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ABSTRACT 

Stiffness and fatigue threshold are important material parameters in load-carrying 

applications. However, it is impossible to achieve both high stiffness and high threshold 

for single-network elastomers and single-network hydrogels. As the polymer chain 

length increases, the stiffness reduces, but the threshold increases. Here we show that 

this stiffness-threshold conflict is resolved in double-network hydrogels, where the 

stiffness depends on the short-chain network, but the threshold depends on the long-

chain network. Experimental data in the literature have shown the stiffness of the 

hydrogels is inversely proportional to chain length of the short-chain network. In this 

paper we measure the threshold of PAAm-PAMPS hydrogels with five different chain 

lengths of the long-chain network. We find that the threshold is proportional to 1/2 

power of the chain length of the long-chain network. The resolution of the conflict 

enables the design of elastomers and hydrogels to achieve both high stiffness and high 

threshold.  
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1  Introduction 

A load-carrying material is commonly required to sustain cyclic loads without 

damage. Two material properties are of particular importance: stiffness to resist 

excessive deformation, and fatigue threshold to resist crack growth. Both high stiffness 

and high threshold are desired, but a stiffness-threshold conflict exists for single-

network elastomers and single-network hydrogels. A single-network material cannot 

achieve both high stiffness and high threshold. The conflict results from a fundamental 

fact:  both stiffness E and threshold 
 G0

 of a single-network material are controlled by the 

chain length n of the same network,   E ~ 1 /n  and 
  G0

~ n  [1-2].  

We hypothesize that the stiffness-threshold conflict is resolved in double-network 

materials. In a material of two interpenetrating networks, one network has short chains 

of length 
 nA

, and the other network has long chains of 
 nB

. We expect that the stiffness is 

controlled by the short-chain network, 
  E ~ 1 /n

A
, and the threshold is controlled by the 

long-chain network, 0 ~ BnG . Once the stiffness and threshold are controlled by 

different networks, the stiffness-threshold conflict no longer exists. 

We test this hypothesis by using the double-network hydrogels discovered by 

Gong et al. [3]. Experimental data in the literature have shown the stiffness of these 

hydrogels is inversely proportional to chain length of the short-chain network[4]. In this 

paper we measure the threshold of the hydrogels with five different chain lengths of the 

long-chain network. We find that the threshold is proportional to 1/2 power of the chain 

length of the long-chain network. The resolution of the conflict enables the design of 

elastomers and hydrogels to achieve both high stiffness and high threshold. 

 

2  The stiffness-threshold conflict in polymer networks 

This stiffness-threshold conflict is inherent to single-network materials.  An 

elastomer is a crosslinked network of flexible polymer chains. Young’s modulus is 

estimated by 
  
E = 3kT / Vnl( ) , where kT  the temperature in the unit of energy, V the 

volume per monomer, n the number of monomers per polymer chain, and l  the length of 

the monomer unit[1]. The fatigue threshold is estimated by the Lake-Thomas model, 

  G0
=a nlJ /V , where J is the energy per covalent bond, and a  a dimensionless number 

of order unity[2]. As the chain length n increases, the stiffness decreases,   E ~ 1 /n , but 
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the threshold increases, 
  G0

~ n , so that 
  G0

~ E-1/2 . Consequently, single-network 

elastomers can never achieve high stiffness and high threshold simultaneously. This 

stiffness-threshold conflict has been experimentally confirmed for elastomers (Fig. 1)[5].  

 

Fig. 1 Stiffness-threshold conflict in polymer networks.  For single-network elastomers, 

the experimental data fall onto a straight line with a slope of -1/2. Included are data of 

seven kinds of elastomers[5].  Stiffness-threshold data for single-network hydrogels have 

not been studied. Here a single red dot represents experimental data reported in [6], and 

a dashed line of a slope -1/2 is plotted through the data point.   

 

The stiffness-threshold conflict also exists for single-network hydrogels. A single-

network hydrogel is an aggregate of water molecules and one flexible polymer network. 

Young’s modulus is estimated by 
  
E = 3f1/3kT / Vnl( ) , and the threshold is estimated by 

  G0
=af nlJ /V , where f  is the volume fraction of polymer[7-9]. At a given volume 

fraction of polymer, the stiffness-threshold conflict in hydrogels is the same as that in 

elastomers, that is, 
  G0

~ E-1/2 .  The experimental data of stiffness and threshold for 

single-network hydrogels have not been systematically reported. One red dot marked in 

Fig. 1 corresponds to a stiffness of 18 kPa and a threshold of 8.4 J/m2 for a 

polyacrylamide (PAAm) hydrogel with a volume fraction of polymer of 12% [6]. Through 

this point, we plot a red dashed line with a slope of -1/2, which shifts from the black 

dashed line for the elastomers by roughly an order of magnitude. It is understandable 

that no one has ever tried to improve the fatigue threshold of single-network PAAm 
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hydrogel by simply increasing the chain length, because the PAAm hydrogel with a very 

long chain has a negligible stiffness. On the other hand, the PAAm hydrogel with shorter 

chains and higher stiffness are very brittle.  

 

3  A resolution of the stiffness-threshold conflict 

The stiffness-threshold conflict results from a fundamental fact:  both material 

properties of a single-network material are controlled by the chain length of the same 

network,   E ~ 1 /n  and 
  G0

~ n . We hypothesize that this conflict is resolved in double-

network materials. Double-network hydrogels have received substantial attention in 

recent years as they exhibit high toughness [3, 10-12]. These tough hydrogels have 

stimulated many new applications in bioengineering [13-14], soft robotics [15-16], and 

ionotronic devices [17-20].  

We test the hypothesis using the PAAm-PAMPS double-network hydrogels. Such 

a hydrogel consists of a long-chain, flexible PAAm network and a short-chain, stiff 

PAMPS network. The two networks interpenetrate in topological entanglement (Fig. 2a). 

The short-chain network swells nearly to the breaking point. When the hydrogel is 

stretched, the PAMPS network sustains most of the load and provides the stiffness. With 

a larger stretch, the short-chain PAMPS network starts to break while the long-chain 

network remains nearly intact.  

The toughness of a material is measured by energy needed to extend a crack by a 

unit area under monotonic loading. The long-chain network transmits the intense stress 

at the crack front into a large volume of the hydrogel, and breaks many short chains. 

Consequently, the extension of the crack under the monotonic load is resisted by the 

synergy of both short-chain and long-chain networks [21].  

The fatigue threshold of a material is measured by subjecting a notched sample 

under a cyclic load. The threshold is defined by the amplitude of the energy release rate, 

below which the crack will not extend.  Under a cyclic load above the threshold, much of 

the short-chain network around the crack front breaks into small clusters in previous 

cycles (Fig. 2b). Consequently, the threshold of the double network is governed by the 

long-chain network [22].   Acc
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Fig. 2 Schematics of PAAm-PAMPS double-network hydrogel (a) In the as-prepared 

state, the PAMPS network and the PAAm network interpenetrate in topological 

entanglement. (b) After prolonged cyclic loads, the PAMPS network breaks into small 

clusters. A crack advances by breaking a PAAm chain. 

 

To test our hypothesis for the PAMPS-PAAm double network hydrogels, we need 

to show that, the stiffness is determined by the chain length of the stiff PAMPS network, 

~1/ PAMPSE n , and that the threshold is determined by the chain length of the flexible 

PAAm network, ( )G
1/2

0 ~ PAAmn . The stiffness of the PAAm-PAMPS double network 

hydrogel as a function of the chain length of the PAMPS network has been studied by 

Gong’s Group [4]. When the chain length of the PAMPS network was varied, the chain 

length of the PAAm network and the polymer volume fraction were fixed. The stiffness of 

the double-network hydrogel is roughly proportional to the inverse of the chain length of 

PAMPS network, as we hypothesize (Fig. 3). In this paper, we systematically study the 

dependence of the threshold of PAAm-PAMPS double network hydrogel on the chain 

length of the PAAm network. 
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Fig. 3 The stiffness of PAAm-PAMPS hydrogel as a function of the inverse of the chain 

length of PAMPS network. 

 

4 Chain length dependence on the threshold of PAAm-PAMPS double-

network hydrogel 

         Several experimental observations have revealed that the fatigue threshold of a 

double-network hydrogel is mainly determined by the long-chain polymer network. The 

introduction of the second network with sacrificial bonds greatly increases the toughness 

but contributes little to the fatigue threshold.  For example, in one experiment, the 

PAAm hydrogel and the PAAm-PVA hydrogel were used to compare. The PAAm 

hydrogel has a toughness of 71 J/m2 and a threshold of 9.5 J/m2. The PAAm-PVA 

hydrogel has a toughness of 448 J/m2 and a threshold of 8.4 J/m2 [23]. In another 

experiment, the Na-alginate/PAAm hydrogel and the Ca-alginate/PAAm hydrogel were 

used to compare. The Na-alginate/PAAm hydrogel has a toughness of 169 J/m2 and a 

threshold of 17 J/m2. The Ca-alginate/PAAm hydrogel has a toughness of 3375 J/m2 and 

a threshold of 35 J/m2 [24]. In the first paper to study the fatigue of PAAm-PAMPS 

hydrogel, a threshold of 418 J/m2 was reported [22]. This high value of threshold is 

attributed to the very long chain with about 105 monomer units. 

Fig. 2b shows a crack in a PAAm-PAMPS double-network hydrogel during 

prolonged cyclic loads. Near the crack front, the stress is concentrated so that all the 
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short-chain PAMPS networks have broken into small clusters and all the remaining is 

the elastic PAAm network. When the crack further advances, it only activates the 

inelastic process of scission of the PAAm chain. As analyzed above, when the water 

content of the hydrogel is fixed, the fatigue threshold is expected to be linear with the 

square root of the number of monomers of the PAAm chain: 

G = 1/2
0 PAAmCn ,                                                               (1) 

where f f a= 1/3 2/3
0 /C lJ V  is a constant to be experimentally determined. Here we also 

account for the volume fraction of PAAm in the as-prepared hydrogel, 
 f0

, and the 

volume fraction of PAAm in the swollen hydrogel, f [9]. 

 

4.1 Synthesis of PAAm-PAMPS double-network hydrogel 

We synthesized the PAAm-PAMPS double-network hydrogel following a two-step 

sequential network formation technique developed by Gong and her co-workers [3]. We 

purchased from Aladdin the following substances: 1-acrylanmido-2-

methylpropanesulfonic acid (AMPS, monomer), acrylamide (AAm, monomer), N,N0-

methylenebis (acrylamide) (MBAA, crosslinker) and 2-oxoglutaric acid (OA, initiator). In 

the first step, we formulated an aqueous solution of 1M AMPS containing 4 mol-% 

MBAA and 0.1 mol-% OA relative to AMPS monomers. In an argon gas environment, we 

injected the AMPS monomer solution into a plastic mold covered with a pair of 15 

mm×15mm glass plates and placed the mold under the 15 W and 365nm ultraviolet lamp 

for 8 hours. A relatively stiff and brittle short-chain network of PAMPS hydrogel was 

formed. In the second step, we immersed the prepared PAMPS hydrogel in an aqueous 

solution of 4M AAm, MBAA and 0.1 mol-% OA for one day. We controlled the chain 

length of PAAM network by changing the concentration of crosslinker, 

= /MBAA MBAA AAmc n n . We used five solutions with MBAAc  to be 0.001%, 0.0018%, 0.0036%, 

0.01%, 0.1%. The chain length of PAAm network is approximately equal to 

( )= 1 / 2PAAm MBAAn c . After the immersion, the gel was sandwiched between two glass 

plates and placed in the same reaction cell as that in the first step. Subsequently, the 

prepared gel was immersed in deionized water for one day to swell and to remove the 

residual reactants. Finally, we obtained the PAAm-PAMPS double-network hydrogels 

with five different chain lengths of the PAAm network, = 500PAAmn , 5000, 13889, 27778, 

50000. 
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 We determined the volume fraction of PAAm network and PAMPS network by 

the following method. We prepared two pieces of PAMPS hydrogels with the same 

chemical components. One piece was dehydrated at 60  for half a day to obtain the 

mass of PAMPSm . We then synthesized a PAAm-PAMPS double-network hydrogel with 

the other piece. We measured the mass and volume of the double-network hydrogel gelm  

and gelV . The double-network hydrogel was dehydrated at 60  for half a day to obtain 

the mass of DNm . The volume fraction can be calculated as f


= PAMPS
PAMPS

PAMPS gel

m

V
 for the 

PAMPS network and f


-
= DN PAMPS

PAAm
PAAm gel

m m

V
 for the PAAm network in the fully swollen 

double-network hydrogel. For example, for 0.1% MBAAc , fPAMPS is 1.14%,  and fPAAm  is 

9.7%. For 0.001% MBAAc , fPAMPS  is 0.9% and fPAAm  is 11.8%. 

 

4.2 Fracture toughness  

We use the pure shear test to measure the fracture toughness of the prepared 

double-network hydrogels [25]. This method requires two sets of samples with identical 

size and mechanical properties. One set of samples are precut with a crack, the other set 

of samples are without a crack (Fig. 4a, 4b). The uncut samples were prepared as a 

rectangle sheet (10mm × 50mm). The thickness of the hydrogels with =0.1%MBAAc  is 

1.43mm. The thickness of the hydrogels with the other four chain lengths is 

1.52 0.02mm . The cut samples were prepared with the same geometry but with a 

middle crack of 20mm cut by a razor blade. Both the cut and uncut samples were fixed to 

rigid grippers of the tensile tester with a 500N load cell. The rate of the applied 

monotonic stretch was set as 30mm/min. The initial height of each sample is denoted as 

H, and the height in the deformed state changes to H  , where   is the vertical stretch 

applied to the sample. The horizontal displacement is fixed. The stress-stretch curves of 

the uncut and cut samples with five different chain lengths are plotted in Fig. 4. For the 

cut samples, as the applied stretch increased, the crack gradually opened up and then 

started to advance at a critical stretch c .  

 The energy release rate G for the pure shear configuration is  

( )=G HW ,                                                              (2) 

where ( )W  is the free energy density of the uncut samples, calculated from the 
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integrated area below the stress-stretch curve. The fracture toughness G  is  

( )G = cHW .                                                             (3) 

For the hydrogels with each chain length, three groups of experiments were repeated to 

obtain the average value. When the chain length of PAAm network is very low 

= 500PAAmn , the measured toughness is 390 J/m2. When the chain length increases to 

5000, the measured toughness reaches 2550 J/m2. The increase of toughness from 390 

J/m2 to 2550 J/m2  due to the increase of the PAAm chain length has been studied before 

[21]. However, when the chain length further increases, the measured toughness almost 

does not change, 2599J/m2, 2691J/m2, and 2841J/m2. This is because the high 

toughness comes from the energy dissipation of the PAMPS network and the further 

increase of PAAm chain will not influence the dissipation process.  
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Fig. 4 (a) The uncut samples and (b) the cut samples of the PAAm-PAMPS hydrogel are 

subject to a monotonic stretch. (c)(e)(g)(i)(k) The stress-stretch curves of the uncut 

samples. (d)(f)(h)(j)(l) The stress-stretch curves of the cut samples. 
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4.3 Fatigue damage of uncut samples 

We next apply triangular cyclic loads to the uncut samples of the double-network 

hydrogel. The setup is the same as shown in Fig. 4. Following the previous study on 

fatigue of hydrogels [6-7, 22-23], we set the applied minimum stretch min as 1 and vary 

the maximum stretch max . The hydrogel with =0.1%MBAAc  is brittle and its rupture 

stretch is about 2.2 (Fig. 4k). The loading rate for the samples of = 0.1%MBAAc was set as 

1mm/s. The loading rate for the other four kinds of hydrogel samples was set as 3mm/s. 

To reduce the dehydration during the test, we placed the sample in a sealed acrylic 

chamber and sprayed droplets of water onto it. We measured the mass of samples before 

and after the fatigue test. The difference is less than 5%. 

Fig. 5 (a)(c)(e)(g)(i) show the stress-stretch curves under cyclic loads for the five 

kinds of samples. The hydrogels with =0.1%MBAAc  show a very small hysteresis. The 

other hydrogels show a significant hysteresis in the first cycle and almost reach a steady 

state after 2000 cycles. The large hysteresis is due to the partial fracture of the PAMPS 

network. When the hysteresis is small, the material behaves elastically and the energy 

release rate represents the comprehensive load to advance the crack. We use the data at 

the 2000th cycle to calculate the energy release rate. In each experiment, the residual 

stretch was observed. In Fig. 5 we only show the curves at a given max , the stress-stretch 

curves for each kind of samples with different applied max  are shown in the Fig. 6-10. 
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Fig. 5 (a)(c)(e)(g)(i) Stress-stretch curves of the five kinds of hydrogel samples with 

different PAAm chain lengths under prolonged cyclic loads.  (b)(d)(f)(h)(j) The data 

points on the G-dc/dN plane of the five kinds of hydrogel samples are linearly 

extrapolated to obtain the fatigue threshold. The hydrogel with a longer PAAm chain has 

a higher fatigue threshold. 
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Fig. 6 Stress-stretch curves of the hydrogel samples under prolonged cyclic loads with  

=0.001%MBAAc  

 

Fig. 7 Stress-stretch curves of the hydrogel samples under prolonged cyclic loads with 

= 0.0018%MBAAc  Acc
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Fig. 8 Stress-stretch curves of the hydrogel samples under prolonged cyclic loads with  

= 0.0036%MBAAc  

 

Fig. 9 Stress-stretch curves of the hydrogel samples under prolonged cyclic loads with 

=0.01%MBAAc  
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 Fig. 10 Stress-stretch curves of the hydrogel samples under prolonged cyclic loads with 

= 0.1%MBAAc  

 

4.4 Fatigue fracture of cut samples 

The same cyclic loading profile as above was applied to the cut samples. A video 

camera (Nikon 5200) was used to record the extension of crack. The extension of crack 

as a function of the number of cycles is given in Fig. 11. When the applied maximum 

stretch was close to the critical stretch of the cut sample, the crack grew rapidly in the 

first cycle. After that the crack extension rate was much lower and gradually reached a 

steady state. When the applied maximum stretch was below the critical stretch of the cut 

sample, the difference of extension rate between the first cycle and the subsequent cycles 

was small. In most cases, after 2000 cycles of loading, the crack extension rate was 

approximately linearly related to the number of cycles. The total number of cycles of 

different samples range from 4000 to 10000. The resolution of imaging process to detect 

the crack growth is 10-4 m. As a result, the minimum length of crack extension per cycle 

that we can observe is on the order of 10-7 m. When the applied energy release rate is 

higher, the crack extends faster. The extension of crack per cycle of the five kinds of 

hydrogel samples is plotted as a function of the applied energy release rate in Fig. 5 
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(b)(d)(f)(h)(j). This G-dc/dN plot was first used by Thomas in 1958 to describe the 

fatigue fracture of elastomers [26]. 

 

 

Fig. 11 Extension of crack of the cut samples as a function of the number of cycles under 

cyclic loads. 

 

5 Results and discussions 

We linearly extrapolate the data points on the G-dc/dN plane and take the 

intercept on the G axis as the threshold of fatigue fracture G0 . The threshold is 266.2 

J/m2 for the double-network hydrogel with =0.001%MBAAc , 223.8J/m2  for 

=0.0018%MBAAc , 155.4 J/m2 for =0.0036%MBAAc , 114.2J/m2 for =0.01%MBAAc  and 

40.6J/m2 for =0.1%MBAAc . We plot the fatigue threshold as a function of the chain 

length of the PAAm network in Fig. 12. This result agrees with the theoretical prediction 

Eq. (1) by the Lake-Thomas model remarkably well. The best fitting gives the constant 

= 1.28C . 
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Fig. 12 The chain length dependence of the fatigue threshold of the PAAm-PAMPS 

double-network hydrogel. The fatigue threshold is proportional to the 1/2 power of the 

PAAm chain length, as predicted by the Lake-Thomas model. 

 

 We further examine the equation f f a= 1/3 2/3
0 /C lJ V . The volume fraction of the 

PAAm network fPAAm  for the five kinds of hydrogel samples was measured using the 

drying method described above. The volume fraction in the as-prepared state 0
PAAmf  was 

not measured in our experiment. We roughly estimate this value as follows. For all the 

five kinds of samples, the thickness in the fully-swollen state is about 1.5 times the 

thickness in the as-prepared state. The volume change is about 1.53=3.375, so that 

0 3.375PAAm PAAmf f= . The density of acrylamide  is 1.322g/cm3. The molecular weight of 

acrylamide M is 71.08g/mole. The number of bonds per unit volume of the dry polymer 

can be estimated by the number of monomers per unit volume of the dry polymer as 

 -= =  28 31.12 10
A

b m
M

, where A is the Avogadro number. The length of a monomer is 

-= =1/3 0.446l b nm . The energy of a C-C bond U is - 193.3 10 J . The bond energy per unit 

volume is = =  9 3/ 3.696 10 /J V bU J m . Inserting these numbers into the equation with 
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= 1.28C , we obtain the pre-factora to range from 5.3 to 4.4 for the five kinds of samples 

with fPAAm  ranging from 9.7% to 11.8%. 

Fig. 2 shows that the stiffness of PAAm-PAMPS double-network hydrogels depends 

on the chain length of the PAMPS network ~ 1 / PAMPSE n . Fig. 12 shows that the threshold 

depends on the chain length of the PAAm network 1/2
0 ~ PAAmnG . These two important 

indexes for engineering applications, E and 0G , are controlled by two independent 

material parameters PAMPSn  and PAAmn . We plot the data of stiffness and threshold for 

the five kinds of hydrogels in this paper as well as the data in our previous paper in the 

stiffness-threshold diagram (Fig. 13). Compared to the single-network hydrogels at the 

bottom left region, both stiffness and threshold are significantly improved for double-

network hydrogels.  

If the chain length of the PAMPS network is made shorter, the stiffness of the 

double-network hydrogel will increase further. However, shorter PAMPS chains will lead 

to smaller ultimate fracture strains [4]. If the chain length of the PAAm network is made 

longer, the threshold will increase further in principle. In the specific synthesizing 

procedure used in this paper, there were always some unreacted crosslinkers when we 

synthesized the first PAMPS network. Therefore, even we do not add any crosslinker in 

the second step for the second PAAm network, the double-network hydrogel can still be 

synthesized [27]. In fact, we have tried this way and repeated all the fracture and fatigue 

measurements. We find that the threshold can reach 298 J/m2 when MBAAc  in the second 

step is “zero”. This threshold is higher than all other hydrogels tested in this work. 
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Fig. 13 The stiffness-threshold conflict is resolved in double-network hydrogels. The 

experimental data of double-network hydrogels show both high stiffness and high 

threshold. 

 

6 Concluding remarks 

 Stiffness-threshold conflict exists for single-network elastomers and single-

network hydrogels. We show that this conflict can be resolved for double-network 

materials. We prepared PAAm-PAMPS hydrogels with five different kinds of chain 

length of the PAAm network. We measured the fatigue damage of the uncut samples and 

the fatigue fracture of the cut samples under cyclic loads. We demonstrate that the 

stiffness of PAAm-PAMPS double-network hydrogels depends on the chain length of the 

PAMPS network as ~ 1 / PAMPSE n  and the threshold depends on the chain length of the 

PAAm network as 1/2
0 ~ PAAmnG , as predicted by the Lake-Thomas model. The conflict is 

resolved by separately controlling the chain lengths of the two networks. In designing 

specific structures in applications, different combinations of material properties such as 

stiffness, strength, fracture strain, fracture toughness and fatigue threshold are desired. 

Tremendous attentions have been paid on the fracture toughness on double-network 
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hydrogels. We now explore another interesting feature of double-network hydrogels, 

which can serve as a general principle to design hydrogels and elastomers with both high 

stiffness and high threshold. 
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