Domain Dynamics in a
Ferroelastic Epilayer on a
Paraelastic Substrate

Y.F. Gao This paper models the domain dynamics in a ferroelastic epilayer within the time-
Z. Suo dependent Ginzburg-Landau (TDGL) framework. Constrained on a paraelastic substrate
of square symmetry, the epilayer has rectangular symmetry, and forms domains of two
Mechanical and Aerospace Engineering variants. The domain wall energy drives the domains to coarsen. The spontaneous strains
Department and Princeton Materials Institute, induce an elastic field, which drives the domains to refine. The competition between
Princeton University, coarsening and refining selects an equilibrium domain size. We model the epilayer-
Princeton, NJ 08544 substrate as a nonequilibrium thermodynamic system, evolving by the changes in the
elastic displacements and the order parameters. The free energy consists of two parts: the
bulk elastic energy, and the excess surface energy. The elastic energy density is taken to
be quadratic in the strains. The surface energy density is expanded into a polynomial of
the order parameters, the gradients of the order parameters, and the strains. In this
expansion, the surface stress is taken to be quadratic in the order parameters. The evo-
lution equations are derived from the free energy variation with respect to the order
parameters. The elastic field is determined by superposing the Cerruti solution. Examples
of computer simulation are presentedDOI: 10.1115/1.1469000

1 Introduction follows. In Fig. 2b), the two variants coexist and form domains.

The thermodynamics and kinetics of bulk ferroelectric mater{T-O aid the argument, imagine that suitable forces are applied on

als have been extensively studidd]). However, there is little he domain walls, so that the stress state in the old variant is

. . o - unchanged, the stress state in the new variant is equivalent to the
systematic study on the ferroelectric thin filg,3). This paper . old one after the 90-deg rotation, and the substrate remains un-

considers some important issues on the domain dynamics i tossed Consequently, the state in Fi@) Bas the same elastic
ferroelastic epilayer on a paraelastic substrate. Consider a g ergy a's the state in F’ig(aﬂ Now gradually reduce the forces
roelastic epilayer on a paraelastic substrate. The epilayer is m gthe domain walls. and allbw the epilayer and the substrate to
thinner than the substrate. They are coherent, accommodating !

lattice mismatch by elastic deformation. At high temperatures, t
epilayer and the substrate surface both have square symmetry,

have different lattice constants. To compensate for the lattice mis;- \ ~iant state in Fig. @) has lower elastic energy than the
match, the epilayer is under a uniform, biaxial stress state, and ﬁgle-variant state in Fig.(@). That is, when the symmetry is
substrate is unstressed. At low temperatures, the epilayer has rgefy e que to the substrate constraint, the single-variant epilayer
angular symmetry, but the substrate surface still has square symp, |onger the energy ground state. This suggests that Pertsev
metry. Because of the broken symmetry, the epilayer now has twp,, :s assumption of a single variant is excessively simplistic and
variants, equivalent upon a 90-deg rotatidtig. 1). Within the questions the validity of their results.

Ginzburg-Landau framewor§1]), we characterize the ferroelas- * £ig re 3 jllustrates a domain pattern of a periodic array of al-
tic state by two order parameterg; (p,), taken to be the com- (onating variants. The smaller the domain size, the more elastic
ponents of & vector lying in the plane of the layer. If the epilay&thergy is relaxed. Consequently, elasticity drives domains to re-
were unconstrained by the substrate, the two variants would hgyg, “On the other hand, variants coexist at the cost of adding the
different spontaneous strain states, equivalent after the 90-degd 48main wall energy. The smaller the domain size, the longer the
tation. This paper considers the epilayer constrained on the siBjiective domain walls. That is, the domain wall energy drives
strate. It is sometimes assumed in the literature that the enefg¥ qomain to coarsen. The competition between the elastic en-
ground state is a single-variant epilayer on the substrate. This S'@Fﬁy and the domain wall energy selects an equilibrium domain
is illustrated in Fig. 2a). The stress state in the epilayer is uniforngize’ which minimizes the combined eneri$—14)). It is also

and biaxial, with unequal components in the two directions. Thghected that the minimization of the combined energy can select
substrate is unstressed. Assuming that the epilayer is of a sing equilibrium domain pattern.

variant, Pertsev et a[2] showed that the constraint of the sub- Thig paper introduces a model within the time-dependent

strate could alter the Curie temperature and even induce N&#hzburg-LandayTDGL) framework to simulate domain dynam-
phases. , , , _ics in the epilayer. The epilayer may have different properties
However, the epilayer of a single variant on the substrate is b the bulk, particularly if the epilayer is only a few monolayers
the energy ground stat§3-7]). This is readily understood as hick. |t may also be possible that a marginally paraelastic bulk
- crystal is ferroelastic within a few surface layers. Motivated by
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MECHANICS. expanded into a polynomial of the order parameters, the gradients

form. After the forces are completely removédg. 2(c)), the
splacements are generally in directions opposite from the ap-
td forces in Fig. ). Consequently, after elastic relaxation, the
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Fig. 1 Broken symmetry and lattice mismatch. The substrate (b)
has square symmetry. The epilayer has rectangular symmetry,
with two variants.
of the order parameters, and the strains. In this expansion, the
surface stress is taken to be quadratic in the order parameters. We
derive the evolution equations from the free-energy variation as-
sociated with variation in the order parameters, and determine the
elastic field by superposing the Cerruti solution. To illustrate the “—>

model, we present preliminary results from computer simulations. p
The TDGL framework has been applied to bulk ferroelastic
crystals([15-17). In a bulk ferroelastic single crystal, however,
elasticity does not refine domains. In fact, the single-domain crys- ()
tal is the energy ground state. The bulk elasticity problem lacks an
intrinsic length scale. For an infinite, polydomain crystal, the total
elastic energy in the crystal is independent of the domain size so
long as the domain pattern is self-similar as domains coarsen. In
this case, domains coarsen to reduce the domain wall energy. The
situation is different if the system is not an infinite single crystal.
For a thin ferroelastic film on a substrafe&—9]), the film thick-
ness provides a length scale. In a polycrystalline crystal, the grain
size provides a length scalgl8,19). In both cases, elasticity
does limit the size of the domains. In the model introduced in this <

paper, the length scale is provided by the introduction of the sur- p
face stress, as will be identified in a later section.
Fig. 2 Schematic illustration of elastic refining; (a) a single-
variant epilayer, (b) a two-variant epilayer with appropriate
2 Free Energy and Kinetic Law forces applied around the new domain,  (c) the external forces

; . removed
Even for a single crystal, atoms in a few surface layers have

different energy from atoms in the bulk. The deposition of the

epilayer further changes the energy state. We model the substrate-

epilayer system as a bulk solid coupled with a superficial object. We assume that the substrate is elastically isotrgplaeing the
The total free energy consists of two parts: the bulk elastic energlgear modulus, anePoisson’s ratio. The elastic energy densily
and the excess surface energy, written as is quadratic in the strain tensor:

: ©)

G=f de+J TdA, @) W=

v 2
8ij£ij+l_—2V(8kk)

whereW is the elastic energy density, ahds the excess surface
energy density. The first integral is over the volume of the entire
system, and the second integral is over the surface area covered by
the epilayer. Following14], we interpret the surface energy as the
excess free energy relative to bulk elastic energy. Thuscludes
the effects of the mismatch between the two materials, as well as
the presence of the empty space above.

In the rectangular coordinate system, the surface coincides with
the (X1,X,) plane, and the material occupies the half-spage
< 0. Reference the displacement vector in the systefnom an
infinite, unstressed crystal of the same composition as the sub-
strate. The strain tenses; relates to the displacement gradient,
namely,

substrate

1
G=L(ui U, 2
#ij= 2 (U uj) ) Fig. 3 A domain pattern in the epilayer constrained on the
The Latin subscripts run from 1 to 3. substrate
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elasticity theory by adding a strain-dependent surface energy to
the free energy10-14. In this paper, we expand the surface
stressf .5 in terms of the order parameters:

fra=fo— %:Bllpi—i_ %,Blng
foo=To+ 3 BraP2— 3 B1iP3 (8)

f10= = BasP1P2-

Heref is the surface stress when the epilayer is in the paraelastic
state. In the ferroelastic state, the surface stress is taken to be
quadratic in the order parameters. The surface stress couples the
domain pattern in the epilayer to the elastic deformation in the
substrate.

The epilayer-substrate is a nonequilibrium thermodynamic sys-
tem. The system can vary by two means: the elastic displacements
and the order parameters. Characterize a virtual change of the
system bysu; anddp, . The free-energy variation associated with
this virtual change is

Landau expansion

Fig. 4 The Landau expansion as a function of the order pa-
rameters. The four wells correspond to spontaneous states.

of J of of
o0G= f L?—L— (97 ((?—G) + (9—‘57]8&] op, dA
The stressesy;; in the bulk are the differential coefficients of the Pa g1 Pap Pa
elastic energy density: s
+ O34~ - 5Ua+0'335U3 dA+ O'ij ]5U|dv
M:Uij58ij . (4) aX'B ’
The repeated subscripts imply the summation convention. 9)

We characterize the ferroelastic state of the epilayer by twoyye a55ume that elastic relaxation is much faster than domain
order parametersy, and p,, which form the components of & g\\itching. At a given time the system reaches elastic equilibrium
vector lying in the plane of the epilayer. For example, when theqiantaneously. Consequently, the energy variation associated

layer is also ferroelectric, this vector coincides with the polarizgg;y, the elastic displacements vanishes, leading to the familiar
tion. The excess surface energy densitg a function of the order eﬁuilibrium equations in elasticity:
S.

parameters, the gradients of the order parameters, and the strai

Following the Ginzburg-Landau formalism, we expahdnto a gij =0, (10)
Taylor series to the lowest terms ), z ande .4 - _
and the boundary conditions:
F=f(p)+fa(Pap) T fap(Peas. (5) ot
The Greek letters run from 1 to 2. The physical content of every 0s=—2L  G4=0. (11)
term in (5) is interpreted as follows. IXpg

The first term in(5) is the Landau expansion. We assume that associated with the virtual change of the order parameters, the
the epilayer has square symmetry in the high-temperature phaggiation of the free energy defines a thermodynamic force,

The Landau expansion takes the following fo(h5—17): namely.
fL=ap+ay(pi+p3) +an(pi+p3)+aspips+as(pi+p3) f
F,op,dA=—5G. 12
+aydpipd+ pipd). ©) P 42

Herea, is the surface energy density of the epilayer on the suB-comparison of(9) and(12) gives that

strate when the epilayer is in the paraelastic phgsg=Q) and

the substrate is unstrained (;=0). The coefficient, is propor- _ [ an _ i( Ife
@ IPe X\ IPap

tional to T—T, i.e., the temperature difference from critical
point, Tc. WhenT<T¢, a;<0, and the function has four wells . . o
(Fig. 4). Each well corresponds to an unconstrained ferroelasti?FOHOW'ng [12-14, we adopt a linear kinetic law that the rate
variant. There is no reason to regard the coefficient$jirto be 0 the change of the order parameters is proportional to the driv-
the same as those of bulk materials. ing force, namely,

The second term i5) stands for the gradient energy, which is ap
taken to be quadratic in the gradients of the order parameters =
([15-17): N

1 2 2 1 2 wherelL is the kinetic coefficient. Combiningl3) and (14), we
fa(Pa,p)= 7 911(P11F P22 +912P1,1P2 2 5 Gaa(P12H P2,1) obtain the evolution equations for the order parameters:

it 0 (e, iy
apa (9XB apa,ﬁ apa

of
én
+ _ﬁpa Eiq|-

(13)

=LF,, (14)

+ %94’14(p1,2_ P21)°. (7) Py

8§,7 . (15)

The g parameters are positive constants. This is a continuum de- at
scription of the domain wall energy. : : _ : .

_ The third term in(5) gives the strai_n depender_lce. We have onlyeﬁlsz\%n (l)r;)ggaier:at?]técfreec]euglr?g%? ;Sn]golfjvl\?s? the divergence theo-
included the linear terms of the strains, neglecting the excess elas-
tic constants of the epilayer relative to the substrate. The latter

could also be included as a refinement of the theory. The coeffi- G=f [futfe— %o‘gauﬂ]dA. (16)
cientsf,,; are the components of the surface stress tensor. The

surface stress tensor has been incorporated into the continuline integral extends over the surface area.
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4mpga
| = ——. (22)
B11Ps

This length scales the size of an individual domain in an equilib-
rium pattern. As stated in the Introduction, the equilibrium domain
pattern is an outcome of the competition between refining due to
elasticity and coarsening due to domain wall energy.

The time scale can be derived from the evolution Ed$),

giving
! 23
T 2a,L” (23)
1 -
P1 P2 We will report time in the unit ofr.
In terms of the dimensionless quantities introduced above, the
B evolution equations become
4
3 Py
5 T P11t ¥1P2.21F Y2P122
BlZ 2:844 ;3
- T( —P1g11t P18~ —— P2g12| +P1— 287,07
9 ‘ ' ‘ ' - B11 P11
0 0.5 1 15 2 2.5

—a1,01Pp5—3a5,;P5 — a1, 4 2p3P5+ P1p3)

spatial coordinate x' (normalized by b) (24)
Fig. 5 Domain wall shape. The domain width is on the order
of b. P2

ot P2 221 ¥1P1,121 Y2P2,11

Pz oi—Poem— e
ﬁll 2¢11 2¢22 1311 1¢12

b
3 Dimensionless Equations, Length Scales, and Time 1
Scale

The four wells in the functiorf, (Fig. 4) correspond to four

states of spontaneous polarization. The value of the spontaneous . ) .
polarizationpy satisfies In the above the strains have to be determined by solving the

elastic field in the semi-infinite solid subject to the following

+p,—2ay,p3

—a1,0,p5—3a5;5P5— a1, A 2p3PT+ PaP7).

a; +2ay4p?+3ay,;p?=0, (17)  boundary conditions on the surface:
giving
_al 12 o :_p@ ﬁ_lzp@_@(pﬁ p&)
pPs= ( = ) (18) 3 Yoxy  Bu 2axy Bul Zaxg  tax,
ay;+aj,—3aga,

We usepg to normalize the order parameters andp,.
Introduce dimensionless parameters

_ P2 | Pz 9Py ,344( Ip1 P2
732 pzaxz ﬁllplﬁxz B

pzﬂ_xl + Pla—xl) (25)

a _allpg a _alng a _3111}3;1 a _alleg
Yoanl T Jall T g T TR ey (;L9) 033=0
o~ ’
legler 944~ 944 3/2:944Jr 944_ (20) Where the stress is normalized BypZ/b. The elastic field in a
911 g1 half-space due to a tangential point force on the surface is known

The driving forceF, in (13) contains three terms. The compari-2S the Cerruti field20]. A superposition gives the needed strain

son of the terms involving, andfg defines a length scale: field:
B j f ( 2(1-3v)(x—¢)
N R B e e

_ 911
b=/ “2a; (21)

This length represents the width of the domain wall in the

Ginzburg-Landau framework. We ugeto normalize the spatial
coordinates. Figure 5 shows the shape of a 90-deg domain wall. In
[15], a boundary value problem was solved to obtain the analyti-
cal result for the 90-deg domain wall. In our work, the simulation
from evolution equations shows similar shape, and the domain
wall width is comparable td.

In (13) a comparison between the gradient energy term and the
surface stress term defines another length scale:
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6v(x—¢£)°
- [(X_§)2+(y_ 77)2]5/2 dfdﬂ

. 2v(y—1)
A= 97+ (y= )7
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[(x= &7+ (y—n)?T"

]dgdn
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2v(x—¢)
822:[ f "31[[<x§>2+<y MEG

_ eux=H(y—n)?

[(x—&)%+(y— )"

) _21-3»)(y-7)
73 T (x— &%+ (y— 9T

- 6v(y—7)°
[(x=&)%+(y— )"

1 _21-2n)(y—7)
22 ) ) 9Ty T
_ 12v(x= 9y n)
[(x— &%+ (y— )2
1 2(1-2v)(x— &)
+§f f"” C[(x=&%+(y— )R
120(x—€)(y— 7)?

C[(x— &2+ (y— n)ZJS’Z}dgd”'

}dfdn

dédyn

dédn

(26)

The strains are normalized b&llp§/4w,ub. The displacements,

normalized byB;,p2/4mu, are

B 2(1-v)
ul‘f f "31[[<x—§>"-‘+(y— S

20(x— £)?
x—§>z+(y—n>2]3’2]d§d”

[(
+ 2v(x—=&)(y—7n)
U3) [(x— &2+ (y— n)?]%?
2v(x=&)(y—n)
uz_ffU31{[(X—§)2+(y_7,)2]3/2]d§d7f
2(1-v)

+f j0'32 [(X7§)2+(y*77)2]112

2V(y— 7’)2

=t (y-7

4 Computer Simulation

] dédy
(27)

)2]3/2]d§d7/-

0.7 4

without substrate

free energy (normalized)
% %
4
4
o

o
|

with substrate

domain spacing

Fig. 6 Free energy versus domain spacing. Without substrate
constraint, the energy decreases as the domain size increases.
With substrate constraint, the energy reaches a minimum at a
specific domain size.

every grid point, the simulation is rather slow. The evolution can
also be simulated in reciprocal spa¢é2—17), which we will
implement for this model in the future.

For a given domain pattern, i.e., a prescribed field of the order
parameters, the free energy can be computed from(E65.(25),
and (27). In the first simulation, we specify a parallel domain
pattern, fix the domain spacing, but allow the domain walls to
relax locally. We calculate the free energy as a function of the
domain spacing. Figure 6 illustrates the effect of substrate con-
straint. The domain size in this figure is the width of the domain
along(x,y) coordinates of Fig. 5. As discussed in the Introduction,
without the substrate, the total free energy of the epilayer de-
creases with the increase of the domain size, and the single do-
main has the lowest energy. With the substrate constraint, since
the competition of elasticity and domain wall energy selects an
equilibrium domain size, a valley exists on the curve of energy
versus domain spacing. For the domains smaller than the equilib-
rium size, the relaxation of the elastic energy cannot accommo-
date the rapid increase of the domain wall length, so the more
domains, the higher the free energy.

Figure 7 compares the domain evolution with substrate and
without substrate constraint. Through every grid point we draw a
short line segment, representing the magnitude and the direction
of the order parameter. The left column shows the result with the

To illustrate the model, we now present several prelimina§ubstrate, and the right one without substrate. In both cases, we
computer simulations. Referring fa6,17], we adopt the follow- Start with the initial condition of a small random perturbation of

ing parameters:
a;;=0.5, a;,=1.74, aj;;=0.063, a;;,=0.148
012/911=1.1, 944/91:=0.9, 04/91,=0.1

b/l :10, 312/311:0051 ﬁ44/ﬂ11:0111, r=0.3.
(28)

We have not carried out a comprehensive parametric study.

the order parameter field from zero, corresponding to the paraelas-
tic state. When the layer is constrained, parallel domains form,
and the domain size approaches to what has been shown in Fig. 5.
When the layer is unconstrained, the domains coarsen, being lim-
ited only by the calculating cell size.

5 Summary
This paper presents a formalism to simulate the evolution of

The evolution equations have both spatial and temporal derivdemain patterns in ferroelastic epilayers. The surface stress due to
tives. We discretize the infinite surface into an array of squarestbie spontaneous strains can be relaxed by the substrate mediated
size NXN. All fields are assumed to be periodically replicate@lastic interaction. Free energy is divided into two parts. One is
from one square to another. Each square is the computation uhi elastic energy of the semi-infinite substrate, and the other is
cell, which is subdivided into grids of spacidg. Spatial deriva- the excess surface energy, which has the ingredients of the Landau
tives are approximated with finite difference. At every time stegxpansion, the gradient energy, and the surface stress. Evolution
the elastic field is calculated by evaluating the double integraksquations are derived from energy variation. Computer simulation
and the order parameter field is updated by using the Eulascertains that the competition of coarsening and refining is re-
method. In our simulation, we udé=128,Ax=1.0, and adaptive sponsible for equilibrium domain patterns. The formalism pre-
time steps. The ratio of two length scale®i$=1.0. The singular sented in this paper is flexible, and can be used to study other
integrals in(26) and(27) are evaluated by adopting a technique iphenomena involving surface phase transition and pattern forma-
the Appendix. Since the double integrals must be calculated fibon.
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time=540

Fig. 7 Comparison of domain evolution in simulations with
substrate constraint and without. The left column is the result

with substrate, and parallel domains can be seen. The right
column is the result without constraint, and the structure keeps

coarsening.
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The integrals(26) and (27) extend over the entire surface. To
save computation time, we only extend the integrals to a finite
square of size 16X 16b in our simulation. The integrals are sin-
gular whenx= ¢ andy= 7. Let e be a small number, say the grid
spacingAx. We treat the singularity as follows:
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