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a b s t r a c t

Rapid advances are taking place to develop hydrogels of high stretchability and toughness, but fatigue
fracture has not been studied for any hydrogels. This negligence hinders the development of hydrogels
and their applications. Herewe initiate a study of fatigue fracture of hydrogels.We choose polyacrylamide
hydrogel as a model material. To place fatigue fracture in context, we apply monotonic, static, and cyclic
load, and observe three types of fracture behavior: fast fracture, delayed fracture, and fatigue fracture.
Below the critical load for fast fracture, we find two distinct thresholds, one for delayed fracture, and the
other for fatigue fracture. The fracture behavior of hydrogel is sensitive to both the amplitude of load and
the concentration of water. We relate the experimental observations to the molecular picture of swollen
polymer networks. Fatigue fracture of hydrogels is a topic ready for scientific studies and engineering
advances.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

A rubber band can be stretched and released cyclically, but after
many cycles, a crack nucleates, advances cycle by cycle, and cuts
the rubber band. This fracture under cyclic load, commonly called
fatigue fracture, has been studied exhaustively in hard materials
of all types, including metals, plastics, ceramics, and composites
[1,2]. Fatigue fracture has also been studied in soft materials, but
the study has been limited to elastomers. [3–7].

We are unaware of any study of fatigue fracture of hydrogels.
The lack of interest is itself interesting, considering that many as-
pects of the mechanical behavior of hydrogels are actively studied,
including swelling [8], large deformation [9], and fracture [10–19].
One may speculate why fatigue fracture of hydrogels has not been
studied.We note three likely reasons. First, synthetic hydrogels are
a relatively new type of materials, and interest in their mechanical
behavior started only after the commercialization of contact lenses
in the 1960s and superabsorbent diapers in the 1980s. Second, fa-
tigue fracture was not ‘‘mission-critical’’ in initial applications of
hydrogels. Third, hydrogels in use may degrade or dehydrate be-
fore they rupture under cyclic load.
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These reasons can no longer keep us complacent. In recent
decades, the range of application of hydrogels has expanded
enormously, in tissue regeneration [20], drug delivery [21,22], and
soft machines [23–29]. Many of these applications require hydro-
gels to sustain cyclic stretch and release. Chemical degradation
can be retarded by a suitable choice of polymer [30]. Dehydration
can be mitigated by sealing hydrogels with low-permeability elas-
tomers [25–31], and by dissolving humectants in hydrogels [32].
As research pushes the envelop of these life-limiting factors, the
time is ripe to study fatigue fracture of hydrogels. Such a study
will aid the development of fatigue-resistant hydrogels, and fur-
ther broaden the applications of hydrogels. This paper initiates a
study of fatigue fracture of hydrogels.

Incidentally, in the literature of hydrogels the word ‘‘fatigue’’
has been occasionally used to designate any change in hydrogels
under cyclic load. Examples include change in elasticmodulus [33],
in hysteresis of stress–stretch curves [34,35], and in functional
characteristics of devices [36]. Following the established usage in
mechanics, we will use the word ‘‘fatigue’’ or the phrase ‘‘fatigue
fracture’’ to designate the process of rupture under cyclic load.

2. The choice of material and principal observations

A hydrogel is an aggregate of water molecules and a polymer
network. The polymer network can be either chemically or
physically crosslinked, or a combination of both. For a hydrogel
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of a chemically crosslinked polymer network, a crack causes the
hydrogel to rupture by breaking polymer chains across the plane
of the crack [5]. For a hydrogel of a physically crosslinked polymer
network, a crack causes the hydrogel to rupture by dissociating
physical bonds and possibly pulling out polymer chains across the
plane of the crack [37]. For a hydrogel with two interpenetrating
networks, where a loose network is chemically crosslinked, and a
tight network is either chemically or physically crosslinked, the
synergy of the two networks greatly enhances the resistance to
rupture [10,11,16–19].

In conversations among the developers of hydrogels, one hears
the wish to create hydrogels of extraordinary fatigue resistance.
But how does a hydrogel of ‘‘ordinary’’ fatigue resistance behave?
The lack of facts on fatigue fracture in hydrogels of any kind hin-
ders the development. To establish a baseline, this exploratory
study,we choose covalently crosslinkedpolyacrylamidehydrogels.
Polyacrylamide hydrogels are readily synthesized in laboratories
worldwide, and are used in many applications, including water
treatment, oil recovery, agriculture, and medicine [30]. Polyacry-
lamide is a key component in several recently developed tough hy-
drogels [16,17]. Many aspects of the mechanical behavior of poly-
acrylamidehydrogels have been characterized, including elasticity,
viscoelasticity, and fracture [38]. Polyacrylamidemay aswell serve
as a model material to study fracture of hydrogels, just as silica has
long served as amodelmaterial to study fracture of hardmaterials,
and copper has long served as a model material to study fatigue of
metals.

To compare the fatigue resistance of two materials, or even to
compare the fatigue resistance of ‘‘the same material’’ prepared
under different conditions,we need to establish a commonmethod
of testing. We adopt a testing method established in fracture
mechanics [4]. We make samples of the polyacrylamide hydrogel,
cut a crack at the edge of each sample by using a razor blade, and
observe the extension of the crack under load.

To place fatigue fracture in context, we apply load of three
types: monotonic, static, as well as cyclic. We control the ‘‘load’’
by imposing stretch on a hydrogel, and report the ‘‘amplitude of
load’’ by the energy release rate. As expected, the fracture behavior
is sensitive to both the amplitude of load and the concentration
of water. We use these two variables as the axes of a plane, and
summarize our principal observations (Fig. 1).

Under monotonic load, during which the stretch increases at a
constant rate, the crack remains stationary or grows slowly in the
beginning, and then suddenly grows rapidlywhen the load reaches
a certain level (Movie 1, see Appendix A).We call the rupture under
monotonic load fast fracture, and call the load atwhich fast fracture
occurs the critical load for fast fracture.

Under static load, where a stretch is rapidly applied and then
held at a constant level below the critical load for fast fracture,
we observe two types of behavior. When the level of the static
load is high, the crack remains stationary or grows slowly in the
beginning, and then suddenly grows rapidly after a time of delay
(Movie 2, see Appendix A). When the level of the static load is low,
the crack does not grow for the entire duration of the experiment.
We call the rupture under static load delayed fracture, and call the
load above which delayed fracture occurs the threshold for delayed
fracture.

Under cyclic load, where the stretch is applied with the maxi-
mum load in each cycle below the threshold for delayed fracture,
we also observe two types of behavior.When themaximum load in
each cycle is large, the crack grows cycle by cycle (Movie 3, see Ap-
pendixA).When themaximum load in each cycle is small, the crack
does not grow for the entire duration of the experiment.We call the
rupture under cyclic load fatigue fracture, and call the load above
which fatigue fracture occurs the threshold for fatigue fracture.

We further study the effect of the water content of the hydrogel
on rupture.Wemake samples of the polyacrylamide hydrogel with

Fig. 1. In a plane with the axes of water content and energy release rate, we mark
our experimental data, and schematically sketch the regions for various types of
fracture behavior.

the same polymer network, and then change the amount of water
in each sample by equilibrating it with a moist environment, the
humidity of which is set by an aqueous solution of a humectant
(lithium chloride). We find that an increase in water content in
the hydrogel reduces all three parameters: the critical load for fast
fracture, the threshold for delayed fracture, and the threshold for
fatigue fracture. In a plane with the water content of hydrogel
and the amplitude of load as axes, we sketch the locations of the
three types of fracture: fast fracture, delayed fracture, and fatigue
fracture (Fig. 1).

3. Experimental section

3.1. Preparation of samples

We purchased from Sigma Aldrich the following substances:
acrylamide (AAm, monomer), N,N ′-methylenebis(acrylamide)
(MBAA, crosslinker), N,N,N ′,N ′-tetramethylethylenediamine
(TEMED, accelerator), ammonium persulfate (APS, initiator), and
lithium chloride (LiCl, humectant).

We prepared the polyacrylamide hydrogel by free-radical
polymerization [24]. We first prepared an aqueous solution of
2.2 M AAm, then added MBAA, TEMED and APS in quantities
of 0.00156, 0.0046 and 0.0058 times the weight of AAm. This
aqueous solution was injected into a 50 × 40 × 3 mm3 acrylic
mold, sandwiched between two glass plates, and stored at room
temperature for 24 h. The aqueous solution turned into a hydrogel.
The as-synthesized sample was used in mechanical testing.

3.2. Control of water content

Lithium chloride (LiCl) has been used as a humectant to
synthesize water-retaining hydrogels for stretchable, transparent,
ionic devices [32]. As a secondary object, this work reports some
data of LiCl-containing hydrogels. To prepare a polyacrylamide
hydrogel containing LiCl, we first prepared an aqueous solution of
2.2MAAmand5.0MLiCl, and then cured thehydrogel by following
the same steps as above.

We then put the hydrogel into a closed container, in which
we also placed an aqueous solution of 1 M, 3 M, or 6 M LiCl. In
each case, the mass of the aqueous solution was over 100 times
that of the hydrogel, so that the concentration was nearly fixed
during the test. The hydrogel and the external solution were not
in direct contact, but could exchange water molecules through the
moisture in the chamber. We measured the mass of the hydrogel
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Fig. 2. Experimental setup to observe rupture of a hydrogel. (a) In the reference state, a sheet of hydrogel is clamped to two rigid grips. A crack is cut from the edge of the
sample, while ruler lines are marked ahead the crack for measuring crack growth. (b) The two grips are pulled to stretch the sample. (c) A photo of a clamped hydrogel. (d)
An acrylic chamber prevents the hydrogel from drying out.

once per day until the hydrogel and the solution equilibrated. This
procedure enables us to synthesize samples of the same amounts
of polymers and LiCl, but different amounts of water. The samples
were then used in the test to observe fracture.

3.3. Observation of rupture

To apply load to the hydrogel, we used a setup known as
the pure shear test (Fig. 2). A thin sheet of a sample, of a long
rectangular shape (10×50×3mm3), was fixed to two rigid grips. A
20mm long crackwas cut from the edge of the sample using a razor
blade. In the undeformed state, the height of the notched sample
was H = 10 mm (Fig. 2(a)). The two grips were then pulled to
deform the height of the sample to λH , where λ defines the applied
stretch (Fig. 2(b)). To aid the determination of the extension of the
crack,wemarked ruler lines on the surface of the sample, and glued
graph papers to the grips (Fig. 2(c)). The sample was mounted in
a tensile tester (Instron model 3342) with a 1000 N load cell. To
minimize dehydration during the test,wemade an acrylic chamber
and sealed it around the sample with petrolatum (Fig. 2(d)). As the
tensile tester pulled the sample, a digital camera (Nikon D5200)
filmed the tip of the crack and recorded the extension of the crack
as a function of time.

To ensure that a sample did not dehydrate significantly during
a test of a long time, we sprayed water on the inside wall of the
acrylic chamber in testing a hydrogel without LiCl, and sprayed
the aqueous solution of LiCl of the corresponding concentration on
the inside wall of the acrylic chamber in testing a LiCl-containing
hydrogel. In each test, we measured the mass of the sample before
and after the test. The change of the mass of the hydrogel was
within 2%.

4. Three types of fracture behavior

As noted before, we apply load by imposing the stretch λ,
but this applied load does not allow a direct comparison of
experimental data obtained from samples of different materials
and geometries. Instead, following Rivlin and Thomas [3], we
report the amplitude of load in terms of the energy release rate, G.

In the pure shear test, the energy release rate is determined
by experimental measurement. The method is applicable for
elastic materials of stress–stretch curves of any shape [17]. The
experiment measures the stress–stretch curve of a sample with
no crack, clamped to rigid grips, and under monotonic load
(Fig. 3(a),(b)). Herewe use the nominal stress (i.e., the applied force
divided by the cross-sectional area in the undeformed swollen
state). The area under the stress–stretch curve gives the strain
energy density W (λ). We emphasize that W (λ) is the strain
energy per unit volume in the sheet measured in the pure shear
test. The energy release rate G takes the form [3]

G = HW (λ) . (1)

This expression is a map that converts the applied stretch λ to the
energy release rate G.

Even though the strain energy density W (λ) is determined
using a sample containing no crack, expression (1) indeed gives
the energy release rate, i.e., the reduction in the elastic energy
under constant applied displacement associated with the advance
of a crack by unit area [3]. The polyacrylamide hydrogel is nearly
elastic [38]; we adopt (1) as the driving force for the extension of
the crack under monotonic, static, and cyclic load.

4.1. Fast fracture

The fracture energy Γ is the work required to advance a crack
by unit area. We determined the fracture energy of the hydrogel
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Fig. 3. Rupture under three types of load. (a) Monotonic load. (b) The stress–stretch curve of a sample without crack. (c) The stress–stretch curve of a sample with a crack.
(d) Static load. (e) The extension of crack as a function of time. (f) The delay time as a function of energy release rate. (g) Cyclic load. (h) The extension of crack as a function
of the number of cycles. (i) The extension per cycle as a function of energy release rate.

by stretching a sample containing a pre-cut crack undermonotonic
load, at a speed of 30mm/min (Fig. 3(c)). The experimentmeasured
the critical stretch λc , at which the pre-cut crack turned into
a running crack. That is, at the critical stretch, λc , the sample
underwent fast fracture, and the energy release rate G reached the
fracture energy Γ . The expression

HW (λc) = Γ (2)

relates the fracture energy to the measured quantities. Our
measurements gave the fracture energy of the hydrogel: Γ =

56.8 ± 3.8 J/m2, which is the critical load for fast fracture.

4.2. Delayed fracture

Hydrogels are susceptible to delayed fracture under static
load [39–41]. When a sample containing a pre-cut crack is subject
to a static load, below the critical load for fast fracture, the
pre-crack initially remains stationary or grows slowly, and then
suddenly runs rapidly. We stepped up the stretch at a rate of
30mm/min, and then held the stretch at a constant level (Fig. 3(d)).
Meanwhile we recorded the extension of the crack as a function of
time (Fig. 3(e)). The observation was repeated for samples subject

to several values of constant stretch λ, corresponding to several
values of constant energy release rate G calculated from (1). When
G was slightly below the fracture energy Γ , the crack ran rapidly
after a small delay in time; for example, atG = 35.4 J/m2, the crack
ran rapidly after a delay of 8 ± 5.29 s. The delay time increased
as G decreased (Fig. 3(f)). A threshold value of G existed, below
whichwedid not observe rapid extension of the crack for the entire
duration of the experiment. For example, at G = 14.7 J/m2 and
G = 7.18 J/m2, the crack remained stationary after three hours.

4.3. Fatigue fracture

For a sample under a static load below the threshold for delayed
fracture, the pre-cut crack remains stationary indefinitely.We next
conducted experiment with cyclic load, with themaximum load in
each cycle held at a value below the threshold for delayed fracture.
We applied a cyclic stretch of triangular profile at a frequency of
1 Hz (Fig. 3(g)). The choice of this frequency is due to the limitation
of the maximum loading speed of the tensile tester. The maximum
stretch in each cycle λ corresponds to the maximum applied
energy release rate according to expression (1). The crack advances
cycle by cycle.We recorded the extension of the crack as a function
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Fig. 4. Effects of water content on the fracture of a polyacrylamide hydrogel. (a) LiCl-containing hydrogel is put in a closed chamber, in vapor contact with an aqueous
solution of LiCl. (b) The mass of the hydrogel in vapor contact with an aqueous solution of 1 M, 3 M, or 6 M LiCl. After a hydrogel is equilibrated with an aqueous solution of
LiCl of a certain concentration, we measure (c) its stress–stretch curve, (d) its fracture energy and, (e) the extension of crack as a function of time under static load. (f) The
extension of crack, under cyclic load, in a hydrogel equilibrated with an aqueous solution of 6 M LiCl. All concentrations in this figure refer to those in the external solution.

of the number of cycles (Fig. 3(h)). We then fit the data to a linear
relation, and obtained the extension per cycle, dc/dN , as a function
of G (Fig. 3(i)). The extension of the crack per cycle, dc/dN, varies
almost linearly with G. This linear relation intercepts the G axis at a
finite value of about 7.03 J/m2. The intercept is called the threshold
for fatigue fracture, and is denoted as Γ0. The positive intercept
on the G axis indicates that a threshold exists, below which the
number of cycles to rupture increases rapidly [42]. To demonstrate
this, we did a test of cyclic load with the maximum energy release
rate G = 4.19 J/m2 and found that the pre-cut crack remained
stationary after 5.08 × 104 cycles (Fig. 3(h)). We will discuss the
threshold for fatigue fracture in terms of the Lake–Thomas model
(Section 6).

5. Effect of water content on fracture

Polymers can swell by absorbing solvents from the environ-
ment. Swelling, in turn, affects the mechanical behavior of the
polymers [43–45]. For example, the fracture energy of a non-
crystallizing elastomer decreases as the swollen polymer net-
work reduces viscoelastic dissipation [44]. Hydrogels are known
to change water content greatly. Here we study the effect of water
content on the rupture of hydrogels.

As described in the Experimental section we prepared a
hydrogel by starting with an aqueous solution of 2.2 M acrylamide
and 5.0M LiCl.We then put the hydrogel in a closed container with
an aqueous solution of 1M, 3M, or 6MLiCl. Thehydrogelwas not in
direct contact with the aqueous solution, but was put on an acrylic
support (Fig. 4(a)). Consequently, the hydrogel and the solution
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were in vapor contact—that is, they exchanged water molecules
through the moisture in the container. We measured the mass of
the hydrogel once a day, and found it to plateau after several days
(Fig. 4(b)). When the concentration of LiCl in the solution is lower
than that in thehydrogel, the gel swelled; otherwise the gel shrunk.
In thisway, we prepared samples of hydrogels containing the same
amounts of polymers and LiCl, but different amounts of water. A
sample of hydrogel equilibratedwith the 6M solution contains less
water than that equilibrated with the 3M solution, which contains
less water than that equilibrated with the 1 M solution (Fig. 4(b)).

After a sample of hydrogel is equilibrated with the external
solution, we measured its stress–stretch curve (Fig. 4(c)), and its
fracture energy (Fig. 4(d)). As expected, the stiffness and fracture
energy increase as thewater content in the hydrogel decreases.We
then applied a static load of G = 10 J/m2, a value smaller than the
fracture energy of all the samples. Delayed fracture happened to
hydrogels equilibrated with the 1 M and 3 M solutions, but did
not happen to the hydrogel equilibrated with the 6 M solution
(Fig. 4(e)). The latter did suffer fatigue fracture with a crack growth
rate of 1.48 × 10−4 mm/cycle at an energy release rate of 10 J/m2

(Fig. 4(f)).

6. Discussion

6.1. Map of fracture behavior

We have observed three types of fracture behavior: fast
fracture, delayed fracture, and fatigue fracture. The fracture
behavior of hydrogel is sensitive to both the amplitude of load and
the concentration of water. Wemark our experimental data on the
plane spanned by the energy release rate and the water content
(Fig. 1).Wealso schematically sketch the regions inwhich the three
types of fracture behavior occur. A sample subject to monotonic
load undergoes fast fracture when the energy release rate reaches
the fracture energy, G = Γ . A sample subject to a static load,
below the critical load for fast fracture but above the threshold for
delayed fracture, the crack advances rapidly after a delay in time.
A sample subject to a cyclic load, with the maximum load in each
cycle below the threshold for delayed fracture and the threshold
for fatigue fracture, the crack advances cycle by cycle. When the
cyclic load is below the threshold for fatigue fracture, the crack
remains stationary. An increase in the water content of hydrogel
reduces all three critical parameters: the critical energy release
rate for fast fracture, the threshold for delayed fracture, and the
threshold for fatigue fracture.

These observationsmay be understood as follows. The less con-
centrated the external solution, the more swollen the equilibrated
hydrogel, the more stretched the polymer chains in the hydrogel,
and the lower the fracture energy. Under static load, below the crit-
ical load for fast fracture, the diffusion of water molecules to the
region around the crack tip causes additional swelling. Thus the
hydrogel of high water content is more vulnerable to delayed frac-
ture. By contrast, the hydrogel of lowwater content has higher frac-
ture energy; even though the local energy release rate increases
with time, it equilibrates at a value lower than the fracture en-
ergy. We next relate these observations to the molecular picture
of a swollen polymer network.

6.2. Molecular processes of delayed fracture

Delayed fracture in hydrogels may result from several molec-
ular processes. First, common to all materials, any viscoelasticity
can cause delayed fracture. Second, also common to all materials,
any chemical reaction of the strained bonds at the crack tip and
molecules in the surroundings can cause delayed fracture. Third,

for a hydrogel of a physically crosslinked polymer network, de-
layed fracture can result from the time needed for polymer chains
to dissociate physical crosslinks and possibly pull out across the
plane of the crack [37,39–41].

A fourth mechanism, proposed in a recent theoretical paper,
is specific to delayed fracture in chemically crosslinked gels [41].
When a sample containing a pre-cut crack is deformed, the
deformation near the crack tip is larger than elsewhere in
the sample. This concentrated deformation lowers the chemical
potential of water near the crack tip, which drives watermolecules
to diffuse into the region around the crack tip, and further stretches
the polymer chains there. Consequently, under a constant applied
energy release rate, the local energy release rate increases with
time. The crack propagates when the local energy release rate
reaches the fracture energy of the hydrogel. The gradual increase
of the local energy release rate takes time, which accounts for
the delay to observe the rapid extension of crack. The theory also
accounts for the other main experimental observations: the delay
time increases as the applied energy release rate decreases, and a
threshold applied energy release rate exists, belowwhich the crack
remains stationary indefinitely.

In our experiment, when we kept the sample at a low constant
stretch, the crack remains stationary. Meanwhile we recorded the
applied force as a function of time, and foundnegligible viscoelastic
relaxation. This observation aside, we have not designed our
experiment to ascertain the mechanism of delayed fracture.
Rather, delayed fracture provides a context for the study of fatigue
fracture.

6.3. Lake–Thomas model adapted to gels

The threshold for fatigue fracture of the hydrogel is reminiscent
of that of elastomers, which has been extensively studied since
1958 [4,5,42]. Lake and Thomas [5] noted that the experimentally
determined threshold for fatigue fracture in several elastomers is
about Γ0 = 50 J/m2. As the amplitude of the applied energy
release rate approaches the threshold for fatigue fracture, the
extension of crack per cycle approaches zero. In this limit, Lake
and Thomas hypothesized that the slow extension of the crack no
longer activates the bulk of the elastomer to dissipate energy by
processes like viscoelasticity and crystallization. Lake and Thomas
further hypothesized that the slow extension of the crack activates
a single energy-dissipating process: the crack extends by breaking
the polymer chains lying across the crack plane. In this sense, the
threshold Γ0 is also called the intrinsic fracture energy. On the basis
of the single-process hypothesis, Lake and Thomas derived amodel
that correctly predicted the experimentally determined threshold.

We now examine if the Lake–Thomas model predicts the
threshold for fatigue fracture in the polyacrylamide hydrogel. To
do so we need to adapt the Lake–Thomas model for gels. Such
an adaptation has appeared in several papers, [15,46–48] but in
different expressions. In what follows we present our adaptation
of the Lake–Thomas model for gels.

We adopt the single-process hypothesis. At the front of a crack,
the chains are stretched. Just before a polymer chain breaks, all C–C
bonds along the chain are pulled to the state near the breaking
point. Consequently, the mechanical energy needed to pull the
chain to the breaking point equals the chemical energy of the entire
chain. Following Lake and Thomas, we assume that only a single
layer of polymer chains contributes to the intrinsic fracture energy
Γ0.

Let us estimate the chemical energy stored in the covalent
bonds in the single layer of polymer chains. We can do this in the
undeformed state. Consider a single-chain layer. The Lake–Thomas
model assumes that the intrinsic fracture energy is the chemical
energy stored in the unit area of the single-chain layer:

Γ0 = eL, (3)
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where e is the chemical energy per unit volume of the gel, and L is
the thickness of the single-chain layer in the undeformed state of
the gel.

The chemical energy per unit volume of the gel is entirely due
to the C–C bonds between monomers in the polymer chains:

e = φpbU, (4)

where φp is the volume fraction of the polymer in the gel, b is the
number of C–C bonds per unit volume of the polymer, and U is the
chemical energy of a C–C bond.

In the undeformed state, the thickness of the single-chain layer
in a dry network is estimated by the distance between two ends of
the chain, l

√
n, where l is the length of the monomer, and n is the

number of monomers in the chain. This estimate assumes that the
chain is modeled by a random walk. In a gel, due to swelling, the
thickness of the single-chain layer is estimated by

L = φ−1/3
p l

√
n. (5)

A combination of above expressions gives the intrinsic fracture
energy of the gel:

Γ0 = φ2/3
p bUl

√
n. (6)

Observe that the expression bUl
√
n is the intrinsic fracture

energy of a dry elastomer, and is independent of the degree of
swelling. The swelling reduces the intrinsic fracture energy accord-
ing to the scaling relation Γ0 ∝ φ

2/3
p . This scaling is expected.

By definition, the fracture energy of a gel is the work needed to
advance a crack divided by the cross-sectional area of the gel in
the swollen and undeformed state. Swelling does not change the
amount of polymers in the sample, but changes the cross-sectional
area of the sample by a factor φ

−2/3
p . The scaling Γ0 ∝ φ

2/3
p is

the same as that in Refs. [46,47], but is different from those in
Refs. [15,48].

In (6) the factor bUl is intrinsic to an individual monomer in a
polymer chain, and has the unit of energy per unit area. The fac-
tor is the chemical energy of a C–C bond divided by the area of
the monomer. The chemical energy per unit area has a magnitude
about 1 J/m2 for all types of materials (metals, ceramics, and poly-
mers). For a polymer, we can estimate bUl as follows. The num-
ber of single bonds per unit volume of the polymer is estimated
by the number of monomers per unit volume, b = Aρ/M =

1.22 × 1028 m−3, where M is the molecular weight of acrylamide
(71.08 g/mole), ρ is the density of acrylamide (1.443 g/cm3), and A
is the Avogadro number (6.022 × 1023). The length per monomer
is estimated as l = b−1/3

= 0.434 nm. The C–C bond energy is U =

3.3 × 10−19 J [5]. These values give an estimate bUl = 1.8 J/m2.
The number of monomers between two crosslinks, n, relates to

the number of chains per unit volume of polymer,N , by an identity:

n = b/N. (7)

All three parameters, n, b,N , are independent of the degree of
swelling. The number of chains per unit volume of polymer, N , can
be estimated by shear modulus as follows.

6.4. Elasticity of a swollen polymer network

When the polymer chains in a gel are modeled by the Gaussian
statistics, the stress–stretch relation takes the form [49].

σ1 − σ3 = φ1/3
p NkT


λ2
1 − λ2

3


, (8)

σ2 − σ3 = φ1/3
p NkT


λ2
2 − λ2

3


, (9)

where σ1, σ2, σ3 are the true stresses in the three principal
directions, λ1, λ2, λ3 are the corresponding stretches, and kT are
the absolute temperature in unit of energy. Here a true stress

Fig. 5. The measured stress–stretch curves of four gels fit to the neo-Hookean
model. Solid lines are experimental data and dashed lines are fitting curves.

is the force divided by the cross-sectional area of a sample in
the deformed state, and a stretch is defined by the length of
the sample in the deformed state divided by the length of the
sample in the undeformed swollen state. The gel is assumed to
be incompressible, λ1λ2λ3 = 1. These expressions generalize the
neo-Hookean model of elastomers, and are applicable for gels of
arbitrary free energy ofmixing [50]. These expressions identify the
shear modulus of the gel:

G = φ1/3
p NkT . (10)

Once the shear modulus G and volume fraction of polymer
fraction φp are determined, (10) estimates the number of chains
per unit volume of polymer, N .

In the pure shear test, σ3 = 0, λ1 = 1, λ2 = λ, λ3 = 1/λ. Eqs.
(8) and (9) become

σ1 = φ1/3
p NkT


1 − λ−2 , (11)

σ2 = φ1/3
p NkT


λ2

− λ−2 . (12)

The nominal stress in the direction of the applied force is given
by s = σ2/λ, namely,

s = φ1/3
p NkT


λ − λ−3 . (13)

The prediction of the neo-Hookean model (13) fits well to the
stress–strain curves determined in our experiments (Fig. 5). As
noted before, we conductedmechanical tests using as-synthesized
samples for gels without LiCl, but using pre-equilibrated samples
for gels containing LiCl. In the case of gel pre-equilibrated with the
external solution of 6 M LiCl, the difference between experimental
data and the model is noticeable, possibly because the test at the
large stretch is no longer a pure shear test, but is close to a uniaxial
tensile test. The fitting gives the shear moduli for the four gels
(Table 1). In determining the volume fraction of polymer φp in a
LiCl-containing hydrogel, we took account of the volume of LiCl.

6.5. Does Lake–Thomas model predict the fatigue threshold of gel?

Inserting these values into (10), we obtain four estimates of
the number of polymer chains per unit volume of polymer, N
(Table 1). The number N should be independent of the degree
of swelling, and should be the same in the four samples. The
noticeable difference among various samples indicates that the
experimental data deviate from the scaling relation (10). The cause
of this deviation is undetermined. These estimates, along with (6)
and (7), predict the intrinsic fracture energy Γ0 of the four gels
(Table 1). In experiments, we only measured the threshold for
fatigue fracture in two gels: 7.03 J/m2 for the gel containing no
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Table 1
Properties of four polyacrylamide hydrogels.

Samples Shear modulus G
(kPa)

Polymer volume fraction
φp (%)

Chain density N
(×1024 m−3)

Fatigue threshold theory Γ0
(J m−2)

Fatigue threshold experiment Γ0
(J m−2)

No LiCl 3.06 9.8 1.6 32.42 7.03
1 M 2.41 4.5 1.64 19.07 –
3 M 3.87 7.4 2.22 22.84 –
6 M 5.09 14.6 2.33 35.07 7–10

LiCl, and a range between 7–10 J/m2 for the gel equilibrated with
the external solution of 6 M LiCl.

The predictions of the Lake–Thomas model do not perfectly
agree with our experimentally determined thresholds. Lake and
Thomas themselves introduced several refinements to their basic
model by considering the effects of the freedom of rotation about
bonds, dangling chains, and the distribution of the chain length.
We will not pursue these refinements here.

We note that none of their refinements consider an effect
specific to gels: the migration of solvents in polymer networks.
When a gel is subject to a static load, below the threshold for
delayed fracture, the crack remains stationary, but water migrates
to the crack tip. After the load is held constant for some time,
the gel reaches a new state of equilibrium, with inhomogeneous
concentration of water. However, when the applied load cycles,
water will migrate again, to and from the crack tip. This molecular
process of hysteresis is specific to gels. As such, the migration of
water to and from the crack tip constitutes a new mechanism of
fatigue. This mechanism is consistent a main finding of this work:
two distinct thresholds exist, one for delayed fracture, and the
other for fatigue fracture.

Even when the load is below the threshold for fatigue fracture,
and the crack is stationary, the cyclic load still causes water to
migrate to and from the crack tip. This process still dissipates
energy. Its contribution to the threshold for fatigue fracture has not
been studied.

7. Concluding remarks

Hydrogels have been developed for a myriad of applications,
many of which require hydrogels to sustain cyclic stretch and
release. The recent decade has witnessed the enormous effort to
develop hydrogels of high stretchability and toughness, but fatigue
fracture has not been studied in any hydrogels. This gap in our
knowledge hampers the further development of hydrogels and
their applications. This study uses awell-established and relatively
simple hydrogel (polyacrylamide hydrogel) as amodelmaterial. To
place fatigue fracture of hydrogels in context, we subject samples
of the hydrogel to monotonic, static, and cyclic load. We observe
three types of fracture behavior: fast fracture, delayed fracture, and
fatigue fracture. We prepare samples of hydrogel with the same
polymer network but different water content. The water content
of the hydrogel, as well as the amplitude of load, significantly
affects the fracture behavior. We sketch the conditions under
which the types of fracture occur in the plane spanned by thewater
content and the energy release rate. Given the rapid development
of hydrogels and their applications, fatigue fracture of hydrogels is
a topic ready for scientific studies and engineering advances.
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