic relations
between the rate of the kinematic quantities and the driving forces.

These ingredients are combined into a variational statement. Depending on the type
of the kinematic quantities, the variational statement ramifies into several routes to
simulate the evolution of the structure. If the kinematics comprises fields, the variational
statement leads to partial differential equations and boundary conditions. If the
kinematics comprises discrete variables, the variational statement leads to ordinary



differential equations. If the structure is divided into elements, the variational statement
leads to afinite element model.

Kinematics Energetics Kinetics

Variational Statement

PDE ODE EFEM

Figure 1. A general approach to evolving structures.

In the world of dissipative, time-dependent phenomena, this approach has a long
tradition, dating back to the treatment of damped vibration by Rayleigh (1894), irreversible
thermodynamics by Prigogine (1967) and others, spinodal decomposition by Cahn and
Hilliard (1958), and heat transfer by Biot (1970). The approach has been extended to study
diverse material structures (e.g., Khachaturyan, 1983; Srolovitz, 1989; McMeeking and
Kuhn, 1992; Gao, 1994; Freund, 1995; Suo, 1997; Carter et al., 1997; Bower and Craft, 1998;
Cocks et al., 1999). Recent applications include self-assembled quantum dots,
electromigration voids, ferroelectric domains, and emerging crack tips, see reviews by
Freund (2000) and Suo (2000). Like other fields to which Rice has made seminal
contributions, thisfield has advanced solid mechanics by submitting it to the challenge of
significant phenomena.

2. Sdf-Organization by Competitive Coar sening and Refining

This paper considers a particular phenomenon: self-organized nanophases in binary
epilayers. For a decade high-resolution imaging techniques, such as Scanning Tunneling
Microscopy (STM) and Atomic Force Microscopy (AFM), have spurred intense studies
of nanoscopic activities on solid surfaces. Kernet al. (1991) deposited a submonolayer of
oxygen on a copper (110) surface. On annealing, the oxygen atoms arranged into stripes
that alternate with bare copper stripes. The width of the stripes was on the order of 10 nm.
The self-assembled nanostructure can be a template for making functional structures. Li
et al. (1999) grew ferromagnetic iron films on the oxygen-striped copper substrate. The
stripe structure was retained up to several monolayers of theiron films. Periodic patterns
have also been observed in other material systems. Pohl et al. (1999) deposited a
monolayer of silver on a ruthenium (0001) surface, and then exposed the silver-covered
ruthenium to sulfur. The epilayer became a composite of sulfur disks in a silver matrix.
The sulfur disks were of diameter about 3.4 nm, and formed atriangular lattice.

The observations include nanoscopic phases, periodic patterns, and stability on
annealing. These behaviors are intriguing because they are absent in bulk phase



separation. The basic behaviors of bulk phase separation are well known. Below acritical
temperature, a miscible solution becomes unstable and separate into two phases. One
phase may form particles, and the other a continuous matrix. In the beginning, the
particles are small and the total area of the phase boundaries is large. The atoms at the
phase boundaries have excess free energy. To reduce the free energy, the total area of the
phase boundaries must reduce. Consequently, atoms leave small particles, diffuse in the
matrix, and join large particles. Over time the small particles disappear, and the large ones
become larger. The process is known as phase coarsening. Time permitting, the phases
will coarsen until only one big particle left in the matrix.

The two phases usually have different atomic lattice constants. If the phase
boundaries are coherent, the lattice constant misfit induces an elastic field. For simplicity,
assume that both phases have cubic atomic lattices, with lattice constants a; and a;,

respectively. The misfit strain is ey = (al - az)/ 8 . Let E be an elastic modulus. The

elastic energy per unit volume scales as Eef,. , invariant with the average particle size.
Consequently, bulk elastic misfit does not stop phase coarsening.

In the preceding paragraph, we have excluded other size scales of the system.
Imagine, for example, a thin film bonded to a substrate. The film undergoes phase
separation, but the substrate does not. The film thickness provides a length scale. When
the particle size approaches and exceeds the film thickness, the total elastic energy of the
system increases with the particle size in the lateral direction (Roytburd, 1993; Pompe et
al. 1993). Consequently, the elastic energy in the film-substrate composite causes phase
refining. The two competing actions—refining due to elasticity and coarsening due to
phase boundaries—can select an equilibrium phase size. Similar competing actions are
well known in ferroelectric films and polycrystals; see Suo (1998) for review. In the latter,
the grain size provides the needed length scale. Long range interactions other than
elasticity, such as electrostatics, can also refine phases (Chen and Khachaturyan, 1993;
Ng and Vanderbilt, 1995).

This mechanism may account for composition modulation sometimes observed in
multi-component semiconductor films, although we cannot be certain until a detailed
model is developed and compared with experimental observations. The existing models
(Glas, 1997; Guyer and Voorhees, 1998) do not include the film thickness effect, so they do
not have the ingredient of phase refining. 1t would be significant to see if the model with
both coarsening and refining actions can stabilize composition modul ation.

The instability of self-assembled quantum dots provides another case study; see
Freund (2000) for review. Imagine an elemental semiconductor film on another elemental
semiconductor substrate, such as germanium film on silicon substrate. The misfit lattice
constants of the two crystals induce an elastic field, assuming that the interface is
coherent. Thefilm may break into islands to reduce the elastic energy. The shape change
is via atomic diffusion on the surface. It is sometimes observed that the islands have a
narrow size distribution, and even order into periodic patterns. Nonetheless we note that
in this case elasticity cannot stop coarsening. Surface diffusion allows the islands to
change both lateral size and height. For example, if the islands coarsen with a self-similar
shape, the average elastic energy is invariant with the island size. Should stable periodic
islands ever be observed, something in addition to classical elasticity must be invoked to
stop coarsening.



3. A Modd of aBinary Eiplayer on a Substrate

From the above discussion, it is clear that a model of self-organizing phases should
contain the following ingredients: phase separation, phase coarsening, and phase
refining.  Each ingredient may be given alternative mathematical and physical
representations. We next summarize amodel proposed by Suo and Lu (2000).

Imagine an epilayer of two atomic species A and B on a substrate of atomic species S.
The epilayer is one atom thick, and the substrate occupies the half space x; < 0, bounded
by the x;-x, plane. The two species A and B can be both different from that of the
substrate (such as sulfur-silver on ruthenium). Alternatively, only one species of the
epilayer isdifferent from that of the substrate (such as oxygen on copper). The epilayer is
asubstitutional alloy of A and B. Atomic diffusion is restricted within the epilayer.

3.1KINEMATICS

Two sets of kinematic quantities describe the configuration of the epilayer-substrate
composite: one for elastic deformation, and the other for mass transport. Let u; be the
displacements in the substrate. A Latin subscript runs from 1 to 3. We assume that the
epilayer is coherent on the substrate. When the substrate deforms, the epilayer deforms
by the same amount as the substrate surface. Consequently, the displacement field of the
substrate completely specifies the deformation state of the epilayer-substrate composite.
The misfit strains in the epilayer remain constant, and therefore need not be explicitly
represented as a thermodynamic variable.

Let C be the fraction of atomic sites on the surface occupied by speciesA. Imaginea
curve on the surface. When some number of A-atoms cross the curve, to maintain a flat
epilayer, an equal number of B-atoms must cross the curve in the opposite direction.
Denote the unit vector lying in the surface normal to the curve by m. Define a vector field
| in the surface (called the mass relocation), such that 1,5 is the number of A-atoms
across a unit length of the curve. A Greek subscript runs from 1 to 2. A repeated index
implies summation. Mass conservation requires that the variation in the concentration
relate to the variation in the mass relocation as

LdC =-d ,, @

where L isthe number of atomic sites per unit area. Similarly define a vector field J (called
the mass flux), such that J; m, isthe number of A-atoms across aunit length of the curve
on the surface per unit time. The relation between | and J is analogous to that between
displacement and velocity. The time rate of the concentration compensates the
divergence of the flux vector, namely,

LIC/Mt=-da- )

3.2 ENERGETICS



We next specify the free energy as a functional of the kinematic quantities u; and C. Let
the reference state for the free energy be atoms in three unstrained, infinite, pure crystals
of A-atoms, B-atoms and S-atoms. When atoms are taken from the reference state to form
the epilayer-substrate composite, the free energy changes, due to the entropy of mixing,
the misfits among the three kinds of atoms, and the presence of the free space. In
addition, the misfits can induce an elastic field in the substrate. Let G be the free energy
of the entire composite relative to the same number of atomsin the reference state. For an
epilayer only one atom thick, we cannot attribute the free energy to individual kinds of
misfit. Instead, we lump the epilayer and the adjacent monolayers of the substrate into a
single superficial object, and specify its free energy. The free energy of the composite
consists of two parts: the bulk and the surface, namely,

G = VAV + YA €)

Thefirst integral extends over the volume of the entire system, W being the elastic energy
per unit volume. The second integral extends over the surface area, Gbeing the surface
energy per unit area. Both the volume and the surface are measured in the unstrained
substrate. Asaconvention, we extend the value of the substrate elastic energy Wall the
way into the superficial object. Consequently, the surface energy Gis the excess free
energy in the superficial object in addition to the value of the substrate elastic energy.
The convention follows the one that defines the surface energy for a one-component
solid.

The elastic energy per unit volume, W, takes the usual form, being quadratic in the
displacement gradient tensor, u; ;. We assume that the substrate is isotropic, with

Y oung’s modulus E and Poisson’sration. The elastic energy density functionis

__E ¢ n u
W ey @ T () g “)

The stresses s ; are the differential coefficients, namely, dW =s jdu ;.

The surface energy per unit area, G, takes an unusua from, as we now explain.
Assume that Gis a function of the concentration C, the concentration gradient C, , and

the displacement gradient in the surface, u, ,, . Expend the function G(C,C,a1 Ua b )to the
leading order terms in the concentration gradient C , and the displacement gradientu, , :

C=g +hC’vab + fupp , (5)

where g, f and h are al functions of the concentration C. We have assumed isotropy in
the plane of the surface; otherwise both f and h should be replaced by second rank
tensors. The leading order term in the concentration gradient is quadratic because, by
symmetry, the term linear in the concentration gradient does not affect the surface energy.
We have neglected terms quadratic in the displacement gradient tensor, which relate to
the excess in the elastic constants of the epilayer relative to the substrate. We next
explain the physical content of (5) term by term.



When the concentration field is uniform in the epilayer, the substrate is unstrained,
and the function g(C) is the only remaining term in G, the excess free energy of the
composite relative to the reference state. Consequently, g(C) is the surface energy per
unit area of the uniform epilayer on the unstrained substrate. We assume that the epilayer
isaregular solution, so that the function takes the form

9(C)=ga(1- C)+geC+LKT[CINC+ (- C)InfL- C)+WC(1- C)]. (6)

Here ga and gg are the excess energy of the superficial object when the epilayer is pure A
or pure B. Inthe special casethat A, B and Satomsare all identical, ga and gg reduce to
the surface energy of an unstrained one-component solid. Due to mass conservation, the
average concentration is constant when atoms diffuse within the epilayer. Consequently,
in (6) the terms involving ga and gg do not affect diffusion. Only the function in the
bracket does. The first two terms in the bracket result from the entropy of mixing, and the
third term from the energy of mixing. The dimensionless humber W measures bond
strength relative to the thermal energy kT. When W < 2, the function is convex. When W
> 2, the function is nonconvex. The g(C) function is mainly responsible for phase
separation; it favors neither coarsening nor refining.

We assume that h(C) is a positive constant, h(C)=hy. Any nonuniformity in the

concentration field by itself increases the free energy G. Consequently, the second term
in (5) istaken to represent the phase boundary energy; the term drives phase coarsening.
Thefirst two termsin (5) are analogous to those in the model of bulk phase separation of
Cahn and Hilliard (1958). The model represents a phase boundary by a concentration
gradient field. An alternative model would represent a phase boundary by a sharp
discontinuity. The merits of the two models have been extensively discussed in the
literature, and will not be repeated here.

Now look at the last termin (5), where u;; and u, , are the strains in the surface. By

definition, fisthe change in the surface energy per unit strain. Consequently, f represents
the residual stress in the superficial object. More precisely, it is the resultant force per
unit length. The quantity f is known as the surface stress (Cahn 1980, Rice and Chuang
1981). Theexisting literature mainly concerns the surface stress for one-component solids
(Cammarata, 1994; Cammarata and Sieradzki,1994; Freund, 1998; Gurtin and Murdoch,
1975; Willis and Bullough, 1969; Wu, 1996). In the present problem, when the
concentration is nonuniform, the surface stressis also honuniform, and induces an elastic
field in the substrate. As stated in Section 2, such an elastic field will refine phases. For
simplicity, we assume that the surface stress is a linear function of the
concentration, f(C) = fo + f,C. Ibach (1997) has reviewed the experimental information
on this function. Surface energy can also be a function of an order parameter. Alerhand
et al. (1988) used the ideato model surface domain patterns.

3.3 KINETICS
The composite evolves by making two kinds of changes: elastic deformation in the

substrate, and mass relocation in the epilayer. Elastic deformation does not dissipate
energy, but mass transport does. Definethedriving force R, as the reduction of the free



energy of the composite when an atom relocates by unit distance. Following Cahn (1961),
we specify akinetic law by relating the atomic flux linearly to the driving force:

J = MR, @)

where M is the mobility of atomsin the epilayer. Again we have assumed isotropy in the
surface; otherwise M should be replaced by a second rank tensor.

4. Variational Statement and Partial Differential Equations

We now mix the ingredients. Recall that the driving force is defined as the reduction of
the free energy of the composite when an atom relocates by unit distance. Translating
this definition into a mathematical description, we have

Fadl, dA=-dG. 6)

The two vector fields, u and |, are basic kinematic variables; they vary independently,
subject to no constraint. Mass transport dissipates energy, but elastic deformation does
not. The variational statement (8) embodies these considerations.

Calculate dG using the equationsin Section 3, giving

G R 6 u
dG = OSE Cc 2h,N2C + flubyba dl, + G - fa U, +333du33dA

,a

©
- O5ij,jduav

where N2 = 2 /%2 +92/x3.
Now compare (8) and (9). The free energy variation with the mass rel ocation gives the
expression for the driving force for diffusion:

19 2 0
T Goc - 2nafC flub,bq . (10)

a

R =
Because elastic deformation does not dissipate energy, the free energy variation with the
elastic displacement vanishes, leading to
Sijj =0 (12)
inthebulk and
Sa =fa 83 =0 (12)

on the surface. Equation (11) recovers the equilibrium equation in the elasticity theory.
Equation (12) has a straightforward interpretation. Recall that the surface stress is the



resultant force (per unit length) of the residual stress in the surface layers. Force balance
equates the gradient of the surface stress to the tangential traction. Equation (12) setsthe
boundary conditions of the elastic field in the substrate.

Observe that the concentration-dependent surface stress varies with both fields u
and I. Consequently, the two fields are coupled, as will be clear shortly. The surface
stress enters the diffusion driving force (10), and causes the concentration field to
change. Once concentration field changes, the surface stress changes and, through the
boundary conditions (12), changesthe elastic field in the substrate.

The elastic field in a half space due to a tangential point force acting on the surface
was solved by Cerruti (see p. 69 in Johnson, 1985). A linear superposition gives the field
due to distributed traction on the surface. Only the expression uy ,, enters the diffusion

driving force. The Cerruti solution gives

1C 1c
(1_ nz)fl - (Xl - Xl)ﬂ_xl +(X2 - Xz)ﬂ_x2

pE [(Xl' Xl)2 +(x, - Xz)z:rlz

The integration extends over the entire surface.
A combination of (2), (7) and (10) leads to a diffusion equation:

Upp =~ dx 05 (13)

IC M . & 0
=1 Nzgﬂ—g - 20R7C + 2. (14)

Equations (6), (13) and (14) define the evolution of the concentration field. Once the
concentration field is given at t = 0, these equations update it for the subsequent time.

Equation (14) looks similar to that of Cahn (1961) for spinodal decomposition. The
main difference is how elasticity isintroduced. Cahn considered misfit effect caused by
composition nonuniformity in the bulk. As discussed in Section 2, such an elasticity
effect does not refine phases. Consequently, no stable pattern is expected. Indeed,
numerical simulations have shown that the phases coarsen indefinitely, limited only by
the computational cell size or computer time; see review by Chen and Wang (1996). By
contrast, the elasticity effect in our model comes from nonuniform surface stress, which is
similar to the nonuniform residual stress in the thin film discussed in Section 2. This
elasticity effect does refine phases.

5. Scalesand Parameters

A comparison of thefirst two termsin the parenthesisin Eqgn. (14) setsalength:
,1/2
2eh, 6
= + 15
LkTo 19

This length scales the distance over which the concentration changes from the level of
one phase to that of the other. Loosely speaking, one may call b the width of the phase



boundary. The magnitude of hg is on the order of energy per atom at a phase boundary,
namely, ho~1eV. Using magnitudes hg~10""J, L ~10%°m™? and kT ~10'2°J
(corresponding to T = 700 K), we have b = 0.3 nm.

The competition between coarsening and refining (i.e., between the last two termsin

Eqgn. 14) sets another length:
- n7)ss

This length scales the equilibrium phase size. Young's modulus of a bulk solid is about
E ~10"N/m?. Accordi ng to the compilation of Ibach (1997), the slope of the surface
stress is on the order f; ~1N/ir. These magnitudes, together with hg ~ 1079, give
| ~10nmr . This estimate is consistent with the experimentally observed stable phase
sizes.
From (14), disregarding a dimensionless factor, we note that the diffusivity scales as
D~ MKT/L . To resolve events occurring over the length scale of the phase boundary
width, b, thetime scaleist =b?/D, namely,
t __hQ_ (17)
M(KTY

To resolve events over the length scale of the phase size, |, the time scae is
12/D = (1 /b)’t .

Normalize the coordinates x, and X, by b, and thetime t by t. In terms of the
dimensionless coordinates and time, Eqns. (13) and (14) are combined into

ic a

1) + (x, - 2) i

2 E = N 1 ?’D(!) XmdXZy
/2

c [(Xl - Xl) + (X2 - Xg)z:r .
b

The system is nonlinear and nonconvex because of the function g(C). The first two

terms in (6) disappear after the differentiation in (18). The expression for g in (18),
normalized by L KT ,is

1c
1t

N (18)

i
I
i
T
T

g(C)=CInC+(1- C)In(1- C)+WC(1- C). (19

The problem has two dimensionless parameters: |1 /b and W. The parameter |/b
measures the ratio of the equilibrium phase size to the phase boundary width; a
representative value is | / b~ +1000. This ratio appears in front of the refining term in
(18) as a small parameter. The parameter W measures the degree of the convexity of the
free energy; g(C) is nonconvex when W > 2. Parameters describing the initial
concentration field also enter the problem. In so far as the equilibrium pattern is
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concerned, only the average concentration, Caye, isimportant. Recall that Cgye is time-
invariant because of mass conservation.

6. Linear Perturbation Analysis

This section summarizes the results of a linear perturbation analysis (Lu and Suo 1999).
As stated before, when the concentration field is uniform, the substrate is unstrained, and
the composite is in an equilibrium state. To investigate the stability of this equilibrium
state, we superpose to this uniform concentration field a perturbation of a small amplitude.
The small perturbation can be represented by a superposition of many sinusoidal
components. Consider one such component, which isasinusoidal field in the x; direction.
Let Cybe the uniform concentration from which the system is perturbed, qgbe the
perturbation amplitude at time t = 0, and b be the perturbation wavenumber. The
wavenumber relates to the wavelength | as b =2p/l . According to the linear
perturbation analysis, at timet the concentration field becomes

C =G +qoexp(at)sinbx . (20)

Over time, the concentration field keeps the same wavenumber, but changes the amplitude
exponentially. The characteristic number a is given by

gbﬂ & +(ol)? Ekbl) 1)

with

h= —.e—-zvvl’. @)
@ a

Ifa > 0, the perturbation amplitude grows exponentially with the time, and a nonuniform
epilayer is obtained. If a < 0O, the perturbation amplitude decays exponentially with the
time, and the uniform epilayer is stable.

Figure 2 plotsa as afunction of the wavelength. We distinguish three cases:

When h>0.5, a <0 for all wavelengths, so that the uniform epilayer is stable
against perturbation of all wavelengths.

When h <0, the curve intersects with the horizontal axis only at one point, so that
the uniform epilayer is stable for short wavelengths, but unstable for long
wavelengths.

When 0 <h <0.5, the curve intersects with the horizontal axis at two points, so that
the uniform epilayer is stable against perturbations of long and short wavelengths,
but unstable against perturbations of an intermediate range of wavelengths. From
(22) 0 <h <0.5 means that g(C) is convex at Co, but is very shallow. Acting by
itself, g(C) would stabilize the uniform epilayer. In the presence of concentration-

11



dependent surface stress, however, the shallow convex g(C) is insufficient to
stabilize the uniform epilayer.

For asufficiently small h , the curve reaches a peak at wavelength

Iy _ 16p
[

" 3+./9-16h " )

This wavelength corresponds to the fastest growing perturbation mode. The linear
perturbation analysis is valid so long as the perturbation amplitude qo exp(at) is small
compared to Cy. The results are useful to check numerical simulation. However, the
linear perturbation analysis cannot predict the equilibrium pattern, where the

concentration nonuniformity has large magnitudes. These considerations will become
clear in the next section.

0.3

0.2 1

0.1 1

at(I/b)*

20 60 80 100
Normalized wavelength, 1 /1

Figure 2 The characteristic number as a function of the wavelength.

7. Numerical Simulation

In numerical simulation, the epilayer is divided into grids. To resolve a phase boundary,
the grid size should be smaller than b, and the time step should be smaller thant. Only a
finite area of the epilayer is simulated; the infinite epilayer is represented by a periodic
boundary condition. To reduce the effect of the boundary condition on the phase
pattern, the period simulated should be much larger than |. For the diffusion process to
affect events at size scale |, the total time should be on the order of (| / b)2t . We have
also developed program in the reciprocal space, using the semi-implicit time integration



(Chen and Shen, 1998). In addition, without using the diffusion eguation, we can minimize
the free energy to obtain equilibrium phase patterns.

7.1 A SMALL SINUSOIDAL PERTURBATION ASTHE INITIAL CONDITION

The parameters in this example are |/ b=+1000, W= 2.6 and Cgae=0.5. The initial
concentration perturbation is sinusoidal, with amplitude 10° and wavelength 2. We
assume that the concentration field varies with x; but not with x,. Consequently, the
diffusion equation is one dimensional, and the substrate is in the state of plane strain
deformation. Figure 3 shows the evolving concentration field. The evolution process
appears to have three stages. In the first stage, the perturbation amplitude increases with
time exponentialy, but the wavelength remains constant, as anticipated by the linear
perturbation analysis. In the second stage, stripes of a narrow width grow. This new
wavelength is selected by the fastest growth mode predicted by the linear stability
analysis. For the present parameters, Eqn. (23) gives | ; /1= 0.35. In the third stage, the
concentration field approaches an equilibrium pattern, with stripe width about |. Energy
minimization gives the same equilibrium pattern.

7.2 A LARGE PERTURBATION ASTHE INITIAL CONDITION

In this example the initial concentration field has a large-amplitude island. All the other
parameters are kept the same as before: | / b=+1000, W= 2.6 and Cae =C.5. Figure 4

shows the evolving concentration field. The evolution processis very different from that
of the previous example, but ends with the same equilibrium pattern.

7.3 PRELIMINARY 2D RESULTS
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Figure 3 Evolving concentration field. The initial condition is a small perturbation from a uniform field.
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Figure 4 Evolving concentration field in one dimension. The initial condition is a concentration island.
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8. Conclusion

This paper models a two-phase epilayer on a substrate. The ingredients for ordering a
stable, nanoscopic, periodic phase pattern are identified: (1) unstable solid solution for
phase separation, (2) phase boundary energy for phase coarsening, and (3) concentration-
dependent surface stress for phase coarsening. The concentration-dependent surface
stress sets up an elastic field, which is solved by linear superposition using the Cerruti
solution. A diffusion equation updates the concentration field. The results of this model
available so far are surveyed, including partial differential eguations, length and time
scales, linear perturbation analysis, and numerical simulation of honlinear dynamics.
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