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ARTICLE INFO ABSTRACT

Keywords: Rupture of emerging tough hydrogels has received much attention in recent years. It is a
Hydrogel fundamental question what length of initial flaws can significantly affect the rupture of a tough
Fatigue

Endurance
Flaw-sensitivity length

hydrogel. Here we study the rupture of a tough hydrogel, using samples with and without initial
cuts, under monotonic and cyclic loads. We prepare six samples under the same conditions, either
without initial cut, or with initial cuts of the same length, and load them monotonically to inspect

the statistical variation of measured rupture stress, rupture stretch and work of rupture. We cycle
the six samples in parallel to the same amplitude of stretch and record the number of cycles to
rupture of each sample. The average number of cycles to rupture decreases with the amplitude of
stretch; and an endurance stretch exists, below which the samples can sustain indefinite number
of cycles without rupture. We find that when the initial cut is long, the endurance stretch de-
creases with the initial cut length. When the initial cut is short, the endurance stretch is insen-
sitive to the initial cut length. We interpret this finding by a material-specific length, the
endurance fractocohesive length. We compare the endurance fractocohesive lengths of the
hydrogel and other materials, including elastomers, plastics, metals, and ceramics. It is hoped that
similar experiments will be soon conducted for other hydrogels to guide their development.

1. Introduction

Since the 1960s, synthetic hydrogels have been developed in many fields of biointegration and bioinspiration (Fan and Gong,
2020). Examples include contact lenses (Calo and Khutoryanskiy, 2015; Wichterle, 1960), superabsorbent diapers (Masuda, 1994),
tissue engineering (Lee et al., 2017; Liu et al., 2017; Zhang and Khademhosseini, 2017), drug delivery (Culver et al., 2017; Li and
Mooney, 2016; Yuk et al., 2016), surgical adhesives (Li et al., 2017; Nam and Mooney, 2021; Yang et al., 2019b; Yuk et al., 2019b),
bioelectronics (Liu et al., 2019; Yang and Suo, 2018; Yuk et al., 2019a), hydrophilic coatings (Parada et al., 2020; Yao et al., 2019), and

soft robots (Yuk et al., 2017).

* Corresponding authors.
E-mail addresses: suo@seas.harvard.edu (Z. Suo), tongqginglu@mail.xjtu.edu.cn (T. Lu).

https://doi.org/10.1016/j.jmps.2021.104483

Received 7 February 2021; Received in revised form 4 May 2021; Accepted 4 May 2021
Available online 9 May 2021

0022-5096/© 2021 Elsevier Ltd. All rights reserved.


mailto:suo@seas.harvard.edu
mailto:tongqinglu@mail.xjtu.edu.cn
www.sciencedirect.com/science/journal/00225096
https://www.elsevier.com/locate/jmps
https://doi.org/10.1016/j.jmps.2021.104483
https://doi.org/10.1016/j.jmps.2021.104483
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmps.2021.104483&domain=pdf
https://doi.org/10.1016/j.jmps.2021.104483

Y. Zhou et al. Journal of the Mechanics and Physics of Solids 153 (2021) 104483

(a) t (b) t

| |

5 Toughness G,
= '
E 3 : :: Rupture stretch A,
O
e ' g
% 3
= &
o° Threshold G, Endurance stretch 1,

Energy release rate G Cycles to rupture N

Fig. 1. Two kinds of fatigue tests. (a) Introduce an initial cut in a sample, cyclically stretch the sample, calculate the amplitude of the energy release
rate, G, and record the cut growth per cycle, dc/dN. (b) Cyclically load a sample without initial cut to the amplitude of stretch, 4, and record the
number of cycles to rupture, N.

H

Fig. 2. The experimental setup for cyclic test. Six samples prepared under the same conditions are cycled in parallel, between two rigid grippers, to
a given amplitude of stretch. (a) Six samples without initial cuts. (b) Six samples with initial cuts of the same length.

In many applications, hydrogels are required to sustain cyclic stretch. An artificial heart valve needs to open and shut ~30 million
times a year (Butcher et al., 2011; Hasan et al., 2014). An artificial cartilage on the knee needs to sustain cyclic stress of amplitude
~2.5MPa (Yang et al., 2020). Hydrogel ionotronics, such as transparent loudspeakers, need to sustain high-frequency vibrations
(Keplinger et al., 2013). The stretchable ionic touchpads need to survive cyclic deformation (Kim et al., 2016). Hydrogels are prone to a
molecular disease: fatigue (Bai et al., 2019). Symptoms include change in properties (e.g., modulus and strength), as well as nucleation
and growth of cracks. Fatigue of a material is commonly characterized by tests of many types, two of which will be used in this paper.

One type of fatigue test, initially developed to characterize elastomers (Thomas, 1958) and metals (Paris et al., 1961), is conducted
as follows. Introduce a cut into a sample by scissors or a blade, cyclically stretch the sample, and record the cut growth per cycle as a
function of the amplitude of energy release rate (Fig. 1a). The amplitude of energy release rate is between two limits: toughness G., at
which the cut grows under monotonic stretch; and threshold Gy, at which the cut ceases to grow under cyclic stretch. According to this
test, a material is said to be susceptible to fatigue if G < G.. For example, natural rubber has toughness ~10,000 J /m? and threshold
~50 J/m? (Lake and Thomas, 1967). Since 2017, growth of cracks in hydrogels under cyclic stretch has been studied (Bai et al., 2018;
Baietal., 2017; Lin et al., 2019; Tang et al., 2017; Xiang et al., 2020; Zhang et al., 2018a; Zhang et al., 2018b; Zhang et al., 2018c; Zhou
et al., 2020). All hydrogels tested so far, ranging from highly elastic hydrogels to plastically deformable hydrogels, are susceptible to
fatigue crack growth.

A second type of fatigue test dates back at least to 1858 (Schiitz, 1996). Such a test cyclically loads a material without initial cut to
stretch of amplitude, A, and records the number of cycles to rupture, N. The data are plotted as a point in the 4 — N plane (Fig. 1b). Ata
given amplitude of stretch A, the number of cycles to rupture N often scatters widely from sample to sample. The average number of
cycles to rupture is a function of the amplitude of stretch. The amplitude of stretch is between two limits: the rupture stretch A, at
which the sample ruptures under monotonic stretch; and the endurance stretch A, at which the sample survives indefinite number of
cycles of stretch. According to this test, a material is said to be susceptible to fatigue if A, < .. Similar data are also commonly plotted
in the plane of amplitude of stress and the number of cycles to rupture. The data are commonly available for metals (Sharma et al.,
2020), ceramics (Masuda et al., 1990), elastomers (Abraham et al., 2013), and composites (Ansari et al., 2018). Such data have become
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Fig. 3. Schematic of the plane of the amplitude of stretch, 4, and the number of cycles to rupture, N. For each run of the test, six samples are
prepared either without initial cuts, or with initial cuts of the same length c. The six samples are cyclically stretched to the same amplitude, 1, and
record the number of cycles to rupture, N. Plot the data of each sample as a point in the 2 — N plane. The endurance stretch is a function of the initial
cut length, A(c).

available for a few hydrogels in recent years (Koshut et al., 2020a; Koshut et al., 2020b; Yang et al., 2020).

Here we study fatigue rupture of a tough hydrogel with and without initial cuts. To provide a basis for comparison, we first apply
monotonic loads to samples with and without initial cuts to measure stress-stretch curves, rupture stretch, rupture stress, and work of
rupture. We then apply cyclic loads to samples with and without initial cuts. To examine statistical variation, for each run of the test,
we prepare six samples under the same conditions, either without initial cuts, or with initial cuts of the same length. We load the six
samples in parallel, between two rigid grippers, to cyclic stretch of amplitude 4 (Fig. 2). For each sample, we plot the amplitude of
stretch, 4, and the number of cycles to rupture, N, as a point in the 4 — N plane (Fig. 3). For sample without initial cut, the average
number of cycles to rupture decreases with the amplitude of stretch, and an endurance stretch exists, 4., below which the samples can
sustain indefinite number of cycles without rupture. For samples of a given initial cut length c, the average number of cycles to rupture
also decreases with the amplitude of stretch. The endurance stretch of samples with initial cuts is a function of the initial cut length,
Ae(c) (Fig. 3). When the initial cut is long, the endurance stretch decreases with the initial cut length. When the initial cut is short, the
endurance stretch is insensitive to the initial cut length. We interpret this finding by a material-specific length, the endurance frac-
tocohesive length. We compare the endurance fractocohesive lengths of the hydrogel and other materials, including elastomers,
plastics, metals, and ceramics.

2. Sample preparation

We prepare a PAAm/PAMPS double-network hydrogel following the method of Gong et al. (2003). The substances are purchased
from Aladdin: 1-acrylanmido-2-methylpropanesulfonic acid (AMPS, monomer), acrylamide (AAm, monomer), N,N’ -methylenebis
(acrylamide) (MBAA, crosslinker) and 2-oxoglutaric acid (OA, initiator). We formulate an aqueous solution of 1M AMPS with 4 mol-%
MBAA and 0.1 mol-% OA relative to AMPS monomers. The solution is injected into a plastic mold covered with a pair of glass plates.
The size of the glass plate is 15 mmx15mm. The mold is placed in a glovebox filled with nitrogen. The oxygen in the glovebox is less
than 20ppm. In the glovebox, we place the mold under a 15 W and 365nm ultraviolet lamp for 8 h. A hard and brittle short-chain
network of PAMPS hydrogel is formed. We immerse the prepared PAMPS hydrogel in an aqueous solution of 4M AAm, 0.01 mol-%
MBAA and 0.01 mol-% OA relative to AAm for one day. After the immersion, the gel is sandwiched between two glass plates and placed
in the same reaction cell as that in the first step. The prepared gel is immersed in deionized water for one day to swell and to remove the
residual reactants. The hydrogel sample is prepared as a dumbbell-shaped sheet with the size of 17mmx4mmx1.5mm. We introduce
the initial cuts of length 65 & 10um by using a femtosecond laser (Libra-USP-HE, Coherent Inc., U.S.). To introduce larger cuts of length
0.4mm, 0.5mm and 1mm, we fabricate three custom-made metallic cutters. In the middle of the cutter, we make a line of metal as the
razor blade with the length 0.4mm, 0.5mm and 1mm. The hydrogel samples are prepared using the three cutters, and the measured
initial cut length is 400.5 + 6.9um, 504.8 &+ 12.1ym and 997.0 + 36.3um. The mean and variance are calculated from 6 samples of each
cut length.

3. Rupture under monotonic stretch
3.1. Statistics of samples under monotonic stretch

We monotonically stretch each sample with or without an initial cut. The stretch rate is 100 mm/min for all the tested samples. The
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Fig. 4. Samples without initial cuts and with initial cuts of various lengths under monotonic load. (a) Stress-stretch curves. (b) The plane of rupture
stretch 4. and the initial cut length c. In the A.-c plane, each data point corresponds to a sample with an initial cut, and each horizontal segment
corresponds to a sample without initial cut. (¢) The plane of rupture stress S. and the initial cut length c. (d) The plane of the work of rupture W, and
the initial cut length c. Also included is the prediction of linear elastic fracture mechanics. The corresponding horizontal line intersects with the
prediction at a length ~50um.

stretch 1 is defined by the deformed length of the sample divided by its undeformed length. The nominal stress S is defined by the force
divided by the cross-sectional area of the undeformed and uncut sample. For samples without initial cuts, these definitions are
commonly used. For samples with initial cuts, these definitions are adopted here as a convention. With this convention, the area under
a stress-stretch curve is the work done by the tensile tester on the sample divided by the volume of the sample. This statement is correct
for all samples, with or without initial cuts.

To inspect statistical variation from sample to sample, we test six samples without any initial cut. For visual clarity, we only plot a
representative stress-stretch curve of one of the six samples (Fig. 4a). This sample ruptures at stretch 1. = 9.59 and stress S, = 1.04MPa.
The area under the stress-stretch curve gives the work of rupture, W, =5.87 x 10°J /m®. For samples with initial cuts of each length, we
also test six samples, and plot a representative stress-stretch curve. For example, the sample with the initial cut length ¢ = 0.4mm
ruptures at stretch 4. =3.38, stress S, =0.61MPa, and work of rupture W, =9.2 x 10%J /m®. We will characterize statistics of all these
samples later.

Each sample with an initial cut gives a point in the plane of rupture stretch 1. and the initial cut length ¢ (Fig. 4b). Samples without
initial cuts may contain flaws of unknown lengths. A flaw on the order of 50pm would be easily visible in a microscope. Since we do not
observe such flaws, we take lengths of the flaws to be below 50um, and plot each sample without initial cut by a horizontal segment
terminated at 50um. The points and segments are also marked in the plane of rupture stress S, and initial cut length c (Fig. 4c), as well
as in the plane of the work of rupture W, and initial cut length ¢ (Fig. 4d).

We measure the scatter of each property by a dimensionless number, the coefficient of variation (CV), defined by the standard
deviation divided by the mean (Fig. 5). In addition to rupture stretch A, rupture stress S, and work of rupture W, we also include
stiffness M, defined by the slope of the stress-stretch curve at small stretch. The scatters are small (CV < 0.1) and comparable for all the
four properties, for samples with and without initial cuts.
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Fig. 5. Coefficients of variation of rupture stretch, rupture stress, work of rupture and stiffness for samples, with or without initial cuts, ruptured by
monotonic loads.

3.2. Toughness measured using samples with initial cuts

A sample with an initial cut is commonly analyzed using energy release rate G (Rivlin and Thomas, 1953). When the cut is much
smaller than the sample, a dimensional consideration dictates that the energy release rate, G, should take the form (Rivlin and Thomas,
1953):

G = kWe, (€9)]

where c is the length of the cut, W is the density of the elastic energy remote from the cut, and k is a dimensionless number calculated
by solving the boundary value problem of elasticity. Thus, k depends on the applied stretch 1, and may also depend on the dimen-
sionless elastic constants. For a material of linear elasticity, the stress is linear in stretch, S = E(1 — 1), where E is Young’s modulus.
The density of elastic energy is quadratic in stress, W = S?/2E. The dimensionless number k is 27 for a center-cracked sample and is
27(1.122)? for an edge-cracked sample (Tada et al., 2000). For a Gent material, the density of elastic energy is a nonlinear function of
stretch and stress, and k is a complicated function k(4,Jy;n ), where Jjiy, is the dimensionless parameter in the Gent model (Chen et al.,
2017; Greensmith, 1964). For the material studied in this paper, the PAAm-PAMPS double network hydrogel, the Gent model does not
fit the stress-stretch curve well so that the specific form of k is even more complicated. In the following, we simply use the prediction of
linear elasticity to qualitatively compare with the experiment.

When the sample ruptures, Eq. (1) relates the rupture stretch A, to the critical energy release rate, G.. When the length of the cut, c,
is large compared to a material-specific length, to be discussed below, G, is a material-specific constant, independent of the length of
the cut and the shape of the sample. This material-specific constant, G, is called the toughness. The toughness of this hydrogel has been
measured before, G, = 2550J/m? (Zhou et al., 2020). With the simplification of linear elasticity, along with the measured toughness,
G. = 2550J/m?, the equation G = kW is a straight line in the W, — c plane (Fig. 4d). This straight line roughly predicts our exper-
imental data of rupture of samples with initial cuts. The comparison is surprisingly good since we do not expect a quantitative
comparison between the prediction of linear elasticity with the experimental data. Rupture of a sample with an initial cut is caused by
the growth of the cut. According to Eq. (1), the rupture properties are predicted by the toughness G, and the elastic energy density
function W. Our data indicate that rupture properties scatter narrowly (Figs. 4, 5). Consequently, the toughness G, must also scatter
narrowly. This finding is consistent with the common practice that regards G, as a material constant.

3.3. Work of rupture measured using samples without initial cuts

Let us next focus on samples without initial cuts. The scatters of the rupture properties, A, S;, and W,, are comparable to the scatter
of small-stretch stiffness, M (Fig. 5). Our finding here for the tough hydrogel is comparable to that for a polyacrylamide hydrogel (Yang
et al., 2019a). This finding for the hydrogels, however, is in stark contrast with the experience with brittle solids, such as silica. For
silica, the scatter of rupture stress is enormous (Proctor et al., 1967), but the scatter of stiffness is small (Davidge and Evans, 1970). The
following story for silica has been told many times since the work of Griffith (1921). Rupture in silica is caused by stress concentration
at the tip of a cut-like flaw. Rupture stress scatters widely because rupture stress is set by the flaw of extreme size. The stiffness of silica
comes from small distortion of the election clouds of covalent bonds under stretch. Stiffness scatters narrowly because the stiffness is
set by the average behavior of all covalent bonds. For silica, stiffness is a material constant, but rupture stress is not. For the hydrogel,
however, our data show that the rupture properties scatter as narrowly as stiffness. For samples without initial cuts, all four quantities,
A, Se, W, and M, are material constants.
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3.4. Fractocohesive length

For samples without initial cuts (c = 0) and with initial cuts (¢ # 0), the work of rupture is a function, W,(c). In the W,-c plane, our
data scatter narrowly around the two straight lines (Fig. 4d). The horizontal line defines one material constant, W,(0), the work of
rupture measured using samples without initial cuts. The inclined line defines another material constant, G, the toughness measured
using samples with long initial cuts. When the initial cut is short, the condition for rupture is insensitive to the cut. That is, the rupture
properties 4., S and W, of a sample with a short initial cut are the same as those of a sample without initial cut (Fig. 4). When the initial
cut in a sample is long, the rupture properties are smaller than the values of a sample without initial cut. The transition takes place at a
cut length, which is called the flaw-sensitivity length, c.. This length is also called the “inherent flaw size” (Berry, 1961). The
flaw-sensitivity length can be determined by the two material constants, G. and W,(0) as

1 G.
~ k W.(0)

Ce 2)

The flaw-sensitivity length c. scales with the ratio G./W,(0), which is discussed below. For the hydrogel tested in this paper, the
work of rupture measured using samples without initial cuts is W,(0) = 5.9 x 106J /m?, and the toughness measured using samples
with long initial cuts is G, = 2550J/m?2. With the simplification of linear elasticity, k = 2z(1.122)?, the flaw-sensitivity length of the
hydrogel is estimated to be ¢, = 0.05mm.

The rupture of a material is now characterized with four material constants: rupture stretch A.(0), the rupture stress S.(0), and the
work of rupture W,(0) measured using a sample without initial cut, as well as the toughness G. measured using a sample with a long
initial cut. The ratio of two of these material constants, G./W,(0), defines yet another material constant, of dimension of length, called
the fractocohesive length (Chen et al., 2017; Yang et al., 2019a). The fractocohesive length of this hydrogel is G./W,(0) = 0.432 mm.

The ratio G./W,(0) has received little attention, but dates back to the early days of fracture mechanics (Thomas, 1955). Thomas
introduced incision of various tip diameters, d, in sheets of natural rubber, and measured the critical energy release rate, G.. He also
measured the work of rupture W, (0) of the natural rubber using a sample without initial cut. His data showed the approximate relation
G ~ W,(0)d. In his experiment, W,(0) is a material constant, but neither d nor G, is. Towards the end of his paper, Thomas noted the
following. In conventional measurement of toughness, where the incision (i.e., the cut) is made by a sharp blade, the measured G, is a
material constant, so that the ratio G./W,(0) is also a material constant. He further noted that this material constant G, /W,(0) is about
the same size as irregularities developed on the crack surface.

The relation G, ~ W,(0)d is linked to energy dissipation accompanying crack growth (Greensmith, 1960). As a cut grows in a
sample, energy dissipates in layers of the material above and below the cut plane. The energy dissipated per unit volume is taken to be
the same as the work of rupture measured using a sample without initial cut, W (0). In effect, Greensmith identified the length d as the
size of the fracture process zone. Let d be the total thickness of the dissipation layers, and B be the thickness of the sample. When the cut
grows by Ac, the energy dissipated is W.(0)dBAc. Consequently, the energy dissipated per unit area of the cut growth is W,(0)d, which
is Gc.

The fractocohesive length G. /W, (0) is determined by two independent measurements: the work of fracture, W,(0), measured by the
rupture of a sample without initial cut, and the toughness, G, measured by the rupture of a sample with a long initial cut. The
fractocohesive length is a material constant, so long as W,(0) and G. are material constants. Here we call a quantity a material constant
if the quantity scatters narrowly, which can be ascertained by running each test multiple times. For a given material, determining its
fractocohesive length experimentally may not be always easy. For a brittle material, such as silica, the fractocohesive length is ~ 1 nm,
which is too small for the resolution in which flaws are commonly observed. For a ductile material, such as a soft metal, the fracto-
cohesive length may go beyond 10 cm, which requires samples too large to be practical.

In the above, we have recalled that the fractocohesive length G./W,(0) scales other lengths, including the flaw-sensitivity length
(Chen et al., 2017), the irregularities on the crack surface (Thomas, 1955), and fracture process zone size (Greensmith, 1960).
Conceivably, the fractocohesive length G./W,(0) scales other lengths of interest. For example, two rubbery polymers can adhere when
their networks are in topological entanglement with glassy polymer particles, which are called molecular staples (Chen et al., 2019).
The stress concentration around the glassy particles do not lower adhesion if they are small compared to a material length, which
should scale with the fractocohesive length.

4. Rupture under cyclic stretch
4.1. Statistics of samples under cyclic stretch

We cyclically stretch each sample with or without initial cut. In each run of a test, six samples are cyclically stretched in parallel
between two rigid grippers (Fig. 2). To achieve strong bonding during the prolonged cyclic tests, we dip the ends of each sample for 3 s
in an aqueous solution Ca(HCO3), of ~pH 8. Then the ends of the samples are attached to aluminum alloy plates using cyanoacrylate
glue. We also use clips to bind the aluminum alloy plates to further secure the samples. The aluminum alloy plates are fixed to rigid
grippers of the tensile tester with a 500N load cell (SHIMADZU AGS-X). We apply a triangular cyclic stretch to the samples from the
minimum stretch 1 to a given amplitude of stretch A. The loading rate is 10 mm/s.

We run the test of six samples of PAAm-PAMPS hydrogel without initial cuts. The tensile tester records the maximum force applied
to the grippers cycle by cycle. The hydrogel has two interpenetrating networks: the PAAm network has long polymer chains, and the
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Fig. 6. Fatigue test of samples without initial cuts. In each run of the test, six samples are cyclically loaded in parallel with a stretch of amplitude, A.
(a) During the test, the force applied to the grippers is recorded. When one of the six samples ruptures, the force drops sharply, as indicated by a
vertical arrow, and the number of cycles is recorded. For this plot, the amplitude of stretch is A = 6. (b) In the A — N plane, a data point represents a
ruptured sample, and horizontal arrow represents a survived sample. Each run of the test terminates at 30,000 cycles. Also included in the 1 —N
plane are six samples ruptured by monotonic stretch.

PAMPS network has short chains. In the first cycle, the PAMPS network damages extensively, leading to a sharp drop in force. In the
subsequent cycles, the PAMPS network damages further, leading to gradual drop in force. When one of the six samples ruptures, the
force drops sharply. Consequently, the force-cycle curve gives the number of cycles at which each sample ruptures. For example, at the
amplitude of stretch 1 = 6, the force-cycle curve identifies the numbers of cycles to rupture of the six samples: 240, 544, 563, 733, 790,
and 1074 (Fig. 6a). These data correspond to six points in the plane of two axes: the amplitude of stretch and the number of cycles to
rupture, 1 — N (Fig. 6b).

If a run of the test still has one or more survival samples at 30,000 cycles, we terminate the test, and draw a horizontal arrow in the 4
—N plane. The number “30,000” is picked so that a run of test is finished in a reasonable amount of time. Each cycle takes about 10s,
and a run of test of 30,000 cycles takes about a few days. For a run of test at A = 4, four samples survive 30,000 cycles, and we plot an
arrow from the point 1 = 4 and N = 30,000. For arun of testat A = 3.2, all six samples survive, and we plot a horizontal arrow from the
point 4 = 3.2 and N = 30,000. The endurance stretch /. is taken to be the largest amplitude of stretch tested, in which all six samples
survive 30,000 cycles. The endurance stretch of the hydrogel without initial cuts is 4, = 3.2. Also included in the 2 —N plane are six
samples ruptured by monotonic stretch, represented by points at the rupture stretches 4. and N = 1.

Following the above procedure, we run tests using samples with initial cuts. Each run of the test cyclically loads six samples of
initial cuts of the same length c, to amplitude of stretch A, up to 30,000 cycles. Fig. 7(a) shows a representative curve of the recorded
force versus the number of cycles. For the samples with initial cuts, the crack grows steadily and a sharp load drop is observed when
one of the six samples ruptures. We run tests for samples with initial cuts of the four lengths: 65um, 0.4mm, 0.5mm, 1 mm (Fig. 7b-7e).
The endurance stretch is a function of the initial cut length, A.(c). Our tests determine the endurance stretches 2.8, 2.1, 1.9, and 1.5 for
the samples of four initial cut lengths.

For samples without initial cuts, endurance stretch 4, = 3.2 is plotted as a horizontal segment up to 50um in the 1.-c plane (Fig. 8a).
In the 30,000™ cycle, we plot the average stress of the six samples as a function of stretch (Fig. 8b). The stress-stretch curve exhibits a
large residual stretch due to damage (Zhang et al., 2018d; Zhou et al., 2020). At the endurance stretch, the corresponding average
stress is called the endurance stress S, which is plotted as a horizontal segment in the S.-c plane (Fig. 8c). The area under the
stress-stretch curve defines the endurance work W,, which is plotted as a horizontal segment in the W,-c plane (Fig. 8d).

For samples with initial cuts of an initial length c, the endurance stretch Z.(c) is plotted as a point in the .-c plane (Fig. 8a). In the
30,000th cycle, we plot the average stress of the six samples as a function of stretch (Fig. 8b). We plot the endurance stress as a point in
the S,-c plane (Fig. 8c), and the endurance work W, as a point in the W,-c plane (Fig. 8d).

The number of cycles to rupture scatters among the six samples in each run of the test (Fig. 9). Among the six samples in a run of the
test, the numbers of cycles to rupture easily differ by an order of magnitude. The large scatter is commonly observed in fatigue tests for
almost all materials. For each run of the test in which all six samples rupture before 30,000 cycles, define the coefficient of variation
(CV) of the number of cycles to rupture as the standard deviation divided by the mean. The scatter among the samples in each run of the
test is large (CV ~ 1). Furthermore, the scatter among the samples without initial cuts is comparable to the scatter among the samples
with initial cuts.
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Fig. 7. Fatigue test of samples with initial cuts. In each run of the test, six samples with initial cuts of the same length, c, are cyclically loaded in
parallel to a stretch of amplitude, A. (a) A representative curve of the recorded force versus the number of cycles. When one of the six samples
ruptures, the force drops sharply. For this plot, the initial cut of the samples is 0.4mm and the amplitude of stretch is 4 = 2.7. The 1 —N curves of
samples with initial cuts of different lengths (b) 65um. (c¢) 0.4mm. (d) 0.5mm. (e) 1 mm. Each run of the test terminates at 30,000 cycles.

4.2. Threshold measured using samples with initial cut

For samples with cuts of initial length c, Eq. (1) relates stretch to energy release rate. When the endurance limit is reached, Eq. (1)
relates the endurance work W, to the critical energy release rate, G;. When the length of the cut, c, is large compared to a material-
specific length, to be discussed below, Gy, is also a material-specific constant, independent of the length of the cut and the shape of the
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sample. This material-specific constant, G, is called the threshold. The threshold of this hydrogel has been measured before, G, =
114.2J/m? (Zhou et al., 2020). For a material of linear elasticity, along with the measured threshold, Gy = 114.2J/m?2, the equation
Gy, = kW,c is a straight line in the W, — ¢ plane (Fig. 8d). This straight line roughly predicts our experimental data of endurance work
of samples with initial cuts.

4.3. Endurance fractocohesive length

In the W,-c plane, the horizontal line corresponds to the endurance work W,(0) measured using samples without initial cuts. The
inclined line is approximately predicted by the LEFM using the threshed G measured using samples with long initial cuts. When the
initial cut is short, the condition for fatigue rupture is insensitive to the cut. That is, the endurance properties, 4., S., and W,, of a
sample with a short cut are the same as those of a sample without initial cut (Fig. 8). When the initial cut in a sample is long, the
endurance properties of the sample are smaller than the values of a sample without initial cut. The transition takes place at a cut length,
which is called the endurance flaw-sensitivity length, c.. The endurance flaw-sensitivity length can be determined by the two material
constants, Gy and W,(0) as

1 Gy
K W.(0)

c = 3

The endurance flaw-sensitivity length c, scales with the ratio Gy/W,(0). For the hydrogel tested in this paper, W,(0) = 1.02
%x10%] /m® and G = 114.2J/m?. We use linear elasticity to estimate ¢, = 0.116 ng("o) to be 0.13mm (Fig. 8d).

The endurance of a material is now characterized with four material constants: endurance stretch 4,(0), endurance stress S.(0), and
endurance work W,(0) measured using samples without initial cuts, as well as the threshold Gy measured using samples with long
initial cuts. The ratio of two of these material constants, Gy /W, (0), defines yet another material constant, of dimension of length,
called the endurance fractocohesive length. The endurance fractocohesive length of the hydrogel is Gy,/W,(0) = 1.1 mm.

5. Space of properties

For a material without initial cut, the ability to withstand monotonic load is characterized by strength S, and the elastic limit strain
.. For an elastic material like a ceramic and elastomer, the strength S is the rupture strength, and the elastic limit strain &, is the
rupture strain. For an inelastic material like a metal and plastic, the strength S, is taken as the yield strength, and the elastic limit strain
& is the strain corresponding to the stress S.. The ability to resist cyclic load is characterized by endurance stress S, and the corre-
sponding endurance strain ¢,. The determination of S, and ¢, is similar to that under monotonic load. The strain is related to stretch as ¢
=A-1.

The hydrogel used in this paper is a typically inelastic material: the stress-stretch curve has a clear plateau (Fig. 4a), accompanied
with the observation of necking in the tensile experiment, and a large hysteresis (Gong, 2010). The yield strength is S, = 0.5 MPa, and
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the elastic limit is ¢, = 2. The endurance stress is S, = 0.28 MPa, and the endurance strain is ¢, = 2.2.

Fig. 10 collects the data of elastomers, plastics, ceramics, metals in the S, — S, plane (Fleck et al., 1994). The ratio S, /S is often
used to evaluate the fatigue resistant property for materials without initial cut. The ratio is 1 for ceramics, about 0.5 for metals and
elastomers, and about 0.3 for polymers. For the PAAm/PAMPS hydrogel, the ratio S./S. = 0.56.

Fig. 11 plots the data of elastomers, plastics, ceramics, metals in the (&, &;) plane. For ceramics, the stress-strain relation is linear up
to rupture, and the elastic limit strain . is determined by the rupture stress S. by &, = S./E, where E is Young’s modulus. For metals
and plastics, the stress-strain relation is linear before yielding, and the elastic limit strain ¢, is determined by the yielding stress S. by &,
= S./E. The endurance strain ¢, is determined similarly. For elastomer, the elastic limit strain and endurance strain are read from the
stress-strain curve corresponding to the rupture stress and endurance stress from literature (Dizon et al., 1974; Gent and Tobias, 1982;
Greensmith, 1956; Greensmith et al., 1960; Gregg and Macey, 1973; Lake, 1966; Lake, 1972; Neogi et al., 1990; Rivlin and Thomas,
1953; Royo, 1992). The endurance strain is about 0.1-1 for elastomers, 10~ for plastics, 10~3 for metals and ceramics. The single point
for PAAm/PAMPS hydrogel has the elastic limit strain of 2 and the endurance strain of 2.2.

For materials under monotonic load, if the initial cut length is large, the ability to resist crack growth is characterized by toughness
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G.. If the initial cut length is small and the material is insensitive to the cut, the ability to resist rupture is characterized by the work of
rupture W, (0). Data of various materials have been plotted before in the plane of (G., W;(0)) (Chen et al., 2017). These two material
properties give the fractocohesive length G./W,(0).

For materials under cyclic load, if the initial cut length is large, the ability to resist crack growth is characterized by fatigue
threshold Gy,. If the initial crack length is small and the material is insensitive to the crack, the ability to resist fatigue rupture is
characterized by the endurance work W,(0). Fig. 12 collects the available data of elastomers, plastics, ceramics, metals (Fleck et al.,
1994) in the plane of threshold and endurance work (G, W, (0)). Fatigue threshold is often represented by the stress intensity factor Ky,
in the literature. For metals, ceramics and plastics, we use an approximation of linear elasticity to transfer Ky, to Gy, by Gy, = K2 /E.
We also transfer endurance stress S, to endurance work W, (0) by W,(0) = S.2 /2E. For elastomers, we directly report the measured Gy
and W,(0) in literature (Bhowmick et al., 1983; Dizon et al., 1974; Gent et al., 1964; Gent and Tobias, 1982; Lake, 1972; Lake and
Thomas, 1967; Lindley, 1964; Royo, 1992). The two material properties under cyclic loads G, and W,(0) give the endurance frac-
tocohesive length Gy /W, (0), which is indicated by the inclined dashed lines (Fig. 12). For example, ceramics have the endurance
fractocohesive length on the order of 10-*m, steel and the PAAm/PAMPS hydrogel have the endurance fractocohesive length on the
order of 10-3m.

6. Concluding remarks

We study rupture of a hydrogel, using samples with and without initial cuts, under monotonic and cyclic loads. To inspect statistical
variation of rupture, in each run of test, we prepare six samples under the same conditions, and load them in parallel between two rigid
grippers. Under monotonic loads, using samples without initial cuts (c = 0) and samples with initial cuts (¢ # 0),we measure the
rupture stretch A.(c), rupture stress S(c), and work of rupture W, (c). When the initial cut is short, the work of rupture is a material
constant, W,(0), insensitive to the length of the initial cut. When the initial cut is long, we have previous measured the toughness, G,
which is a material constant, insensitive to the length of the initial cut. The two material constants define the fractocohesive length, G,
/W,(0). The rupture properties A.(c), Sc(c), and W,(c) are sensitive to the length of initial cut when the cut length exceeds the flaw-
sensitivity length c., which scales with the fractocohesive length G./W,(0). Under cyclic loads, using samples with and without
initial cuts, we measure the endurance stretch 4.(c), endurance stress S, (c), and endurance work W, (c). When the initial cut is short, the
endurance work is a material constant, W, (0), insensitive to the length of the initial cut. When the initial cut is long, the threshold is a
material constant, Gy, insensitive to the length of the initial cut. The two material constants define the endurance fractocohesive
length, Gy, /W,(0). The endurance properties 4.(c), S.(c), and W,(c) are sensitive to the length of the initial cut when the initial cut
exceeds the endurance flaw-sensitivity length c,, which scales with Gy /W, (0). We compare the hydrogel and other materials in the
space of material properties.
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