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a b s t r a c t 

A real polymer network is never perfect, but the quantification of network imperfection 

has been elusive. Here we quantify the network imperfection of a polyacrylamide hydrogel 

through its mechanical properties. We find that the ultimate properties—strength, exten- 

sibility, and work of fracture—have narrow scatter, comparable to the scatter of modulus. 

Despite the narrow scatter, the work of fracture is about four orders of magnitude lower 

than that of the perfect network. This reduction in work of fracture is a measure of net- 

work imperfection. The toughness of the hydrogel is about two orders of magnitude higher 

than that of the perfect network. When the effects of other inelastic processes are mini- 

mized, this amplification in toughness is likely due to distributed chain scission, and is 

another measure of network imperfection. We find that the ultimate properties of the hy- 

drogel are insensitive to cuts up to about 1 mm. We trace this cut insensitivity to network 

imperfection. 

© 2019 Published by Elsevier Ltd. 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

In an elastomer or a chemical gel, covalent bonds link monomer units into polymer chains, and crosslink polymer chains

into a polymer network. The classical theory of entropic elasticity assumes that the polymer network is perfect: all poly-

mer chains have the same length, deform by the same stretch, and break simultaneously; see a review in a recent paper

( Mao and Anand, 2018 ). It is also appreciated that a real polymer network is imperfect. Examples of network imperfec-

tion include dangling chains and chains of unequal lengths ( Fig. 1 ). The dangling chains contribute to viscoelasticity, rub-

bing against the adjacent chains or the solvent ( Edwards and Vilgis, 1988 ). The chains of unequal lengths cause sequential

and distributed chain scission ( Tehrani and Sarvestani, 2017 ). Network imperfection affects mechanical properties, such as

strength ( Bueche, 1959; Tehrani and Sarvestani, 2017 ) and modulus ( Ducrot et al., 2014; Zhong et al., 2016 ). Network im-

perfection is also exploited to synthesize tough elastomers ( Mark, 2003 ). Despite decades of effort s, the quantification of

network imperfection remains elusive. 

Here we study the effects of network imperfection on mechanical properties. We do so by using a polyacrylamide hydro-

gel as a model material. Polyacrylamide hydrogels are routinely synthesized in many laboratories by free radical polymeriza-

tion ( Caulfield et al., 2002 ) ( Fig. 2 ). A polyacrylamide hydrogel consists of a covalent polymer network and water. The molar
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Fig. 1. A real polymer network is imperfect. Coexistent in the network are long chains, short chains, and dangling chains. 

Fig. 2. Synthesis of a polyacrylamide hydrogel. The precursor is a mixture of the monomer (acrylamide), the crosslinker (N’N-Methylenebisacrylamide), the 

initiator, and water. A UV light triggers free radical polymerization, leading to a hydrogel. Covalent bonds link the monomer units into polymer chains, and 

crosslink the polymer chains into a polymer network. Water molecules are mobile in the polymer network. 

 

 

 

 

 

 

 

 

 

 

 

ratio of the monomer to the crosslinker ranges from 10 to 10 4 . The volume fraction of water varies from 70% to 90%. Un-

der ordinary conditions, the polyacrylamide network is stable, and water is mobile in the polymer network. Polyacrylamide

hydrogels have broad and well-established applications in biology, agriculture, and medicine, so that many chemical and

biological properties have been characterized ( Caulfield et al., 2002 ). The mechanical properties of polyacrylamide hydrogels

have been reviewed recently ( Bai et al., 2019b ). It appears that polyacrylamide is a hydrogel of choice in developing new

concepts. Polyacrylamide is the primary network in many tough hydrogels ( Gong et al., 2003; Sun et al., 2012 ). Polyacry-

lamide hydrogels containing salts are used as stretchable, transparent, ionic conductors in ionotronics ( Keplinger et al., 2013;

Lee et al., 2018; Yang and Suo, 2018 ). Polyacrylamide hydrogels have been used as a model material to study the growth of

cracks in hydrogels under static ( Tanaka et al., 20 0 0 ), cyclic ( Tang et al., 2017 ), and dynamic ( Kolvin et al., 2018 ) loads. 

Just as silica has long served as a model hard material ( Griffith, 1921 ), we now use a polyacrylamide hydrogel as a model

soft material. Both materials are highly elastic prior to rupture, but some differences are puzzling. Whereas the strength

of silica scatters enormously, often by orders of magnitude ( Proctor et al., 1967 ), the strength of a polyacrylamide hydrogel
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scatters narrowly, typically less than 10% (e.g., see data presented in this paper). For silica, the scatter in strength is much

larger than that in modulus. For the polyacrylamide hydrogel, however, the scatter in strength is comparable to that in

modulus. The large scatter in strength of silica is known to be caused by crack-like flaws, but what makes the scatter in

strength of the hydrogel so narrow? Furthermore, the strength of the polyacrylamide hydrogel remains nearly constant even

when a sample is cut with a crack prior to the tensile test, so long as the cut is shorter than a certain length, about 1 mm.

That polyacrylamide hydrogel is cut-insensitive was noted in a previous paper focused on elastomers ( Chen et al., 2017 ). It

was also noted that this “certain length” is much larger than the mesh size of the hydrogel. But where does this certain

length come from? 

We hypothesize that network imperfection profoundly affects mechanical properties. Just as we characterize a thermody-

namic state through measurable properties like temperature, pressure, volume, energy, and entropy, we characterize network

imperfection through measurable properties like modulus, strength, extensibility, work of fracture, and toughness. Indeed,

mechanical properties provide quantitative measures of network imperfection once we minimize effects such as viscoelas-

ticity, crystallization, and fillers, which confound the analysis of the mechanical properties of elastomers. Because polyacry-

lamide chains are typically long and water has low viscosity, a polyacrylamide hydrogel of high water content is highly

stretchable, but negligibly viscous. The hydrogel has no fillers and does not crystalize. This combination of attributes simpli-

fies analysis, and is essential to our use of the polyacrylamide hydrogel to study network imperfection. Indeed, solvents have

been used to swell elastomers to minimize the effect of viscoelasticity in the study of fracture ( Ahagon and Gent, 1975 ). In

general, viscoelasticity, crystallization, and fillers in elastomers do profoundly affect strength ( Hamed, 2007; Smith, 1978 )

and toughness ( Gent, 1996; Greensmith, 1956 ). These confounding effects mask something basic: network imperfection also

profoundly affects mechanical properties. 

We ascertain the hypothesis by synthesizing polyacrylamide hydrogels and measuring their mechanical properties

( Section 2 ), as well as by comparing the measured mechanical properties of the hydrogel to the theoretical values of a per-

fect network. Our experiments show that the ultimate properties (strength, extensibility, and work of fracture) have narrow

scatter, comparable to the scatter of the modulus ( Section 3 ). Despite the narrow scatter, the work of fracture of hydrogel

is lower than that of a perfect network by about four orders of magnitude. This reduction in work of fracture is a measure

of network imperfection. The hydrogel exhibits a small but measurable Mullins effect ( Section 4 ). In the absence of fillers,

the Mullins effect indicates sequential and distributed chain scission due to network imperfection. The toughness of the

hydrogel is higher than that of a perfect network by two orders of magnitude ( Section 5 ). This amplification in toughness

is likely due to the distributed chain scission, and is another measure of network imperfection. Distributed chain scission

acts as a solid-like toughener, amplifies the threshold for the growth of a crack under static load, but not the threshold for

the growth a crack under cyclic load ( Section 6 ). The ratio of the toughness (measured by rupturing samples of long cuts)

to the work of fracture (measured by rupturing samples of no cuts) defines a material specific length, which we call the

fractocohesive length. Our experiments confirm that a cut shorter than the fractocohesive length has negligible effects on

the ultimate properties of the hydrogel ( Section 7 ). The fractocohesive length is on the order of 1 mm for the hydrogels in

this work, whereas the fractocohesive length is on the order of the mesh size of the network for a perfect network. For

the hydrogel, it is the network imperfection that causes cut insensitivity. These experimental measurements map network

imperfection to mechanical properties. 

2. Chemical synthesis and mechanical tests 

We purchase acrylamide (AAm, A8887), N,N’-Methylenebisacrylamide (MBAA, M7279), 2-Hydroxy-4 ′ -(2-hydroxyethoxy) −
2-methylpropiophenone (Irgacure 2959, 410896), and pure ethyl alcohol (CH 3 CH 2 OH, 459844) from Sigma Aldrich. We pur-

chase glass sheets and Perspex sheets from McMaster-Carr. 

We dissolve 14 g of the acrylamide monomer and 0.0085 g of the crosslinker MBAA in 86 g of deionized water. (The molar

ratio of acrylamide to MBAA is 3572.) We dissolve the photo-initiator Irgacure 2959 in ethyl alcohol to form a solution

of concentration 0.1 M. For every 1 ml of the aqueous solution of the monomer and crosslinker, 1.5 μl of the solution of

initiator is added. The resulting mixture is poured into a glass mold, and cured with a UV light (15 W, 365 nm, UVP XX-

15 L) for 75 min. During the curing process, the acrylamide monomers form polyacrylamide chains and the polyacrylamide

chains are crosslinked by the crosslinkers to form a network ( Fig. 2 ). The curing process is a free radical polymerization. The

randomness of free radical polymerization leads to a polyacrylamide network of uneven chain lengths. After the curing, we

disassemble the glass mold and obtain the polyacrylamide hydrogel. 

We glue the polyacrylamide hydrogels onto Perspex sheets. The samples of the hydrogel are 1.5 mm thick, 6 cm long, and

1 cm high. Some samples are not cut with cracks, but others are cut with cracks of various lengths. A razor blade is used to

make an edge cut in the middle line of the sample. For the cut longer than 1 mm, a ruler is used to measure its length. For

the cut shorter than 1 mm, the length is measured under a microscope. We then load the samples on a mechanical testing

machine (Instron 5966). 

3. Stress–stretch curves 

Mechanical properties of hydrogels are often viscoelastic and poroelastic. Here we minimize these inelastic effects to

let network imperfection stand out. In conducting mechanical tests, we select a time window, within which viscoelastic
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Fig. 3. Stress-stretch curves up to rupture, obtained using 14 samples at four rates of stretch. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

relaxation has completed and poroelastic relaxation barely starts. We use four rates of stretch: 0.05/s, 0.167/s, 0.5/s, and 1/s.

Given the total stretch on the order of 10, the total time of each experiment ranges from 10 to 200 s. Viscoelastic relaxation

time for polyacrylamide hydrogel is on the order of 1 s ( Hu and Suo, 2012; Tian et al., 2018 ), much shorter than the ex-

perimental time scale in this work. The relevant length for poroelasticity is the thickness of the specimen, B = 1.5 mm. The

effective diffusivity of water molecule in a polyacrylamide hydrogel is on the order of D ∼ 10 −10 m 

2 /s ( Kalcioglu et al., 2012 ),

the time needed for poroelasticity to prevail is on the order of B 2 / D ∼ 10 4 s, which is much longer than the experimental

time scale in this work. We conduct experiments in open air. When the rate of stretch is low, the total experimental time

becomes long and the loss of water cannot be neglected. For example, at the rate of stretch 0.0167/s, the experimental time

is up to ∼10 min, and we record more than 18% of loss of mass. The loss of mass is below 3.5% when the rate of stretch is

0.05/s. 

Within the range of loading rate, all stress–stretch curves are similar: the scatter among samples tested with different

loading rates is comparable to that among samples tested with the same loading rate ( Fig. 3 ). We will not study the effect of

loading rate any further in this paper. The stress–stretch curves give the following average values of the mechanical proper-

ties: 1.9 × 10 5 J/m 

3 for the work of fracture (i.e., the area beneath the stress–stretch curve), 11.1 for the extensibility, 30.5 kPa

for the strength, and 4.6 kPa for the shear modulus. For each of the four quantities, the standard deviation normalized by

the average is 6.7%, 4.5%, 3.3%, 5.3%, respectively. The ultimate properties and the shear modulus have similar statistical

scatter. Similarly small scatter in the ultimate properties has been noted for elastomers ( Smith, 1978 ). By contrast, brittle

hard materials such as silica often have little statistical scatter in modulus, but enormous statistical scatter in the ultimate

properties ( Griffith, 1921; Proctor et al., 1967 ). It is this stark contrast between the hydrogel and silica that initially drew

our attention, which has led to this series of study. Why is the scatter in the ultimate properties of the hydrogel so narrow?

In the above, the shear modulus of each sample is calculated by fitting the initial portion of the experimentally measured

stress–stretch curve to the Neo-Hookean model. The model assumes the Helmholtz function 

W = 

1 

2 

μ
(
λ2 

1 + λ2 
2 + λ2 

3 − 3 

)
, 

where μ is the shear modulus, and λ1 , λ2 , λ3 are principal stretches. The sample of the hydrogel has a long rectangu-

lar shape. The clamps constrain the deformation in the horizontal direction, so that λ1 = 1 . The hydrogel is taken to be

incompressible, λ1 = 1 / λ2 . The Helmholtz function is reduced to 

W = 

1 

2 

μ
(
λ2 

2 + λ−2 
2 − 2 

)
. 

The nominal stress is calculated from s 2 = d W/d λ2 , giving 

s 2 = μ
(
λ2 − λ−3 

2 

)
. 

When deformation is small, λ2 → 1, the stress–stretch curve is linear, 

s 2 = 4 μ( λ2 − 1 ) . 

The initial slope of the stress–stress curve is four times the shear modulus. This linear equation is used to fit the initial

slope of each measured stress–stretch curve to obtain the shear modulus. 
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Despite the narrow scatter, the ultimate properties of the hydrogel are far below those of a perfect network. In a perfect

network, all polymer chains have the same number of monomers, deform by the same stretch, and break simultaneously.

For example, the eight-chain model is a perfect network ( Arruda and Boyce, 1993 ). Here we estimate the work of fracture

of a perfect network by the density of covalent energy: 

W th = φJ/V, 

where φ is the volume fraction of polymer in the hydrogel, J is the covalent energy per bond along a polymer chain,

and V is the volume per monomer. For the polyacrylamide hydrogel, the volume fraction of polymer is about φ ∼ 12.8%,

the covalent energy of a C 

–C bond is J ∼ 5 × 10 −19 J ( Luo, 2007 ), and the volume per monomer is on the order of V ∼
10 −28 m 

3 , the density of covalent energy of a perfect network is estimated as W th ∼ 6.4 × 10 8 J/m 

3 , which is much higher

than the measured work of fracture of the hydrogel (1.9 × 10 5 J/m 

3 ). Similar values of work of fracture are measured for

other hydrogels in which the polyacrylamide is used as covalent networks ( Nakajima et al., 2012; Sato et al., 2015; Sun

et al., 2012; Yang et al., 2013 ). For unfilled, but crosslinked, natural rubber, the measured work of fracture is on the order

of 10 7 J/m 

3 ( Greensmith, 1960; Thomas, 1955, 1958 ), which is much lower than the covalent energy of a perfect network

( ∼10 10 J/m 

3 ). The measured strength is also much lower than that of a perfect network as well. The rupture force of a C 

–C

bond is a few nN, e.g. 2 nN ( Beyer, 20 0 0 ), and the area per monomer is 2.2 × 10 −19 m 

2 , giving the theoretical strength of

C 

–C bond of 9 × 10 9 Pa. In a perfect network, every bond carries the same load, so that the strength of network is same as

that of the bond. Further taking the volume fraction of polymer, 12.8%, into account, the theoretical strength of a perfect

network is estimated to be on the order of 10 9 Pa. By contrast, the measured strength of the polyacrylamide hydrogel is on

the order of 10 4 Pa. 

Large discrepancy between the theoretical and experimental values of work of fracture is common to most materials.

The low experimental strength of brittle rigid materials like silica is due to crack-like flaws ( Griffith, 1921 ). By contrast, we

will show later that small crack-like flaws do not affect the strength of the hydrogel. We surmise that the reduction in the

work of fracture of the hydrogel is due to network imperfection, such as dangling chains and chains of unequal lengths. We

regard the reduction in the work of fracture as a measure of network imperfection. 

The measured extensibility is also lower than that of a perfect network. For a polymer chain in a perfect network, as-

sume that the polymer chain has n repeats of monomers, and the length per monomer is a . In the undeformed state, the

distance between the two ends of the polymer chain is 
√ 

n a , determined by the random-walk model. In the state right

before rupture, the polymer chain is fully extended and its length becomes na . The ratio of the two lengths gives the the-

oretical extensibility, 
√ 

n . We calculate n for a perfect network as follows. Assume that all the acrylamide monomers and

MBAA crosslinkers are polymerized into the network. In the perfect network, each crosslinker connects to four polymer

chains, each polymer chain connects to two crosslinkers, and each polymer chain has n monomers. Consequently, n is one

half of the molar ratio of the monomer to the crosslinker. We have synthesized the hydrogels using the molar ratio of 3572,

so that the perfect network has n = 1786 monomers. Thus, the extensibility of a perfect network is about 42, much larger

than the measured extensibility ( ∼11). The above theoretical estimate can be refined. For example, the monomer units are

not freely jointed, which reduces the extensibility ( Dobrynin et al., 2004 ). Also, before scission, the length of each individual

covalent bond is stretched, which increases the extensibility ( Mao and Anand, 2018 ). The chains rotate during deformation

( Arruda and Boyce, 1993 ). Here we do not pursue these refinements. 

Unlike the ultimate properties, the modulus is close between theoretical limits and experimental measurements. The

theoretical shear modulus is estimated by μth = φ1 / 3 
P 

NkT ( Cai and Suo, 2012 ), where N is the number of polymer chains per

unit volume of the dry polymer, Kt = 4.1 × 10 −21 J is the temperature in the unit of energy, and φp is the volume fraction

of polymer in the hydrogel. For the hydrogel in our experiment, the volume fraction of polymer network is φp = 12.8%. For

a perfect network, N = 1 / ( nV ) , where n = 1786 is the number of monomers per polymer chain, and V is the volume per

monomer. For acrylamide, the mass per molecule is 1.2 × 10 −22 g, the density 1.13 g/cm 

3 , and their ratio gives V = 10 −28 m 

3 .

These values give the theoretical shear modulus, μth = 11.5 kPa. The experimentally measured shear modulus is 4.6 kPa. The

difference between estimation and measurement may originate from theoretical refinements and experimental errors. For

example, the theoretical estimation assumes that all polymer chains carry load and contribute to shear modulus. However,

in a real network, only the crosslinked polymer chains contribute to shear modulus, other chains such as dangling chains

do not. The number of chains in a real network is less than that in a perfect network, due to the incomplete conversion

from monomers into polymers. Experimental errors include the initial balance setting of tests, dimension measurement of

the samples and numerical fitting in the initial slop of stress–stretch curves, etc. 

4. Mullins effect 

It is often assumed that a polyacrylamide hydrogel has near-perfect elasticity. This ideal picture is inconsistent with a

real network with imperfection. As the hydrogel is stretched, some polymer chains break before others. The intact chains

stabilize the damaged network, so that broken chains distribute throughout the network. The sequential and distributed

scission of chains is an inelastic process, which we now quantify by the Mullins effect ( Mullins, 1948 ). We load, unload,

and reload a hydrogel to a sequence of maximum stretches ( Fig. 4 ). When the stretch is less than the previous stretch,

the reloading curve is below the previous loading curve. When the stretch is larger than the previous stretch, the stress–

stretch curve is approximately the same as if the sample has not been previously stretched. The area under a loading curve
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Fig. 4. Mullins effect. Nominal stress-stretch curves of a hydrogel subject to a sequence of loading and unloading with increasing maximum stretch before 

unloading. The inset shows loading and unloading curves of ideal Mullins effect. 

Fig. 5. Dissipation reduction. Cyclic loading and unloading with fixed maximum stretch of 2, (a), and 9, (b), before unloading. 

 

 

 

 

 

 

 

 

 

 

 

 

is the work done by the load. The area between a loading and an unloading curve is the energy dissipated during the

load and unload. One may define hysteresis by the ratio of the energy dissipated to the work done ( Wang et al., 2019 ).

Hysteresis so defined is a number between 0 and 1. For the sample under a sequence of load, unload, and reload ( Fig. 4 ),

the hysteresis is 0.14, 0.13, 0.1, 0.08, 0.07, 0.06, 0.06, and 0.05 at the maximum stretches of 2, 3, 4, 5, 6, 7, 8, 9. In the

absence of other confounding effects (e.g., poroelasticity, viscoelasticity, and fillers), we regard the hysteresis as a measure

of network imperfection of the polyacrylamide hydrogel. We note that the nominal stress at stretch of 1 after unloading is

negative, which is mainly ascribed to the residual deformation caused by distributed chain scission. 

We also cyclically load two fresh samples ( Fig. 5 ). For the sample subject to a maximum stretch of 2, the first three cycles

dissipate energy by 0.55 kJ/m 

3 , 0.34 kJ/m 

3 , and 0.31 kJ/m 

3 . For the sample subject to a maximum stretch of 9, the first three

cycles dissipates energy by 17.77 kJ/m 

3 , 5.4 kJ/m 

3 , and 5.55 kJ/m 

3 . A larger stretch damages the network more, and dissipates

more energy. Chain scission is an irreversible process. After scission, a polymer chain breaks into two dangling polymer

chains. As a result, the chain scission only contributes to energy dissipation for the first loading cycle. We attribute the

difference in the energy dissipated in the first and the second loading cycle to distributed chain scission. From the second
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Fig. 6. Lake–Thomas vs Irwin–Orowan. (a) A perfect network undergoes affine deformation that all chains deform the same. Upon fracture, all chains break 

simultaneously. A perfect network fractures by the Lake-Thomas picture. (b) An imperfect network undergoes nonaffine deformation. Upon fracture, the 

short chains break before the long chains. The rupture of short chains dissipates energy over a large volume of network off the plane of the crack. An 

imperfect network fractures by the Irwin–Orowan picture. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

loading cycle on, each cycle dissipates a similar amount of energy. Such hysteresis loops persist in polyacrylamide hydrogels

even after thousands of cycles ( Bai et al., 2017 ). The molecular origin of this narrow, but persistent, hysteresis has not been

studied. 

It is curious that the Mullins effect has not been reported for unfilled, noncrystalizing elastomers ( Diani et al., 2009 ). The

Mullins effect has been studied for a double-network hydrogel, where one network has short chains and the other network

has long chains ( Webber et al., 2007 ). When the hydrogel is stretched, the short-chain network breaks, but the long-chain

network remains intact. 

5. Toughness 

Toughness of a material is the energy dissipated in advancing a crack in the material by a unit area. In a perfect polymer

network, a crack advances by breaking a single layer of polymer chains on the crack plane, while all polymer chains off the

crack plane remain intact ( Fig. 6 a). The picture gives a theoretical estimate of the toughness ( Lake and Thomas, 1967 ): 

�th = φ
√ 

n aJ/V 

Lake and Thomas originally proposed the model for elastomers. Just before a polymer chain breaks, the entire chain is

stretched taut, so that every covalent bond in the chain is stretched near the covalent energy. When the chain breaks, the

entire chain retracts, and dissipates the energy stored in the chain. The product aJ / V is the same for any solid, such as silica.

The Lake-Thomas model shows that the polymer chain amplifies the toughness by a factor of 
√ 

n . The above equation has

been modified to include the effect of the volume fraction of polymer in the hydrogel, φ. The Lake-Thomas model is a scaling

analysis, so that a numerical factor of order unity is undetermined, and is dropped from the above equation ( Bai et al., 2018 ).

With values φ = 12.8%, V = 10 −28 m 

3 , J = 5 × 10 −19 J, a = 4.6 × 10 −10 m, and n = 1786, we estimate that �th = 12.4 J/m 

2 . 

An imperfect network contains polymer chains of distributed lengths. Before a long polymer chain at the crack front

breaks, the network transmits the high stress from the crack front into the network. In the network, off the crack plane,

some short chains break, while long chains remain intact ( Fig. 6 b). Consequently, as the crack advances in the imperfect

network, energy dissipates to break not only a layer of polymer chains on the crack plane, but also some short chains off

the crack plane. This synergy of molecular cleavage and bulk hysteresis is common in most tough materials, as captured

in the Irwin–Orowan picture ( Irwin, 1948; Orowan, 1950 ). Background hysteresis has been exploited in developing tough

elastomers ( Ducrot et al., 2014; Hamed, 1994; Llorente et al., 1981; Mark, 1994 ) and tough hydrogels ( Gong et al., 2003; Sun

et al., 2012 ). 

We measure the toughness by using samples with edge cracks ( Fig. 7 a). A sheet of the hydrogel, of dimensions H in

height, B in thickness and T in width, is fastened by rigid clamps. Prior to stretch, a cut of length c is made at the edge of

the sample. Then the sample is pulled from the original height H to the height λH ( Fig. 7 b). Thus the stretch of the sample

is λ. We use a razor blade to make cut and mark the cut using a blue dye ( Fig. 7 c). When the sample is stretched, the cut

blunts ( Fig. 7 d). We vary the length of the cut. For a cut of length below 1 mm, the length of the cut is measured under a

microscope ( Fig. 7 e). We use a high stretch rate of 1/s so that poroelastic relaxation is insignificant. 
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Fig. 7. Experimental setup to measure the effects of cut on rupture. (a) In the undeformed state, a rectangular-shaped sample of dimensions H in height, 

B in thickness and T in width is fastened to rigid clamps. A crack is cut at one edge of the sample with depth c . (b) When the sample is stretched, the 

distance between the two rigid clamps becomes λH . (c) A polyacrylamide hydrogel is clamped by two acrylic sheets. In the undeformed state, the height 

of the hydrogel is 1 cm, thickness is 1.5 mm, and width is 6 cm. A small crack is cut at right edge of the hydrogels by using a razor blade. The crack is dyed 

blue. The right image shows the magnified crack. (d) The polyacrylamide hydrogel is stretched to 4 times its original height. The right image shows that 

the cut blunts. (e) For a cut of length below 1 mm, the length is measured under a microscope. Three samples with cuts of different lengths are shown. 

Fig. 8. Experimental measurement of toughness. (a) Nominal stress-stretch curve of a sample without cut. The right image shows the sample under a 

stretch of 10, close to rupture. (b) Nominal stress-stretch curve of a sample with a cut of length 1 cm. The sample ruptures at a critical stretch λc = 5.3. 

The energy density at critical stretch is obtained from the nominal stress–stretch curve of the sample without cut, W ( λc ). The right image shows the 

sample at the critical stretch. 
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We firstly load one sample without cut all the way to rupture and obtain the nominal stress–stretch curve ( Fig. 8 a).

Then we load another sample with a cut of length 1 cm and record the nominal stress–stretch curve until the onset of crack

propagation at a critical stretch λc ( Fig. 8 b). The total energy U stored in the sample at the critical stretch is W ( λc ) ·B ·T ·H ,

where W ( λc ) is the energy density, calculated as the area under the nominal stress–stretch curve of the sample without cut

at λc . The toughness is the energy needed to advance the crack by unit area and can be calculated from ( Rivlin and Thomas,

1953; Sun et al., 2012 ), 

� = W ( λc ) · H 

The above equation gives � = 515.7 ± 19.4 J/m 

2 . 

The toughness determined here is comparable with values previously reported for polyacrylamide hydrogels, typically in

the range 100–1000 J/m 

2 ( Bai et al., 2018; Sun et al., 2012 ). The toughness of polyacrylamide hydrogels depends on crosslink

density and water content ( Zhang et al., 2018 ). Different methods of measurement may also affect the values. For example,

relative to the plane normal to the crack front, the peel test satisfies the plane strain condition while the pure shear test

satisfies the plane stress condition. It is conceivable that the toughness measured by the peel test differs from that measured

by the pure shear test, although such difference has not been studied for hydrogels. 

These details, however, do not affect a basic fact: the toughness of polyacrylamide hydrogels reported here and elsewhere

are much higher than the Lake-Thomas prediction for a perfect network. The toughness of the hydrogel is about two orders

of magnitude higher than that of a perfect network. This amplification in toughness is due to background hysteresis. As our

measurement of the Mullins effect has indicated, a main contributor to hysteresis is the distributed chain scission due to

network imperfection. We regard the amplification in toughness as another measure of network imperfection. 

6. Fatigue cracks under prolonged static and cyclic loads 

Fatigue of hydrogels has been reviewed recently ( Bai et al., 2019a ). Here we do not report any new experiments on

fatigue, but wish to note that distributed chain scission may explain certain puzzling observations reported before. 

Tang et al. (2017 ) discovered that polyacrylamide hydrogels suffer crack growth under cyclic load when the energy release

rate is much below the toughness, but is above a threshold. The measured threshold is comparable to the Lake-Thomas

prediction. These findings have been confirmed in subsequent experiments on cyclic fatigue of polyacrylamide hydrogels ( Bai

et al., 2018; Zhang et al., 2018 ), but the molecular mechanism for cyclic fatigue crack growth in polyacrylamide hydrogels has

yet been identified ( Bai et al., 2019a ). How does a material of near-perfect elasticity fatigue? Here we surmise that network

imperfection is a mechanism for cyclic fatigue crack growth in polyacrylamide hydrogels. The polyacrylamide hydrogel is not

elastic enough: the narrow, but measurable, Mullins effect indicates distributed chain scission due to network imperfection.

When a crack advances in the hydrogel under monotonic load, the bulk hysteresis amplifies the toughness of the hydrogel

from that of a perfect network. When a crack advances in the hydrogel under a cyclic load, however, previous cycles cause

distributed chain scission, which becomes unavailable to enhance the threshold. 

Tang et al. (2017 ) also discovered that the threshold for delayed fracture is above the threshold for cyclic fatigue crack.

The difference between the two thresholds is understood by introducing the concept of solid-like tougheners ( Bai et al.,

2019a ). Here we surmise that distributed chain scission acts as a solid-like toughener. The hysteresis due to distributed

chain scission is insensitive to loading rate. Such hysteresis amplifies the threshold for crack growth under a static load, but

contributes negligibly to threshold for crack growth under cyclic load. 

7. Cut sensitivity and fractocohesive length 

We next show another consequence of network imperfection: lower cut sensitivity. We measure the ultimate properties

of the polyacrylamide hydrogels that contain cuts of various lengths ( Fig. 9 ). Even without the intentional cut, crack-like de-

fects are inevitable during the synthesis of the hydrogels, but these defects are hard to observe. To represent the uncertainty

in the lengths of crack-like defects associated with synthesis, we draw horizontal lines from the mesh size to 10 −4 m. For

the precut samples, we manually make the cut and measure the length. Experimental data show that the ultimate proper-

ties of uncut samples have the comparable scatter as those of precut samples. There is a critical length of cut, below which

the ultimate properties are insensitive to the length of cut and similar to that of uncut samples. For the polyacrylamide

hydrogel, this critical length of cut is on the order of 10 −3 m. 

The cut-sensitivity diagram ( Fig. 9 a) is understood as follows ( Chen et al., 2017 ). Three length scales are involved: the

length of the cut c ; the size of the sample, here represented by the height H ; and a material-specific length �/ W f , which

we propose to call fractocohesive length. The fractocohesive length is the ratio of two mechanical properties: the toughness

�, which has the dimension of energy per unit area, and is measured using a sample containing a long crack; and the work

of fracture W f , which has the dimension of energy per unit volume, and is measured using a sample containing no precut

crack. 

For a long cut in a large sample, when the sample is stretched to advance the cut, only a small zone around the cut

tip is inelastic. Outside the inelastic zone, the sample is elastic; see a recent review on crack-tip field ( Long and Hui, 2015 ).

The field equations of elasticity do not contain any length scale, nor do the boundary conditions of a long crack in a large
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Fig. 9. Effects of cuts on the ultimate properties. (a) Work of fracture W f , (b) extensibility (i.e. stretch of fracture) λf , and (c) strength (i.e. stress of fracture) 

σ f as a function of the length of cut. Solid lines represent the ultimate properties measured using samples without cut. The lines vary over a range below 

10 −4 m, indicating that we are uncertain about the length of crack-like cuts associated with synthesis. The data points are measured using samples with 

cut. 

 

 

 

 

 

sample. Recall that the Helmholtz function has the unit of energy per volume, and the toughness has the unit of energy per

area. Consequently, the field of the Helmholtz function scales as 

W ∼ �

2 πR 

, 

where R is the distance of a material particle in the sample to the tip of the cut, measured when the sample is in the unde-

formed state. The dimensionless pre-factor, of order unity, depends on the polar angle and the dimensionless parameters in

the model of elasticity (if any), and is independent of inelasticity. The fracture process, however complex, affects this elastic

field through a single parameter: the toughness �. Indeed, toughness � is experimentally determined using a large sample

containing a long cut. 
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Fig. 10. Cut sensitivity diagram. The work of fracture is cut-insensitive when the cut is short, but is cut-sensitive when cut is long. The transition occurs 

at about 10 nm for a perfect network, and about 1 mm for a real, imperfect network. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The above elastic field is valid in an annulus, of the inner radius larger than the inelastic zone and outer radius smaller

than the sample size. Setting W to the work of fracture, the above equation estimates the size of inelastic zone: 

R 1 ∼ �

2 πW f 

The size of the inelastic zone scales with the fractocohesive length. When the size of the inelastic zone is small compared

with the length of the cut, R I < c , the condition of small-scale inelasticity prevails, and the work of fracture is inversely

proportional to the length of the cut. When the size of the inelastic zone is large compared to the length of the cut, R I < c ,

the large-scale inelasticity prevails, and the work of fracture is independent of the length of the cut and is the same as that

of uncut sample. 

This discussion brings us to the giant discrepancy in the fractocohesive length between the hydrogel and the perfect

network ( Fig. 10 ). For the perfect network, the toughness is estimated by the Lake-Thomas model, �th = φ
√ 

n aJ/V , the work

of fracture is estimated by the density of covalent energy, W th = φJ/V , and the fractocohesive length is the same as the

end-to-end length of a polymer chain in the undeformed state, �/ W f = a 
√ 

n , on the order of �th / W th ∼ 10 −8 m ( Chen et al.,

2017 ). For the hydrogel, the toughness is amplified by about two orders of magnitude, and the work of fracture is reduced

by a factor about four orders of magnitude, so that the fractocohesive length is amplified by six orders of magnitude, on the

order of �/ W f ∼ 10 −2 m. We have traced this giant discrepancy to network imperfection. For the hydrogel, it is the network

imperfection that leads to cut insensitivity. 

In the limit of a small crack under the condition of small-scale inelasticity, R 1 < < c < < H , the linear elastic fracture

mechanics applies. The energy release for cut of length c on the edge of a semi-infinite sample, the energy release rate is

( Tada et al., 1973 ) 

G = 1 . 26 πc σ 2 /E , 

where σ is the applied stress and E is Young’s modulus. Recall that W = σ 2 / 2 E in linear elasticity. Upon rupture, the work

of rupture is inversely proportional to the length of the cut: 

W f = 

�

7 . 9 c 
. 

The fractocohesive length, �/ W f , is related to an equation introduced in ( Thomas, 1955 ): 

G = W f d, 

where G is the energy release rate, and d is the tip diameter of the cut. Thomas cut samples with cuts of various tip

diameters d , and for each sample measured the critical energy release rate G c for the onset of rupture. He showed that G c / d

was a constant independent of d , and was comparable to the work of fracture measured using an uncut sample, W f . He

then argued that for a sample with a razor cut, there was nevertheless an “effective diameter” of the tip upon rupture. He

related this effective diameter to the irregularities developed at the tip of the cut approaching rupture. Thus, his effective

diameter is the fractocohesive length �/ W f as we use now, where � is the toughness measured using a sample congaing a

long cut, and W f is the work of fracture measured using a sample containing no intentional cut. Thomas, however, did not

relate his effective diameter to cut sensitivity. For gels and elastomers, the relation between the fractocohesive length and

cut sensitivity was first identified in ( Chen et al., 2017 ). 
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The fractocohesive length is distinct from the elastocapillary length γ / μ, where γ is the surface energy and μ is the

elastic modulus. For a polyacrylamide hydrogel, γ ∼ 0.1J/m 

2 and μ∼ 10 3 J/m 

3 , so that γ / μ ∼ 10 −4 m. The elastocapillary

length appears in elastocapillary phenomena when both elasticity and capillarity are significant ( Liu et al., 2019; Style et al.,

2017 ). 

The fractocohesive length is also distinct from the elastocohesive length �/ E , where E is Young’s modulus ( Creton and

Ciccotti, 2016; Hui et al., 2003 ). For highly stretchable materials such as the polyacrylamide hydrogels, � ∼ 10 3 J/m 

2 , W f ∼
10 5 J/m 

3 , and E ∼ 10 3 J/m 

3 , so that the elastocohesive length is �/ E = 1 m, and is larger than the fractocohesive length by

two orders of magnitude. The elastocohesive length scales the size of zone of finite elastic deformation. 

8. Concluding remarks 

For a polyacrylamide hydrogel, we have shown that experimental measurements map network imperfection to mechan-

ical properties. Compared to a perfect network, the real, imperfect network reduces the work of fracture by four orders of

magnitude, amplifies the toughness by two orders of magnitude, and amplifies the fractocohesive length by six orders of

magnitude. It is the network imperfection that makes the polyacrylamide hydrogel cut insensitive, the threshold for crack

growth under cyclic load much below the toughness, and the threshold for crack growth under cyclic load distinct from

that under static load. In studying polymer networks, network imperfection richly deserves our attention, just as fillers,

viscoelasticity, and poroelasticity. Network imperfection keeps the ultimate properties within small scatter, but does greatly

reduce the ultimate properties relative to those of a perfect network. The large gap between the ultimate properties of the

hydrogel and those of a perfect network poses an immediate question: how can we synthesize new hydrogels with much

higher ultimate properties? 
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