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Abstract

Organic materials are being introduced into solid-state devices to enhance performance, reduce
cost, or add function. In such an integrated structure, creep in the organic material affects cracking
in the adjacent inorganic material. This paper analyzes an idealized structure comprising, from
top to bottom, an inorganic film, an organic underlayer, and a rigid substrate. The film is
elastic, subject to a tensile stress, and susceptible to subcritical crack growth. The underlayer is
viscoelastic and does not crack. A crack exists in the film. When the crack tip is stationary, as
the underlayer creeps, the film stress relaxes in the crack wake, but intensifies around the crack
tip, so that the crack may grow after a delay. When the crack tip moves, the underlayer creeps
to a limited extent, and constrains the fresh crack opening. A nonequilibrium thermodynamic
model evolves displacements, creep strains, and crack length simultaneously. Using the Laplace
transform and the extended finite element method, we study delayed crack initiation, steady crack
growth, and transient crack growth.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Solid-state devices are structures with complex architectures, diverse materials, and
small feature sizes. Their fabrication, function, and reliability pose serious questions,
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motivating an active field of study in mechanics and materials (Freund, 2000). Repre-
sentative topics include plasticity in small structures (Nix, 1989; Arzt, 1998), fracture
in layered materials (Hutchinson and Suo, 1991; Hutchinson and Evans, 2000), thin
film adhesion (Evans and Hutchinson, 1995; Dauskardt et al., 1998; Volinsky et al.,
2002), dislocations in epitaxial growth (Freund, 1994), evolving small structures (Suo,
1997), self-assembled quantum dots (Gao and Nix, 1999), and interconnect reliabil-
ity (Suo, 2003). A textbook of thin film mechanics is due out this year (Freund and
Suresh, 2003).

Recently, intense activities have emerged worldwide to integrate organic materials
into solid-state devices. Some of the state-of-the-art interconnect structures, for example,
use a low-dielectric-constant polymer to allow microprocessors to operate at high speeds
(Martin et al., 2000). Light-emitting devices are now also made with polymers and
small-molecule organics (Forrest, 1997). Transistors are fabricated directly on polymer
substrates to make deformable devices (Gleskova et al., 1999; Cairns et al., 2000;
Hsu et al., 2002).

In addition to the organic materials, the devices contain other materials, some of
which are brittle, including silicon nitride as an etch stop or a passivation, amorphous
and polycrystalline silicon in thin-film transistors, tin-doped indium oxide as a trans-
parent conductor, and ubiquitous silicon dioxide. After operation for some time, the
devices may fail when the brittle materials crack. Why does creep in organic materials
affect device lifetime? How can accelerated reliability tests be interpreted?

This paper studies an idealized structure, comprising an inorganic film, an organic
underlayer, and a rigid substrate (Fig. 1). The film is elastic, subject to a tensile stress,
and susceptible to subcritical crack growth. The underlayer is viscoelastic and does
not crack. The film and the underlayer remain bonded. A flaw in the film may grow
into a channel crack. Time-independent channel cracks have been studied by, e.g., Hu
and Evans (1989), Hutchinson and Suo (1991), Beuth (1992), Beuth and Klingbeil
(1996), and Ambrico et al. (2002). Compared to a crack in a free-standing sheet, the
channel crack has its opening constrained by the underlayer. In the present structure,
the constraint is gradually lost as the underlayer creeps.

The tri-layer structure in Fig. 1 leads to an attractive model, which has appeared
in diverse applications. In a study of tectonic plate motion, Rice (1980) and Lehner
et al. (1981) modeled the lithosphere as an elastic layer, and the asthenosphere as
a Maxwell viscoelastic underlayer. The model, with a viscous underlayer, was used
to study stress diffusion in the lithosphere (Elsasser, 1969), in electronic packages
(He et al., 1998), and in semiconductor islands (Freund and Nix, unpublished; Huang
et al., 2001; Moran and Kuech, 2001; Sridhar et al., 2002). Xia and Hutchinson (2000),
and Liang et al. (2003a) used the model to study crack patterns in a brittle film on
an elastic underlayer. A similar study was carried out for a viscous underlayer (Huang
et al., 2002a; Liang et al., 2003b). Assuming that the underlayer is elastic and plas-
tic, Huang et al. (2002b) developed a theory of ratcheting-induced stable cracking
(RISC).

Building on the previous work, this paper studies the kinetics of crack initia-
tion and growth. Section 2 outlines the model. Section 3 discusses the glassy and
the rubbery limits of the underlayer, leading to a classification of crack behaviors.
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Fig. 1. A schematic of a tri-layer structure. The underlayer is viscoelastic, with the shear modulus decreases
as a function of time. The film is susceptible to subcritical crack growth, with the crack velocity increases
with the stress intensity factor.

Section 4 studies crack initiation. When the crack tip is stationary, as the underlayer
creeps, the stress builds up around the crack tip. The stress intensity factor as a function
of time, calculated using the Laplace transform, determines the delay time for the crack
to initiate growth. Sections 5 and 6 study steady and transient crack growth. When the
crack tip moves, the underlayer has little time to creep, and constrains the fresh crack
opening. The appendix re-formulates the model within a framework of nonequilibrium
thermodynamics, leading to a finite element method.

2. The model of co-evolution

The crack and the underlayer co-evolve. The crack extends to allow the underlayer
to creep over a large extent. The underlayer, in turn, creeps to allow the stress to
build up at the crack tip. The elastic energy stored in the film drives the evolution.
The two rate processes, crack growth and underlayer creep, dissipate energy. These
statements are made precise in the appendix, within the framework of nonequilibrium
thermodynamics. This section outlines the model in more familiar terms.
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2.1. Viscoelastic deformation

As illustrated in Fig. 1, the film is an infinite sheet, with its surface coinciding
with the coordinate plane (x1,x;). At time ¢ < 0, the film is under a uniform biaxial
tensile stress of magnitude o. A perfect film would remain in this state forever. If a
crack is introduced in the film at ¢ = 0, however, the stress field evolves with time
t. As the underlayer creeps, the film stress relaxes in the crack wake, and builds up
around the crack tip. For a crack long compared to the film and underlayer thickness,
and an underlayer compliant compared to the film, we assume that the film deforms
in the plane stress conditions, and the underlayer deforms in pure shear. Denote the
membrane stresses in the film by a,p(x1,x2,¢), and the shear stresses in the underlayer
by 7,(x1,x2,¢). The Greek subscripts take on the values 1 and 2.

The film and the underlayer are well bonded, so that the shear stresses in the under-
layer act on the bottom surface of the film. Let / be the film thickness. The deformation
is taken to be so slow that the inertia effect is negligible. Force balance of a differential
element of the film, (dxi,dx,, %), requires that

Cup,p = Ta/h. (1)

The repeated Greek subscript implies summation over 1 and 2, and the comma between
the subscripts denotes partial differentiation. The quantity, —t, /A, acts like a body force
in the plane of the film.

The displacements in the plane of the film are set to zero when the film is in the state
of uniform stress, o,5 = 60,4, and are denoted by u,(x1,x»,¢) at time ¢. The in-plane
strains are

1
Eapp = 5 (uoc,ﬁ + uﬁ,l)' (2)

The film is linear elastic. Under the plane stress conditions, Hooke’s law relates the
stresses and strains as

Oup = 60yp + E[(1 — 0)eyp + vey,0up], (3)

where E is Young’s modulus of the film, v is Poisson’s ratio of the film, and £ =
E/(1—v?). The first term on the right hand side of Eq. (3) is the biaxial residual stress.

The underlayer, thickness H, is bonded to the film at one interface, and to the
rigid substrate at the other. The shear strains vy,(x1,x,,¢) in the underlayer relate to the
in-plane displacements of the film:

Vo = Us/H. (4)

The underlayer is viscoelastic, representative of a cross-linked polymer. When the ma-
terial is subject to a sudden shear strain y at time ¢ = 0", holding the strain constant
in the subsequent time, the shear stress rises suddenly, and then relaxes according to
7= pu(t)y. The relaxation function, u(t), is sketched in Fig. 1, with the glassy modulus
w(0) = py, and the rubbery modulus p(oco) = lo,. Boltzmann’s superposition principle
relates the shear stresses to an arbitrary history of the shear strains (Christensen, 1982):

! 0y,(x1,x2, '
Tu(X1,X2,1) :/ u(t —1t") it LD,
— 00

S (5)
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Eq. (5) recovers two special cases. When the underlayer is elastic, the shear stresses
relate to the shear strains as 1, = uy,, where the shear modulus p is independent of
time. When the underlayer is viscous, the shear stresses relate to the shear strain-rates
as 1, =10y,/0t, where 7 is the viscosity of the underlayer, and the relaxation modulus
is a delta function, p(t) = no(¢).

A combination of Egs. (1)—(5) gives the field equation for the displacements:

_[1—v 1+v 1/ Oug(x1,%2,1")
E —_— = t—t) 2 L4y 6
[ 5 Uappt uﬁ,[izx:| WH [m u( ) o (6)

The traction-free conditions hold at the crack faces, o,pnz =0, where ng are the com-
ponents of the unit vector normal to the crack faces. In terms of the displacement
gradient, the boundary conditions become

1—v
2

ony, + E [ (o, p + Ups) + vuy,yéaﬁ} ng = 0. (7)

2.2. Subcritical crack growth

At time ¢, the coordinates of the crack tip are x; = a;(¢) and x; = a,(t). Let (X1,X>)
be the moving frame whose origin coincides with the crack tip. A material particle
(x1,x7) has the coordinates X, = x, — a,(¢) in the moving frame. Eq. (5) becomes

Quy(%1,30,8")  Bup(¥1,52,2") dap(t')
ot’ a)f/; de

t
=g [ ae-0) [ dz. (8)
— 00
At the crack tip, the stress field is singular in x; and X, but smooth in ¢; the dis-
placement field is bounded. The terms Ou,(X,X,,¢)/0t' are bounded, but the terms
Ouy(X1,%,,1")/0xp are singular, so that the shear stresses 7, are singular. However, the
terms Ou,(X,X,,1')/0xp are one order less singular than the terms on left-hand side of
Eq. (6). Consequently, the structure of the singular crack tip field is unaffected by the
shear stresses in the underlayer, and is the same as that of a crack in an elastic body,
under the plane stress conditions, with no body force.
We will consider a mode I crack growing along the x;-axis. Let (r,0) be the polar
coordinates centered at the crack tip. The leading terms of the stress and the displace-
ment fields around the crack tip take the well-known forms

oy 0.0) = 52% 2,5(0), )
w0, = \/; U,(0). (10)

The functions 2,3(0) and U,(0) are given in Lawn (1993). The singular field depends
on time only through the stress intensity factor, K(¢).

A crack in a brittle solid is susceptible to subcritical growth, assisted by thermal
energy and molecules in the environment. The atomic bonds do not break when the
stress intensity factor is below a threshold value Ky,, and break instantaneously when
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the stress intensity factor approaches a critical value K.. When the stress intensity
factor K falls in the intermediate regime, Ky, < K < K, the atomic bonds break at a
finite rate, and the crack velocity is a function of the stress intensity factor:

da
5 = V. (11)

The trend of this function is sketched in Fig. 1. The subcritical crack growth law has
been measured for bulk materials (Lawn, 1993), and for thin films (Ma et al., 1998;
Cook and Liniger, 1999; He, 2002; McElhaney and Ma, 2003).

It is instructive to compare the present problem with two well-studied problems. For
a crack moving at a high velocity so that the inertia effect is important, the acceleration
of material particles (i.e., the second order time derivative of the displacement) enters,
and the singular stress field depends on the crack velocity (Freund, 1990). For a crack
with its tip in a viscoelastic solid, even when the stress intensity factor is constant,
the displacement field changes with time, so that the stress intensity factor by itself
does not characterize the crack tip field (Knauss, 1970). By contrast, in the present
problem, the inertia effect is negligible and the crack tip is in an elastic solid, so that
the stress intensity factor alone characterizes the crack tip field. The subcritical crack
growth law, V(K), is specific to the brittle film and the environmental molecules, but
is independent of the underlayer. Creep in the underlayer modulates the crack behavior
by affecting the stress intensity factor K.

3. Glassy and rubbery limits: classification of crack behaviors

The two functions, u(¢) and V(K), which characterize the rate processes, vary with
materials, temperature, and molecular species and concentrations in the environment.
Nonetheless a classification of crack behaviors can be made on the basis of a small set
of parameters: the glassy modulus po, the rubbery modulus g, the threshold stress
intensity factor Ky, and the critical stress intensity factor K.

3.1. Elastic underlayer

This sub-section reviews the Xia-Hutchinson (2000) solution for a crack in a film
on an elastic underlayer, a special case that plays several roles in this paper. When
the underlayer is elastic, with 7, = uy,, a combination of Eqs. (1)—(4) gives the field
equation for the displacements:

_[1—v 1+v
E[ 2 u“,/;ﬁ+2u/g,/;a:|:}5{ua. (12)

An inspection of this equation suggests a length scale:

I =+\/hHE/p. (13)

Its significance is described as follows.
Consider a crack, much longer than /, running on the x;-axis. In the crack wake,
the displacement field is one-dimensional: u; = 0 and u; = uy(x;), reducing Eq. (12)
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to an ordinary differential equation, d2u2/dx§ = uy/I%, and the traction-free boundary
condition to ¢ + E duy/dx; =0 at x, = 0. In the region x, > 0, we find that u(x;) =
(lo/E)exp(—x2/1), 022(x2)=0[1—exp(—x2/1)], and 12(x2)=0+/(uh)/(EH ) exp(—x2/1).
The fields vary exponentially, with / being the characteristic length.

The wake of the long crack opens by 2u,(07) = 2/g/E. When the crack extends
by a unit length, the reduction in the elastic energy equals the difference between the
elastic energy in a unit slice of the structure far ahead the crack tip and that far behind:
houy(07)=ha?1/E. By definition, the energy release rate of the crack, G, is the elastic
energy reduction associated with the crack advancing a unit area, so that G = ¢*//E.
Under the plane stress conditions, the stress intensity factor relates to the energy release
rate as G = K?/E (Irwin, 1957). Consequently, the stress intensity factor for a long
crack is (Xia and Hutchinson, 2000)

K =o[(1 —v*)[]'2. (14)

This stress intensity factor scales with the shear modulus of the underlayer as K oc
w4, The underlayer constrains the crack: the stiffer the underlayer, the shorter the
length /, the smaller the crack wake opening, and the smaller the stress intensity factor.

For a finite crack, length 2a, the stress intensity factor depends on the ratio «=a/l,
taking the form

K = o[(1 — v*){1V?k(a/]). (15)

The function & also depends on Poisson’s ratio. When a// — oo, the crack is long and
k(co) =1. When a/l — 0, the underlayer has a negligible stiffness, so that the film is
effectively free-standing, K =o+/7a, and k(o) — +/mo/(1 — v2) as o — 0. The function

| — exp [—bn/mc/(l - Vz)}
1+ (b — 1)exp [szx/mc/(l - vz)}

approaches both asymptotic limits, where b; and b, are fitting parameters. Fig. 2 com-
pares this function (b; =5.8,5, =3.3) to the numerical solution of Xia and Hutchinson
(2000) for Poisson’s ratio v=0.3. The crack is effectively semi-infinite when a > /.

k(o) = (16)

3.2. Viscoelastic underlayer

For a viscoelastic underlayer, at time ¢ = 0%, the glassy elastic state prevails, with
modulus po, and the stress intensity factor is

Ko = o[(1 —v})1o]"k(a/ly), with Iy = +/hHE/u,. (17)

At time ¢ = oo, the rubbery elastic state prevails, with modulus p.,, and the stress
intensity factor is

Koo = o[(1 = v*)Ic]V?k(a)ls),  with loo = \/hHE /pioe. (18)

A typical cross-linked polymer varies its modulus by four orders of magnitude: py ~
10° N/m? and poo ~ 10° N/m?. Consequently, /oo/lo = (io/tss)"/? ~ 10%. For a short
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Fig. 2. The stress intensity factor for a crack, length 2a, in a brittle film on an elastic underlayer. The dashed
curve and line are the asymptotes. The solid curve is a fit to the numerical results of Xia and Hutchinson
(2000).

crack, a <[y, the underlayer is so compliant that the film is effectively free-standing,
and the stress intensity factor is time-independent, K =¢+/ma. For a long crack, a> [,
as the underlayer creeps, the stress intensity factor increases from Ky =a[(1 — vz)lo]l/’2
to Koo = (1 — v?)150]"2, so that Koo /Ko = (pto/tiec )V/* ~ 10.

We now classify crack initiation behaviors. Let the initial crack length be 2a;. At
time 7 =07, the stress intensity factor is Ko(ar), Eq. (17). If Ko(ar) > K, the crack
initiates its growth instantaneously. Otherwise, if Ky(a;) < Ky, the crack will not ini-
tiate instantaneously. As time goes on, the underlayer creeps, and the stress intensity
factor increases, approaching K..(a;), Eq. (18). If K(a;) < Ky, the crack remains
stationary forever. If Ky(a;) < K < Koo(ar), however, the crack initiates its growth
after a delay. Fig. 3 maps the three behaviors on the plane spanned by dimensionless
parameters aj/ly and Ky/o+/(1 — v?)lyp. The two parameters measure the initial crack
length and the film stress, everything else being fixed for a given tri-layer structure.

Fig. 4 maps three crack growth behaviors on the plane spanned by the same two
dimensionless parameters. As before, the crack will never grow if K.(a;) < Ky,. Below
the curve, the crack will grow. Once initiated in an infinite film, the crack will never
slow down. Reinterpreting Eq. (14), we note that a+/(1 — v2)l, is the stress intensity
factor for a long crack running at a high velocity, so that the underlayer has no time to
creep. Within our model, when o+/(1 — v?)ly > K, the crack will accelerate to infinite
velocity. When a+/(1 — v2)ly < K., the crack will attain a steady state, in which the
crack velocity and the stress intensity factor remain constant. Both the steady stress
intensity factor and the steady crack velocity depend on the viscoelastic relaxation
function, as well as on the subcritical crack growth law.
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Fig. 4. The map of crack growth behaviors. Set pip/tioo = 10* and Ky, /K = 0.5.

4. Delayed crack initiation

When the crack tip is stationary, as the underlayer creeps, the stress intensity factor
is a function of time, K(¢). The crack initiates after a delay time #, which is reached
when K(#) = K.
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By definition, the Laplace transform of the time-dependent function wu(z) is
o0
)= | utoyexp(-sna (19)
0

Denote the Laplace transform of the displacement field by ,(x;,x,,s). Following the
convolution theorem (Christensen, 1982), we transform Eq. (6) to

_(1—v 14+v S .
E( 7 Uy pp+ 2 u/;,/;a> = thuq (20)
The traction-free boundary condition, Eq. (7), is transformed to
- [(1—=v) . R R
ony + sk {( 7 )(ua,lg—i-u/;,%)—kvu.,,yéa,g} ng =0. (21)

Comparing Eq. (20) with (12), and (21) with (7), we note that the boundary value
problem with the transformed viscoelastic underlayer is identical to that with an elastic
underlayer, using the substitutions u — si, u — sf(s), K — sK(s), etc.

Rewriting Egs. (15) and (13), we obtain the transformed stress intensity factor:

R(s)= % [(1 = v?)i(s)] %k (z{ls)) . with I(s) = \/ hHE/(si(s)). (22)

Once the relaxation function pu(¢) is prescribed, one can calculate its Laplace transform
[(s). An inverse Laplace transform of (22) gives the stress intensity factor as func-
tion of time, K(¢). Lehner et al. (1981) obtained an analytical expression similar to
Eq. (22) for a simplified model. The use of the Laplace transform in solving viscoelas-
tic boundary value problems is well known. Less appreciated is its use for structures
that integrate elastic, viscous, and viscoelastic materials.

Experimentally measured relaxation function p(¢) can be interpreted in terms of a
spring-dashpot array (Fig. 5). To ensure a rubbery elastic limit, one parallel compo-
nent must be a spring of modulus p.,, without dashpot. Each of the other parallel
components, comprising a spring of modulus g, and a dashpot of viscosity #,,, mod-
els a mode of molecular response with the relaxation parameter p,, = ly/f,- In the
glassy limit, when the time is so short that all the dashpots have no displacements,
Uo = Poo + t1 + tp + ---. The spring-dashpot array leads to the relaxation function
(Christensen, 1982):

1(1) = oo + p1 exXp(—p11) + p2 exp(—pat) + - - -. (23)
The array is a general representation of viscoelastic deformation in that it can generate
any relaxation function u(t), provided the array has a sufficient number of components.
The Laplace transform of the relaxation function is

~ Hoo M 1253
§)=—+ + T+ 24
AGs) ) S+ p1 S+ p2 (24)

4.1. Semi-infinite crack, viscous underlayer

Huang et al. (2002a) have studied cracks in a brittle film on a viscous underlayer
using a finite element method. We now solve the problem using the Laplace transform.



Z. Suo et al.| J. Mech. Phys. Solids 51 (2003) 2169—2190 2179

Yz ,Umm

TS e @ 0 e o o K
m Mm
yl ym

Z.m
MHo= ot fh+ [+ ...
T

Fig. 5. A spring-dashpot array represents underlayer viscoelastic deformation.

The Laplace transform of the relaxation function is fi(s)=#. For a semi-infinite crack,
k=1 in Eq. (22), and the inverse Laplace transform is obtained analytically, giving

K(t) = 1.1036\/1 — vA(hH Et/n)"*. (25)

The numerical factor is an approximate value of the gamma function I'(5/4). Com-
paring to this analytical result, the finite element results in Huang et al. (2002a) are
accurate to a few percent.

When the underlayer is viscous, the stress intensity factor for the semi-infinite crack
vanishes at =0, and is unbounded as ¢ — oco. Consequently, the crack will initiate
its growth after a delay, when the stress intensity factor rises to the threshold value,
K = K. Eq. (25) shows that the delay time scales with the stress as #; ~ % In
the wake of the long crack, the displacement field is one-dimensional, governed by
the diffusion-like equation: dup/dt = (HhE/n)d*up/dx3, with the effective diffusivity
D = HhE/y. The length, V1D = \/HhEt/y, scales the crack wake region in which the
stress is relaxed. The same length enters Eq. (25).

4.2. Finite crack, viscous underlayer

In this and the following cases, we will use a numerical method to compute the
inverse Laplace transform (Knight and Raiche, 1982). For a finite crack in the brittle
film on the viscous layer, Fig. 6 plots the stress intensity factor. The problem now has
two length scales: the crack length 24, and the diffusion length (tEhH/n)'?. Indicated
in Fig. 6 are two asymptotes. When (hHEt/n)"?/a <1, the film relaxes in the small
zone near the crack, and the crack is effectively infinitely long, so that Eq. (25) applies.
When (hHEt/n)"?/a> 1, the film relaxes in a large region, and the crack is similar



2180 Z. Suo et al.| J. Mech. Phys. Solids 51 (2003) 2169—2190
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Fig. 6. The stress intensity factor of a crack, length 2a, in an elastic film on a viscous underlayer. The
dashed lines are the asymptotes. The solid curve is obtained by the inverse Laplace transform.

to the one in a free-standing sheet, K = g+/na. If Ky, > o+/na, the crack will remain
stationary forever. If Ky, < gv/ma, the crack will initiate its growth after a delay.

4.3. Semi-infinite crack, viscoelastic underlayer

In all numerical calculation involving a viscoelastic underlayer, we will only use
first two terms in Eq. (23), corresponding to the spring .., the spring u;, and the
dashpot #; in Fig. 5. The glassy modulus is py= o + i1, and the relaxation parameter
is p1=u/m = (o — Hoo)/m- R

A crack is effectively semi-infinite if @ > /., and K(s) is given by (22), with k=1.
Fig. 7 plots K(¢) for po/uss = 24,5 10*. As time increases, the stress intensity factor
increases from the glassy limit, a+/(1 — v?)ly, to the rubbery limit, o/(1 — v?)/.
The characteristic time for the K(¢z) function, say the time to reach the average of
the two limits, #ys, increases with uo/us.. When the two elastic limits are far apart,
Uo/lso > 1, the stress intensity factor rises according to the power law derived for the
viscous underlayer, K ~ ¢'/4,

4.4. Finite crack, viscoelastic underlayer

For a finite crack, the glassy limit is given by Eq. (17), and the rubbery limit
by Eq. (18). Fig. 8 plots K(¢) for several crack sizes, with the modulus ratio fixed at
Uo/leo= 10*. When the crack is long, a/ly> 1, the stress intensity factor rises according
to the power law derived for the viscous underlayer, K ~ ¢'/4.
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K1)
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Fig. 8. The stress intensity factor of a crack, length 2a, in a brittle film on a viscoelastic underlayer
(o/ttoo = 10%).

5. Steady crack growth
5.1. Elastic underlayer
First assume that the underlayer is elastic, with shear modulus p and the length

scale | = \/EhH/u. A crack, initial length 2a;, remains stationary forever if o[(1 —
vz)l]l/zk(al/l) < K, and grows instantaneously otherwise. In the latter case, when
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the crack length becomes 2a, the stress intensity factor is K = o[(1 — vz)l]l/zk(a/l),
setting the crack velocity according to the subcritical crack growth law V' (K). When
the crack is long compared to /, the stress intensity factor approaches an asymptotic
value a+/(1 —v2)I. If a4/(1 —1v?)] < K., the crack will attain a steady state, with
the stress intensity factor Ki = g+/(1 —12)I and the crack velocity Vi = V(Ky). If
av/(1 —v?)l > K., however, the crack velocity is not limited by the subcritical growth
law, but by factors outside the present model, such as inertia.

5.2. Viscous underlayer

Next consider a viscous underlayer with viscosity 7. At time =0, the underlayer
allows no crack opening, so that the stress intensity factor is zero and the crack is
stationary. After some time, the crack will grow if Ky, < o/maj; otherwise the crack
will remain stationary forever. When the crack tip moves slowly, the crack wake has
a long time to relax, and the stress intensity around the crack tip increases. When
the crack tip moves rapidly, the crack wake has a short time to relax, and the stress
intensity around the crack tip decreases. Consequently, the crack can attain a steady
velocity. By dimensional analysis, Liang et al. (2003b) showed that the steady-state
velocity scales as
HhEa?

nkKg

Vs =1 (26)
where y is a dimensionless number depending on Poisson’s ratio. An numerical analysis
gave y ~ 0.5 for v=0.3. As expected, the larger the crack velocity, the smaller the
stress intensity factor, Vg ~ ngz. The intersection of the two curves, Eq. (26) and
the subcritical crack growth law V' (K), determines the steady state values Vg and K.
When the underlayer is viscous, the crack, once initiated to grow, will always reach
a steady state. The numerical analysis of Liang et al. (2003b) showed that the steady
state is reached when the crack grows by a length on the order (K/c)>.

5.3. Viscoelastic underlayer

When the crack tip moves, the Laplace transform method described in Section 4 is
inapplicable. Lehner et al. (1981) obtained the steady crack velocity for a simplified
model using an analytical method. In this paper, we evolve the underlayer viscoelastic
deformation and the subcritical crack using a finite element method outlined in the
appendix. The method also allows us to study transient cracks, and patterns of multiple
cracks.

If the dimensionless parameters fall into the shaded region in Fig. 4, the crack will
attain a steady state velocity, Vs, and the stress intensity factor will attain a steady
state value, K. Dimensional considerations dictate that the steady crack velocity relate
to the steady stress intensity factor as

Vss Ho Kss
=f|l— ——. 2
mle 7 (uoo’ a/(1 —v2)10> &7
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Fig. 9. Steady crack velocity versus steady stress intensity factor.

The subcritical crack growth law does not enter Eq. (27). Fig. 9 plots the Vi —Ks curve
for several values of uy/us, calculated using the finite element method. When Vg, — 0,
the underlayer has a long time to creep, and Kis=0+/(1 — v?)lo. When Vi — oo, the
underlayer has no time to creep, and Ky =0+/(1 — v2)ly. For po/tiee =1, the Vs — Ky
curve recovers the elastic limit and becomes vertical. For larger p/to0, the Vs — Ky
curve approaches the viscous limit Vi ~ K2. In each case, the steady state exists if
the Vi — Kgs curve intersects with the subcritical crack growth law V(K).

6. Transient crack growth

In all the above calculations, we need not explicitly specify the subcritical crack
growth law. In this section, to simulate the transient crack growth, we assume that

0, K < Ka

d

dit’ —{ Vo(K/K.)', Ki <K <K, (28)
00, K > K,

with the numerical values n =10, Ky /K. = 0.1, and Vy/(p1lo) = 1. The underlayer has
one relaxation mode, with po/ttoo = 10%. The finite element method is used to evolve
the crack and deformation simultaneously.

Fig. 10 plots the crack velocity as a function of time for two cases. In both cases,
the initial crack size is a;/lp = 0.2, and the crack initiates its growth instantaneously.

For case A, K./ (a\/(l — vz)lo) = 1.5, and the approaches a steady state. For Case B,
K./ (ow/(l — vz)lo) = 0.8, and the crack accelerates without bound.



2184 Z. Suo et al.| J. Mech. Phys. Solids 51 (2003) 2169—2190

05 T T T T T

0.4

03
gzl =

NE oaf ; ,

£ oaf . . _
(¥l
=]
< o - 7 ‘ | :
- 0 5 10 15 20 25 30 35 40 45
>
=
<
L
= 2 .
=
L
A 15
o
E
=} 1+ .
i

05F 8

0 1 ‘ i i 1 ‘ ‘ ‘
0 0005 001 0015 002 0025 003 0035 004 0045

Normalized Time, p,¢

Fig. 10. The transient crack velocity as a function of time.

We finally consider a case of multiple cracks. Fig. 11a shows the initial crack con-
figuration, with the coordinates given in units of /o. The underlayer deforms with the
glassy modulus. Contours of the stress component o5,/c display the field in the film.
Figs. 11b and c plot the contours at two later times. Only the two outer cracks grow.
The three inner cracks are shielded and remain stationary.

7. Concluding remarks

In an integrated structure, creep in one material affects fracture in another mate-
rial. This paper analyzes a tri-layer structure, invoking two rate processes: subcritical
crack growth in the thin film, and viscoelastic deformation in the underlayer. We map
crack behaviors using a small set of parameters. When the crack tip is stationary, as
the underlayer creeps, the stress intensity factor increases. We calculate the stress in-
tensity factor as a function of time using a Laplace transform. The result gives the
time for delayed crack initiation. When the crack tip moves, the crack length and the
displacement field co-evolve. Within our model, the crack either attains a steady state
or accelerates unbounded. An extended finite element method is formulated to evolve
patterns of multiple cracks with a relative course mesh, and without remeshing. It is
hoped that these results will help in planning experiments for time-dependent fracture
and deformation in integrated structures, and in interpreting accelerated reliability tests
of organic-containing devices.
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Fig. 11. Several cracks pre-exist in the film. The contour plots of the stress component ¢, display the
evolution. Only the two outer cracks grow.
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Appendix A. Nonequilibrium thermodynamic model of co-evolution

The physics of the model is better conveyed in the language of nonequilibrium
thermodynamics. The results lead naturally to a finite element method. Represent the
viscoelastic underlayer by the spring-dashpot array in Fig. 5, and denote the strain due
to dashpot m by 2. The structure in Fig. 1 is a nonequilibrium thermodynamic system.
Specify its configuration by a set of kinematic variables: the in-plane displacements
uy, the dashpot strains 7, and the crack length a. The in-plane strains in the film are
&4 = (Usp + g 4)/2, and the shear strains in the underlayer, y, = u,/H. The object is
to evolve the kinematic variables.

We next specify energetics. The elastic energy per unit volume of the film is

1 -
W= 0ty + 5 E[(1 = 0)esptag + (e 1, (A.1)

In the spring-dashpot array (Fig. 5), the total strain is y,, the strain of dashpot m is
ya, and the strain of spring m is y, — y». The elastic energy per unit volume of the
underlayer is the sum of the contributions from all the springs:

1 1 1
W =5 Hooua + 5 (s — TG — 7h) + 5 (s = V)P — 5) e

2
(A2)
The total energy of the system is the integral over the entire film area:
Uz/(hw—i—HW)dA. (A3)

The system evolves to reduce the total energy.
We finally specify kinetics. When the kinematic variables vary by du,, 77 and da,
the energy varies by

oU = /(haalgéua,/; + 1,0u, ) dA — /H(‘c;&/; + 12672 4 ) d4 — hGda.
' (A4)

This equation places all the kinematic variables on the equal footing. The differential
coeflicients are the driving forces associated with the kinematic variables. Their physical
significance is described as follows, term by term.
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The first integral in Eq. (A.4) is the energy variation associated with the in-plane
displacements Ju,. The in-plane stresses o, are given by

=[1—v
Oup = 00,8 + E 7 (U, p 4 Up.o) + VUt ,0p | - (A.5)
The shear stresses in the underlayer are given by
U,
TaZﬂoﬁ—ﬂl”/;—HzVi‘*‘"" (A.6)

The system is in force balance, so that the energy variation with the in-plane displace-
ments vanishes:

/(ha%/;(sum/; + 1,0u,)dA4 = 0. (A7)

This variational statement is the basis for the finite element method. The statement
also reproduces the force balance equation (1), as well as the traction-free boundary
condition (7).

The second integral in Eq. (A.4) is the energy variation with the dashpot strains dv7".
The associated driving force is the stress acting on component m in the spring-dashpot
array, 7,/, which relates to the kinematic variables as

o= (=) (A3)
Creep is a nonequilibrium process. Assume that the dashpot strain-rate is linear in
the shear stress: 0y%'/0t = 1)/ /n,. So long as the viscosity is positive, creep dissipates
energy, as confirmed by Eq. (A.4). Combining with Eq. (A.8), this kinetic law leads
to a set of ordinary differential equations to evolve the dashpot strains:

oYy Uy m

= — - . A9

= — (=) (A9)
Generalization to nonlinear creep is straightforward within this framework.

The last term in Eq. (A.4) is the energy variation with the crack length da. The
energy release rate is

G= /(wm — Ja/;nﬁuml)dS + /(Tx/h)u“’l dA4. (A.10)

In Eq. (A.10), the first integral is carried over a curve that starts on one crack face,
and ends on another crack face; this integral is the J-integral (Rice, 1968). The second
integral extends over the area enclosed by the curve. The term —z,/A acts like a body
force in the plane of the film, so that Eq. (A.10) is the path-independent integral that
includes the body force (Kishmoto et al., 1980). Once the energy release is calculated
from Eq. (A.10), the stress intensity factor is given by the Irwin relation, G=K?/E, and
the crack length a evolves according to the subcritical crack growth law, da/dt=V(K).
The crack extension also dissipates energy, as evident in Eq. (A.4).

We evolve the structure according to the following algorithm. At a given time ¢,,
know the values of all the kinematic variables: the in-plane displacements, the dashpot
strains, and the crack length. In the interval Atz =t¢,,, — t,, assume that the in-plane
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displacements increase with time linearly, and integrate Eq. (A.9) analytically, giving

1 — e_PnzAt u.(t
Pt =72 + - o) )

pmt H
1 — — pmAt
+ (1 - peAt ) ”"(Z“). (A.11)

Update the shear stresses according to Eq. (A.6), and the crack length according to
the subcritical crack growth law. Solve the plane stress problem at #,,; according
to the variational statement (A.7) to determine the displacements u,(#,,;). Repeat the
procedure for many time increments to evolve the structure over a long time. Following
Moés et al. (1999), we implement an extended finite element method (XFEM) in
a general-purpose finite element package DYNAFLOW (Prévost, 1981). Additional
details can be found in Liang et al. (2003a, b), where we have treated elastic and
viscous underlayer separately.
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