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An electrode in a lithium-ion battery may undergo inelastic processes of two types:
flow and reaction. Flow changes the shape of the electrode, preserves its composition
and volume, and is driven by the deviatoric stress — a process similar to the plastic
flow of a metal. By contrast, reaction changes the composition and volume of the elec-
trode, and is driven by a combination of the mean stress and the chemical potential
of lithium in the environment. Both flow and reaction are mediated by breaking and
forming atomic bonds. Here we formulate a continuum theory of large-deformation elec-
trodes by placing flow and reaction on the same footing. We treat flow and reaction
as concurrent nonequilibrium processes, formulate a thermodynamic inequality and a
rheological model, and couple the two processes through a chemomechanical flow rule.
Within this theory, the driving force for reaction — the mean stress and the chemical
potential — can stimulate flow in an electrode too brittle to flow under a mechanical
load alone. For an electrode under vanishingly small stress and current, cyclic lithiation
and delithiation can cause hysteresis in the voltage-concentration curve. For a thin-film
electrode bonded on a substrate, cyclic lithiation and delithiation can cause hysteresis
in both the voltage-concentration curve and the stress—concentration curve.
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1. Introduction

In a lithium-ion battery, each electrode is a host of lithium. When the battery is
charged or discharged, lithium migrates out of one electrode, through the electrolyte,
and into the other electrode. Of particular interest are materials capable of absorbing
large amounts of lithium [Kasavajjula et al., 2007; Zhang, 2011a, 2011b; Hayner
et al., 2012]. On absorbing and desorbing lithium, the electrodes deform, which
in turn causes stress when the electrodes are constrained. The stress may cause
fracture, and possibly cause the capacity of the battery to fade [Zhao et al., 2010;
Xiao et al., 2011; Lee et al., 2012]. It is urgent to gain insight into the solid-state
reactions, where mechanics meets chemistry.
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Of all materials, silicon can absorb the largest amount of lithium: each silicon
atom can host up to 4.4 lithium atoms. By comparison, in the commonly used
anodes in lithium-ion batteries made of graphite, each carbon atom can host up to
1/6 lithium atoms. Lithiated silicon swells up to four times the volume of pure silicon
[Kasavajjula et al., 2007]. Silicon under mechanical loads is brittle and fractures
before reaching its yield strength. During lithiation and delithiation, however, the
lithiated silicon can flow [Takamura et al., 2004; Zhao et al., 2011b; Sethuraman
et al., 2010a]. First-principles simulation reveals that lithium assists the flow by
participating in breaking and forming bonds between silicon atoms [Zhao et al.,
2011¢, 2012]. Similar behavior is expected in other large-deformation electrodes,
such as lithium alloy anodes [Huang et al., 2010; Zhang, 2011b], conversion oxides
[Bruce et al., 2012], and sulfur cathodes [Zheng et al., 2011].

When an electrode is lithiated and delithiated, the voltage-concentration curve
often exhibits hysteresis, commonly attributed to kinetic processes such as charge
transfer at the interface between the electrode and electrolyte and the diffusion
of lithium in the electrode. However, hysteresis often persists even under vanish-
ingly small current, when transient phenomena have relaxed [Baggetto et al., 2008;
Chevrier and Dahn, 2010; Dreyer et al., 2010]. When the electrode is constrained,
such as a thin-film electrode bonded on a substrate, part of the hysteresis results
from plasticity due to stress [Sethuraman et al., 2010a, 2010b]. This mechanism,
however, is inapplicable when the electrode is stress-free. For example, thin films
of silicon and silicon-containing alloys fracture into islands after the first cycle of
lithiation and delithiation, and the islands freely expand and contract during many
subsequent cycles while hysteresis persists [Beaulieu et al., 2001, 2003]. Hystere-
sis is also observed in nanostructures specifically designed to accommodate large
lithiation-induced strains. Examples include nanowires [Chan et al., 2008], nan-
otubes [Song et al., 2010], thin films [Cui et al., 2010; Yu et al., 2012], honeycomb
structures [Baggetto et al., 2011; Bhandakkar and Johnson, 2012], and porous elec-
trodes [Kim et al., 2008; Yu et al., 2010]. One plausible explanation of hysteresis
invokes energy barriers needed to break and reform atomic bounds during lithia-
tion [Zhang, 2011b; Chevrier and Dahn, 2010; Chandrasekaran et al., 2010; Huang
and Zhu, 2011]. That is, lithium can be inserted into the host only if the chemical
driving force reaches a certain threshold.

We have proposed a continuum model for concurrent flow and reaction in high-
capacity hosts [Brassart and Suo, 2012]. A host can undergo either elastic or inelas-
tic deformation. An elastic deformation corresponds to small distortions of atomic
bonds, preserving the identity of neighbors. An inelastic deformation corresponds
to changes of neighboring atoms by breaking and forming atomic bonds. We further
distinguish inelastic processes of two types: flow and reaction (Fig. 1). Flow changes
the shape of the electrode, preserves its composition and volume, and is driven by
the deviatoric stress — a process similar to the plastic flow of a metal. Reaction
changes the composition and volume of the electrode, and is driven by a combination
of the mean stress and the chemical potential of lithium in the environment.
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Fig. 1. A host can undergo inelastic processes of two types: flow and reaction. Flow changes shape
of the host, preserves its volume and composition, and is driven by the deviatoric stress. Reaction
changes the composition and the volume of the host, and is driven by the hydrostatic stress and
the chemical potential of lithium in the environment.

Our previous paper was restricted to infinitesimal deformation [Brassart and
Suo, 2012]. In the present paper, we consider reactive flow in large-deformation
electrodes. We formulate the thermodynamic inequality of reactive flow, as well as
a rheological model consistent with the inequality. Because flow and reaction are
mediated by similar atomic processes — breaking and forming of atomic bonds,
we treat both flow and reaction as concurrent nonequilibrium processes. The two
processes are coupled through the introduction of an equivalent chemomechanical
stress and a chemomechanical flow rule. When the host is subject to purely devia-
toric stress, flow will proceed when the deviatoric stress reaches a certain threshold,
and the model recovers the conventional theory of plasticity. When the host is sub-
ject to a purely hydrostatic stress and is connected with a reservoir of lithium, the
host will absorb lithium when a combination of the mean stress and chemical poten-
tial reaches another threshold. Under combined stress and the chemical potential,
the driving force for reaction enables the host to flow under low deviatoric stress.
We illustrate the theory with two examples: cyclic lithiation and delithiation of
an electrode under no constraint and that of a thin-film electrode bonded on a
substrate.

2. Thermodynamics of Reactive Flow

Consider a setup of a host, a reservoir, and a set of applied forces (Fig. 2). Both
the host and the reservoir may contain many species of atoms, but the host and
the reservoir only exchange one species of atoms: lithium. To focus on main ideas,
we consider deformation in principal coordinates — that is, a cube deforms into
a rectangular block. We further assume that the host is sufficiently small so that
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Fig. 2. (a) In the reference state, the host is a unit cube, stress-free and lithium-free, and is
disconnected from the reservoir. (b) In an actual state at a particular time, subject to stresses and
in contact with a reservoir of lithium, the host absorbs a certain amount of lithium and becomes a
rectangular block. (c¢) In an intermediate state, the elastic stretches in the actual state are removed,
but the inelastic stretches remain, along with the absorbed lithium.

both the distribution of lithium and deformation in the host are homogeneous.
Inhomogeneous fields will be considered elsewhere.

In the reference state, the host is a unit cube, stress-free and lithium-free
[Fig. 2(a)]. In the current state at a particular time, in contact with the reser-
voir and subject to the applied forces, the host absorbs C' number of lithium and
becomes a rectangular block of sides Aj, Ay and A3 [Fig. 2(b)]. Because the host in
the reference state is a unit cube, C' is the nominal concentration of lithium in the
host (i.e., the number of lithium atoms in the host in the present state divided by
the volume of the host in the reference state), and A1, A2 and A3 are the stretches
(i.e., each side of the host in the present state divided by the side in the reference
state). Write J = A\ A2z, the ratio of the volume of the host in the current state
to that in the reference state. The logarithmic strains is defined by €, = log Ak.

Let the stresses applied on the faces of the rectangular block be o1, oo and
o3 — that is, the forces applied on faces of the rectangular block are o1 A2 A3, 02 A3\
and o3\ A2. These forces can be represented by hanging weights. Associated with
small changes in the stretches, d\1, Ay and d A3, the potential energy of the weights
changes by —01 A2 A30 A1 —02 A3 102 — 03 A1 A20A3. This quantity can also be written
as —J(o10e1 + 020ea + 030e3). Let pu be the chemical potential of lithium in the
reservoir. When the host gains §C' number of lithium atoms, the reservoir loses
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the same number of lithium atoms, and the Helmholtz free energy of the reservoir
changes by —udC'. Let W be the Helmholtz free energy of the host in the current
state. Because the host in the reference state is a unit cube, W is the nominal
density of the free energy — that is, the free energy of the host in the current state
divided by the volume of the host in the reference state.

The host, the weights and the reservoir together form a composite thermody-
namic system. The composite exchanges energy with the rest of the world by heat,
and the composite conserves matter. The Helmholtz free energy of the composite
is the sum of the Helmholtz free energy of the host, the Helmholtz free energy of
the reservoir, and the potential energy of the weights. We restrict our analysis to
isothermal processes. Thermodynamics dictates that the Helmholtz free energy of
the composite should never increase:

oW — ,UCSC — J(0'1551 + 090e9 + 0'3(563) < 0. (1)

The variation means the value of a quantity at a time minus that at a slightly earlier
time. As usual in thermodynamics, this inequality involves the direction of time,
but not the duration of time. The equality holds when the composite is in a state
of equilibrium, while the inequality holds when the composite is not in equilibrium.

3. Rheology of Reactive Flow

The quantities o1, 02, 03 and u represent external loads applied on the host, while
the quantities A1, A2, A3 and C' represent kinematic variables. When the external
loads are known, we wish to predict how the kinematic variables evolve in time. We
do so by specifying a rheological model. The following rheological model generalizes
a previous one [Zhao et al., 2011a] by treating reaction and flow as concurrent
nonequilibrium processes.

The total stretches are taken to be the products of elastic and inelastic stretches
(Fig. 2):

A= A0 A = A5AE Az = ASAL. (2)

The elastic stretches Af represent distortion of atomic bonds with no rearrangement
of atoms. The inelastic stretches \i represent rearrangements of atoms, including
both flow and the change of composition. The products in (2) can also be written
as the sums, log Ay = log \{ + log A\i. Defining the logarithmic elastic strains by
e¢ = log A, and the logarithmic inelastic strains by e}, = log AL, Eq. (2) can also
be written as e, = €} + €},

We assume that the Helmholtz-free energy of the host is a function of the elastic
strains and the concentration of lithium:

W = W(ei,e5,e35,C). 3)

According to differential calculus, when the independent variables changes, the
free energy changes by dW = (OW/0e{)dct + (OW/De$)des + (OW/0e5)de§ +
(OW/aC)éC.
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Under the rheological assumptions (2) and (3), the thermodynamic inequality
(1) becomes

oW\ - . oW\ . oW\ - .
(JUl—a—é:T) (551+ <J02_8—5j§> (552+ <JO'3 85%)553

u-%) 5C > 0. (4)

This condition holds for arbitrary small changes in the elastic strains, the inelastic
strains, and the concentration. In the absence of the change in the inelastic strains
and the concentration, dei, = 0 and §C' = 0, the host can still deform elastically by
distorting atomic bonds, def # 0, with no rearrangement of atoms. We assume that
the host is in equilibrium with respect to the variation of the elastic strains, so that
in (4) the coefficient associated with the variation in every elastic strain vanishes:

+ J (016 + 020eh + 030eh) + (

o1 = e ’ 02 = e I 03 = e : (5)
JOe§ JOe§ JOe§
Under the assumption of partial equilibrium (5), inequality (4) reduces to
, , , oW
J(O’l(sEll + 02(5612 + 03(563) + | pn— % 6C > 0. (6)

This inequality involves the inelastic strains and the concentration of the lithium.

When the composition of the host is fixed, we assume that the behavior of the
host is similar to that of a metal: the host flows without inelastic volumetric change.
Denote J* = M A5NE and J¢ = AfASAS, so that J = J€J%. The inelastic expansion of
the volume is taken to be entirely due to the absorption of lithium, and is a function
of the concentration of lithium:

Ji=JYC). (7)

This assumption places a constraint between the concentration and the inelastic
stretches, so that inequality (6) reduces to

<01+%—88—WC)65§+<02+%—£8—WC>65§+(Ug%—%—ga—WC)éeéZO,
(8)
where (2 is the volume per guest atom in the host, defined by Q = JdJ!(C)/dC.
This inequality eliminates the concentration as an independent kinematic variable,
and uses the three inelastic stretches as the independent variables.

Inequality (8) identifies the driving forces for the inelastic stretches. The three
driving forces are the principal components of a tensor, which we call the chemo-
mechanical driving force. The mean of the principal components is

o OW(ef,e5,55,0)

‘=a- QoC
where the mean stress is defined by ¢,,, = (01 + 02 + 03)/3. The significance of (9) is
interpreted as follows. The chemical potential of lithium in the reservoir is u, and the

+ O, (9)
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chemical potential of lithium in the host is OW/9C —Qo,, [Zhao et al., 2011a; Bower
et al., 2011]. When the reservoir and the host are in equilibrium with respect to the
exchange of lithium, the chemical potential of lithium in the reservoir equals that
in the host, uy = OW/0C — Qo,,. This assumption of the partial equilibrium with
respect to reaction is commonly adopted in the literature of lithium-ion batteries,
while flow is taken to be a nonequilibrium process [Zhao et al., 2011a; Bower et al.,
2011; Cui et al., 2012; Sheldon et al., 2012]. However, it is hard to justify such
an assumption of equilibrium with respect to reaction but nonequilibrium with
respect to flow, considering that both reaction and flow are mediated by similar
atomic processes: breaking and forming atomic bonds. Following our recent paper
[Brassart and Suo, 2012], here we do not assume chemical equilibrium; rather, we
assume that reaction and flow are concurrent nonequilibrium processes. When the
reaction is not in equilibrium, the chemical potential of lithium in the host differs
from that in the reservoir. The difference defines the driving force for reaction, (,
given in (9). A positive driving force ¢ > 0 promotes lithium to enter the host
(lithiation), and a negative driving force ¢ < 0 promotes lithium to exude from the
host (delithiation).

Define the deviatoric inelastic strains by e} = &% — (log J%)/3. Inequality (8) can
be written as

(01 — om)del + (02 — o)deb + (03 — oy )del + (T 1Q6C > 0. (10)

The variations of the inelastic stretches dei measure the progress of flow, and the
quantity J~1Q5C measures the progress of reaction. Inequality (10) confirms that
the driving forces for flow are the deviatoric stresses o1 — 0y, 02 — 0y, and o3 — 0y,
and the driving force for reaction is ¢. This inequality uses the three deviatoric
inelastic strains and the concentration of lithium as kinematic variables. Note that
el + el + el =0, only two of the three deviatoric inelastic strains are independent.
Consequently, inequality (10) only involves three independent kinematic variables,
and is identical to inequality (8). Both inequalities are derived from the basic ther-
modynamic inequality (1) on the basis of the rheological model.

Inequality (10) places a constraint on the choice of kinetic model. Following
Brassart and Suo [2012], we develop a kinetic model by extending the von Mises
theory of plasticity. We introduce a scalar measure of the chemomechanical driving
force:

Teq = \/%[(01 —om)? + (02 —om)? + (03 — om)?] + qC?, (11)

where ¢ is a positive constant. When g = 0, (11) reduces to the von Mises equivalent
shear stress. The form of (11) is motivated by the following considerations. As a
generalization of the theory of plasticity of von Mises, we may assume that the yield
condition depends on the chemomechanical driving force through a single scalar —
a quadratic form of the components of the chemomechanical driving force. For an
isotropic host, the most general quadratic form is given by a linear combination of
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the second invariant of the deviatoric stress and ¢2. Further study is clearly required
to ascertain the range of applicability of this generalization once more quantitative
experimental data become available.

We generalize the von Mises flow rule as follows. Let v(¢) be the inelastic engi-
neering strain under a pure shear stress 7. The rate of the inelastic shear strain is
taken to be a function of the pure stress:

3
T ] (12)
For the host under the multiaxial stresses and in contact with the reservoir of
lithium, we postulate that the rates of deviatoric inelastic strains relate to the
deviatoric stresses as

dei 01 — O, de% 09 — Om, deg 03 — O,
= e 7, = e 7’ — e - 13
G =) T G = S T T = ) Ty (13)
Furthermore, the rate of concentration of lithium relates to the driving force { as
dc' JqC
— = (o) =—=. 14
=) g (14)

Equations (13) and (14) constitute a flow rule for reactive flow. The flow rule gener-
alizes the viscoplastic model of the von Mises type. So long as f(7.q) > 0, this flow
rule satisfies the thermodynamic inequality (10). The deviatoric stresses drive the
flow, and the quantity ¢ drives the reaction. Flow and reaction couple through the
scalar measure of the chemomechanical driving force 7., defined by (11). If f(7¢q)
is an increasing function, the chemical driving force accelerates the flow, and the
deviatoric stress accelerates reaction.

4. A Specific Form of the Rheological Model

The rheological model requires the input of three functions: W (e$, €5, €5, C), J*(C)
and f(7.q), as well as the input of the number ¢. These inputs are likely obtained by
fitting experimental data to some functional forms. Once the external loads o1, o9,
o3 and p are prescribed, the rheological model evolves the kinematic variables \q,
A2, Az and C' in time. We now list functions to be used in the numerical examples
in the later sections.

We adopt a commonly used viscoplastic model. Let 7y be the yield strength
measured when the material element is subject to pure shear. When 7., < 7y, the
inelastic strain rate vanishes, f(7.q) = 0. When 7., > 7y, the inelastic strain rate
is given by a power law:

T m
P =0 (22 -1) (15)
Ty
where 79 and m are fitting parameters. In general, 7y, 79 and m depend on the

concentration. In the following numerical examples, for simplicity, we will keep them
as constant.
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Since elastic deformation is small, we adopt a free energy function quadratic in
the elastic strains:

W =Wy(C) + J'G {(ET)Q + (€5 + (5)* + T

Cires+er], o
where G is the shear modulus, and v Poisson’s ratio; both may depend on the
concentration. In the following numerical examples, for simplicity, we will keep
them as constant. Substituting (16) into (5), the stresses are found to relate to the
elastic strains as

o =2G [EZ + (ef + €5+ ag)} . (17)

v
1—-2v
Here we retain terms linear in the elastic strains.

We define the chemical part of the free energy function Wy (C) in (16) such that
the driving force for reaction (9) is given by [Sethuraman et al., 2010b]:

_ K=o kT C
(=5 o log <7Cmax — C) + Om. (18)

We have neglected the terms quadratic in the elastic strains. Here C™?* is the
maximal concentration of lithium that can be absorbed by the host. The constant
1o is chosen such that ¢ = 0 when C' = Ciyax/2 and o, = 0. By writing (18) we have
assumed that the host and the lithium forms a binary ideal solution. Non-ideality
can be accounted for by introducing an activity coefficient which depends on the
concentration.

Finally, we will assume that the inelastic volume change due to the insertion of
lithium, d.J?/dC, is a constant. We write

JHC) =1+C, (19)

where the volume per lithium atom v is related to Q by Q = J¢v. In the following
numerical examples, given that J¢ ~ 1, we will consider that Q ~ v.

5. Lithiation and Delithiation of a Host under Vanishingly
Small Current and Stress

As a first illustration of the theory, we consider a host subject to cyclic lithiation and
delithiation under vanishingly small current and stress. In the initial state, the host
is stress-free and lithium-free. Subsequently, the host is connected to a reference
electrode of lithium metal by a conducting wire, while lithium ions can migrate
from the reference electrode to the host through an electrolyte. A voltage source
imposes a constant electric current during both lithiation and delithiation. The rate
of lithiation is characterized by the time ¢y needed to reach full capacity, so that
the constant rate of lithiation and delithiation is given by dC/dt = £C™* /t,. This
time needed for lithiation and delithiation is taken to be long compared to the time
needed for diffusion, o > h?/D, where D is the diffusivity of lithium in silicon, and
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h is the characteristic length of the host. Consequently, the distribution of lithium
in the host is homogeneous.

In the absence of stress, the scalar measure of the chemomechanical stress (11)
reduces to 7.; = ,/q|¢|. According to the rheological model of Sec. 4, lithiation
proceeds when ¢ > 7y /,/g, delithiation proceeds when { < —71y/,/g, and the con-
centration remains constant when |¢| < 7y /,/q. Inserting the expression (18) for
¢ into the flow rule (14), we obtain the chemical potential needed to insert and
extract lithium at a constant rate:

- 1/m
M Ho ::l:T—Y [( QC(max )) +1

LI (L) (20)
) V@ |\ Vaoto(1 + QC 0 B\com—C)

The positive sign holds during lithiation, and the negative sign during delithia-
tion. Equation (20) identifies a dimensionless rate of insertion, QCi,ax/Joto. For
amorphous silicon, representative numerical values are: Q = 1.5 x 1072 m3 and
7y = 1 GPa. The maximum concentration is obtained from the observation that
the volume change of fully lithiated silicon is about 300%: QCp.x = 3. In the
absence of experimental reference values, the viscoplastic parameters are set to
70 = 1x107%s7t and m = 4. A typical curve is represented in Fig. 3 for T = 300K
and tg = 1000h. The curve gives the chemical potential as a function of the con-
centration during stress-free swelling, and exhibits pronounced hysteresis, even for
the present low rate of lithiation and delithiation.

The voltage against the reference electrode is obtained by the relation ® = —pu/e,
where e is the elementary charge (a positive constant). In the quasi-static limit

Lithiation

2+ —_—

0 15 sl
QTy
21 = |
Delithiation
o e
. =.- ol
1 | | I |
0 0.2 0.4 0.6 0.8 1

B G

Fig. 3. Lithiation and delithiation under a stress-free condition, represented on the plane of
concentration and chemical potential.
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(QCmax/Yoto — 0), the hysteresis gap in the chemical potential, Au, reduces to:
Ap  eAD 27y
Q Qg

Relation (21) allows us to determine the constant ¢ from experimental voltage-
concentration curves by measuring the jump in voltage between lithiation and
delithiation for a given state of charge. Experimental results at low charging rate
and under presumably stress-free conditions [Beaulieu et al., 2001] demonstrated
gap in voltage of about 0.2V, which corresponds to g ~ 1.

(21)

6. Lithiation and Delithiation of a Thin-Film Electrode
Bonded to a Substrate

As a second illustration of the theory, we consider a thin film of a host attached
to a rigid substrate. The host is stress-free and lithium-free in the initial state, and
is subject to cyclic lithiation and delithiation afterwards. Again, the concentration
of lithium is supposed to be homogeneous in the host. The surface of the host in
contact with the electrolyte is taken to be traction-free, 05 = 0. The in-plane stresses
are equal-biaxial, 0 = o1 = 0. The mean stress is 0,,, = 20/3. The scalar measure
of the chemomechanical stress (11) reduces to

Teq = V %2 + QCQ' (22)

Upon lithiation, the host undergoes an inelastic volume expansion (19) which must
be accommodated by elastic and inelastic deviatoric stretches. The in-plane elastic
strain relates to the stress as

1—v
¢ = —FFFF . 2
“1 2G(1 +v) 7 (23)
The constraint of the substrate prevents in-plane expansion: €1 = g9 = 0. Con-
sequently, the inelastic strain is ¢} = —&¢, and the deviatoric inelastic strain is
el = el — (logJ") /3 = —$ — (log J*)/3. The flow rule (13) specializes to
1l—v do Q ac o
_ i = [ (Teg) —. 24
2G(1+v)dt 3(14QC) dt Uy q)67'eq 24)
The flow rule (14) specializes to
dC Jqf(Teq) [ —po kT C 20
— = ——1  E—— —. 25
& 0, | @ 9 ®\Gm-c) "3 (25)

For a given rate of lithiation and delithiation, dC'/dt = £C™* /ty, a combination
of (24), (25), (22), (18) and (15) leads to an ordinary differential equation for o(t).
Once the function o(t) is determined, the function u(t) can be determined from
(25). Typical curves for the chemical potential and the stress are shown in Fig. 4,
taking G = 38.5 GPa, v = 0.3 and ¢ = 1. Other numerical values of the material
and loading parameters are identical to those of the previous example.
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Fig. 4. Lithiation and delithiation of a thin-film electrode constrained on a substrate, represented
(a) on the plane of concentration and chemical potential, and (b) on the plane of concentration
and stress.

Comparing Figs. 3 and 4(a), we note that the effects of stress on the evolution
of the chemical potential are twofold. First, the levels of chemical load required
to insert and extract lithium at constant rate are higher (in absolute values) in
the thin-film host, which implies larger hysteresis. This effect can be attributed
to the contribution of the mean stress to the driving force for reaction, Eq. (9).
Indeed, the mean stress is (mostly) compressive during lithiation and tensile during
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delithiation, so that the mean stress hinders reaction. Second, a pre-existing stress
lowers the threshold value of the chemical load for insertion or extraction after load
reversal. This can be seen from the magnitude of the jumps in chemical potential
(the vertical portions of the curve) in Fig. 4(a), as compared to Fig. 3. This fol-
lows from the contribution of the stress in the yield condition 7., = 7y, according
to which a deviatoric stress always reduces the magnitude of the driving force ¢
needed for reaction, as compared to an unconstrained situation. In addition, the
sign of the pre-existing mean stress in expression (9) of ¢ favors reaction at load
reversal.

The evolution of stress with concentration shows steep sign changes during load
reversal, followed by steady state regimes [Fig. 4(b)]. During transient portions
of the curves, the inelastic volume expansion is accommodated by both elastic
and inelastic deviatoric deformations. The first ones instantaneously cause stresses,
which in turn cause the host to flow according to the flow rules (13). As the stress
increases in magnitude, so does the flow rate. At some point, the flow rate is suffi-
cient to fully accommodate the inelastic volume expansion with prescribed rate, so
that the rates of elastic deformation and stress vanish; see also (24). In the steady
state, we find that dlogJ'/dt = dei/dt = dez/dt. That is, the inelastic volume
change is entirely accommodated by out-of-plane expansion.

In the steady state regime, a combination of (24) and (25) shows that the in-
plane stress and the driving force for reaction are related by ¢ = —o/2¢q. The
equivalent chemomechanical stress (22) is then given by 7., = |o]\/(1/3) + (1/4q).
In the quasi-static limit where QCuax/voto — 0, we have 7., — 7y . In the present
case with ¢ = 1, we find that |o| — 1.317y. As the results presented in Fig. 4
correspond to a dimensionless rate of insertion of the order of unity, the absolute
value of the stress in the steady state regime in Fig. 4(b) is significantly higher than
its quasi-static limit.

Contrary to the chemical potential concentration curves, the stress-concentration
curves do not present any jump in the stress value at load reversal. However, the
steep slope regions cannot be attributed to elastic loading and unloading, which is
not allowed in a concentration-driven simulation. Indeed, the flow rules (13) indicate
that insertion and extraction are necessarily accompanied by plastic flow for non-
vanishing deviatoric stress, thus preventing (purely) elastic unloading. Therefore,
the steep slope regions should be regarded as elasto-viscoplastic unloading.

7. Concluding Remarks

We have presented a theory of reactive flow in large-deformation electrodes. The
model is able to predict hysteresis in voltage-concentration curve at vanishingly
small rate of lithiation and delithiation and in the absence of stress. For a host
under combined chemical and mechanical load, we construct a chemomechanical
yield surface and flow rules which predict lithiation-assisted plastic flow. Additional
experimental results are needed to validate and refine the theory.

1250023-13



Int. J. Appl. Mechanics 2012.04. Downloaded from www.worldscientific.com
by HARVARD UNIVERSITY on 05/14/13. For personal use only.

L. Brassart € Z. Suo

Acknowledgments

This work is supported by the National Science Foundation through a grant on
Lithium-ion Batteries (CMMI-1031161). The first author acknowledges the support
of the Belgian American Educational Foundation (BAEF) and that of the Special
Fund for Research of Belgium (FNRS) through a FSR-UCL grant. The second
author acknowledges the Alexander von Humboldt Foundation for the Humboldt
Award, and thanks to Professor Oliver Kraft of the Karlsruhe Institute of Tech-
nology, for being a gracious host. The paper is completed when the second author
is a visiting Professor at the International Center of Applied Mechanics of Xian
Jiaotong University.

References

»Baggetto, L., Niessen, R. A. H., Roozeboom, F. and Notten, P. H. L. [2008] “High
energy density all-solid-state batteries: A challenging concept towards 3D integration,”
Advanced Functional Materials 18, 1057-1066.

»Baggetto, L., Danilov, D. and Notten, P. H. L. [2011] “Honeycomb-structured sili-
con: Remarkable morphological changes induced by electrochemical (de)lithiation,”
Advanced Materials 23, 1563—-1566.

»Beaulieu, L. Y., Eberman, K. W., Turner, R. L., Krause, L. J. and Dahn, J. R. [2001]
“Colossal reversible volume changes in lithium alloys,” Electrochemical and Solid-State
Letters 4(9), A137-A140.

» Beaulieu, L. Y., Hatchard, T. D., Bonakdarpour, A., Fleischauer, M. D. and Dahn, J. R.
[2003] “Reaction of Li with alloy thin films studied by in situ AFM,” Journal of the
Electrochemical Society 150(11), A1457-A1464.

»Bhandakkar, T. K. and Johnson, H. T. [2012] “Diffusion induced stresses in buckling
battery electrodes,” Journal of the Mechanics and Physics of Solids 60, 1103-1121.

»Bower, A. F., Guduru, P. R. and Sethuraman, V. A. [2011] “A finite strain model of stress,
diffusion, plastic flow, and electrochemical reactions in a lithium-ion half-cell,” Journal
of the Mechanics and Physics of Solids 59, 804-828.

Brassart, L. and Suo, Z. G. [2012] “Reactive flow in solids,” Journal of the Mechanics and
Physics of Solids, doi:10.1016/j.jmps.201.09.007.

»Bruce, P. G., Freunberger, S. A., Hardwick, L. J. and Tarascon, J.-M. [2012] “Li-O2 and
Li-S batteries with high energy storage,” Nature Materials 11, 19-29.

»Chan, C. K., Peng, H., Liu, G., Mcllwrath, K., Zhang, X. F., Huggins, R. A. and Cui,
Y. [2008] “High-performance lithium battery anodes using silicon nanowires,” Nature
Nanotechnology 3, 31-35.

»Chandrasekaran, R., Magasinski, A., Yushin, G. and Fuller, T. F. [2010] “Analysis of
lithium insertion/deinsertion in a silicon electrode particle at room temperature,” Jour-
nal of the Electrochemical Society 157(10), A1139-A1151.

»Chevrier, V. L. and Dahn, J. R. [2010] “First principles studies of disordered lithiated
silicon,” Journal of the Electrochemical Society 157(4), A392-A398.

»Cui, L.-F., Hu, L., Choi, J. W. and Cui, Y. [2010] “Light-weight free-standing carbon
nanotube-silicon films for anodes of lithium ion batteries,” ACS Nano 4(7), 3671
3678.

»Cui, Z., Gao, F. and Qu, J. [2012] “A finite deformation stress-dependent chemical potential
and its applications to lithium ion batteries,” Journal of the Mechanics and Physics
of Solids 60, 1280-1295.

1250023-14



Int. J. Appl. Mechanics 2012.04. Downloaded from www.worldscientific.com

by HARVARD UNIVERSITY on 05/14/13. For personal use only.

Reactive Flow in Large-Deformation Electrodes of Lithium-Ion Batteries

»Dreyer, W., Jamnik, J., Guhlke, C., Huth, R., Moskon, J. and Gaberscek, M. [2010]
“The thermodynamic origin of hysteresis in insertion batteries,” Nature Materials 9,
448-453.

»Hayner, C. M., Zhao, X. and Kung, H. H. [2012] “Materials for rechargeable lithium-ion
batteries,” Annual Review of Chemical and Biomolecular Engineering 3, 445-471.

»Huang, J. Y., Zhong, L., Wang, C. M., Sullivan, J. P., Xu, W., Zhang, L. Q., Mao, S. X.,
Hudak, N. S., Liu, X. H., Subramanian, A., Fan, H., Qi, L., Kushima, A. and Li, J.
[2010] “In situ observation of the electrochemical lithiation of a single SnO2 nanowire
electrode,” Science 330, 1515-1520.

»Huang, S. and Zhu, T. [2011] “Atomistic mechanisms of lithium insertion in amorphous
silicon,” Journal of Power Sources 196, 3664—3668.

P Kasavajjula, U., Wang, C. and Appleby, A. J. [2007] “Nano- and bulk-silicon-based inser-
tion anodes for lithium-ion secondary cells,” Journal of Power Sources 163, 1003—1039.

»Kim, H., Han, B., Choo, J. and Cho, J. [2008] “Three-dimensional porous silicon particles
for use in high-performance lithium secondary batteries,” Angewandte Chemie 120,
10305-10308.

P»Lee, S. W., McDowell, M. T., Berla, L. A., Nix, W. D. and Cui, Y. [2012] “Fracture of
crystalline silicon nanopillars during electrochemical lithium insertion,” Proceedings of
the National Academy of Sciences 109(11), 4080-4085.

»Sethuraman, V. A., Chon, M. J., Shimshak, M., Srinivasan, V. and Guduru, P. R. [2010a]
“In situ measurements of stress evolution in silicon thin films during electrochemical
lithiation and delithiation,” Journal of Power Sources 195, 5062—5066.

»Sethuraman, V. A., Srinivasan, V., Bower, A. F. and Guduru, P. R. [2010b] “In situ mea-
surements of stress-potential coupling in lithiated silicon,” Journal of Electrochemical
Society 157(11), A1253-A1261.

»Sheldon, B. W., Soni, S. K., Xiao, X. and Qi, Y. [2012] “Stress contributions to solu-
tion thermodynamics in Li-Si alloys,” Electrochemical and Solid-State Letters 15(1),
A9-A1l.

»Song, T., Xia, J., Lee, J.-H., Lee, D. H., Kwon, M.-S., Choi, J.-M., Wu, J., Doo, S. K.,
Chang, H., Park, W. 1., Zang, D. S., Kim, H., Huang, Y., Hwang, K.-C., Rogers,
J. A. and Paik, U. [2010] “Arrays of sealed silicon nanotubes as anodes for lithium ion
batteries,” Nano Letters 10, 1710-1716.

»Takamura, T., Ohara, S., Uehara, M., Suzuki, J. and Sekine, K. [2004] “A vacuum
deposited Si film having a Li extraction capacity over 2000 mAh/g with a long cycle
life,” Journal of Power Sources 129, 96—100.

»Xiao, X., Liu, P., Verbrugge, M. W., Haftbaradaran, H. and Gao, H. [2011] “Improved
cycling stability of silicon thin film electrodes through patterning for high energy den-
sity lithium batteries,” Journal of Power Sources 196, 1409-1416.

»Yu, Y., Gu, L., Zhu, C., Tsukimoto, S., van Aken, P. A. and Maier, J. [2010] “Reversible
storage of lithium in silver-coated three-dimensional macroporous silicon,” Advanced
Materials 22, 2247-2250.

»Yu, C., Li, X., Ma, T., Rong, J., Zhang, R., Schaffer, J., An, Y., Liu, Q., Wei, B. and Jiang,
H. [2012] “Silicon thin films as anodes for high-performance lithium-ion batteries with
effective stress relaxation,” Advanced Energy Materials 2, 68-73.

»Zhang, W.-J. [2011a] “A review of the electro-chemical performance of alloy anodes for
lithium-ion batteries,” Journal of Power Sources 196, 13-24.

»Zhang, W.-J. [2011b] “Lithium insertion/extraction mechanism in alloy anodes for lithium-
ion batteries,” Journal of Power Sources 196, 877-885.

»Zhao, K. J., Pharr, M., Vlassak, J. J. and Suo, Z. G. [2010] “Fracture of electrodes in
lithium-ion batteries caused by fast charging,” Journal of Applied Physics 108, 073517.

1250023-15



Int. J. Appl. Mechanics 2012.04. Downloaded from www.worldscientific.com

by HARVARD UNIVERSITY on 05/14/13. For personal use only.

L. Brassart € Z. Suo

»Zhao, K. J., Pharr, M., Cai, S. Q., Vlassak, J. J. and Suo, Z. G. [2011a] “Large plastic
deformation in high-capacity lithium-ion batteries caused by charge and discharge,”
Journal of American Ceramic Society 94, S226-S235.

»Zhao, K. J., Pharr, M., Vlassak, J. J. and Suo, Z. G. [2011b] “Inelastic hosts as electrodes
for high-capacity lithium-ion batteries,” Journal of Applied Physics 109, 016110.
»Zhao, K. J., Wang, W. L., Gregoire, J., Pharr, M., Suo, Z. G., Vlassak, J. J. and Kaxiras,
E. [2011c] “Lithium-assisted plastic deformation of silicon electrodes in lithium-ion

batteries: A first-principles theoretical study,” Nano Letters 11, 2962—2967.

»7hao, K. J., Tritsaris, G., Pharr, M., Wang, W. L., Okeke, O., Suo, Z., Vlassak, J. J.
and Kaxiras, E. [2012] “Reactive flow in silicon electrodes assisted by the insertion of
lithium,” Nano Letters 12, 4397-4403.

»Zheng, G., Yang, Y., Cha, J. J., Hong, S. S. and Cui, Y. [2011] “Hollow carbon nanofiber-
encapsulated sulfur cathodes for high specific capacity rechargeable lithium batteries,”
Nano Letters 11(10), 4462-4467.

1250023-16



