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a b s t r a c t

It has been common to use brittle constituents to form tough composites. For example, ceramic fibers
and a ceramic matrix are brittle, but their composite can be tough, provided the matrix can slide
relative to the fibers. Here we study the effect of rate-dependent sliding on toughness. Consider a
crack through the matrix, with the fibers being intact and bridging the crack. The composite is subject
to a tensile load normal to the crack. Both the fibers and the matrix are elastic, and the sliding stress
between them is linear in their relative velocity. Far away from the crack, the matrix does not slide
relative to the fibers, and the deformation is elastic. Near the crack, the matrix slides relative to the
fibers, and the deformation is inelastic. When the rate of the applied load is low, the sliding stress
is low, so that tension in each fiber is distributed over a long length. Breaking the fiber dissipates
elastic energy over a long length of the fiber. This de-concentration of stress leads to high toughness.
When the rate of the applied load is high, the sliding stress is also high, so that tension in the fiber is
concentrated in a short length near the crack plane. This concentration of stress leads to low toughness.
We model this rate-sensitive toughness using a shear lag model. The strain in the fiber satisfies a
diffusion equation. When the composite is subjected to load at a constant strain rate, before the fiber
breaks, the sliding zone increases with time. We discuss stress de-concentration in various materials.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Brittle materials are all alike; every tough material is tough
n its own way. Nonetheless some toughening mechanisms are
ore generally applicable than others. Perhaps the most gen-
rally appreciated toughening mechanism is inelasticity [1,2].
xamples include metals, plastics, and viscoelastic elastomers.
his paper focuses on another general toughening mechanism,
hich is exemplified by a ceramic matrix composite. Ceramics
re brittle, but a composite made of two ceramics can be tough
3]. Consider a composite made of a ceramic matrix and long,
nidirectional ceramic fibers (Fig. 1). Both the matrix and fibers
bey linear elasticity and have comparable elastic moduli. The
atrix has large flaws, but the fibers have small diameters and

herefore small flaws. Because of the large difference in flaw size,
he matrix has low strength, and the fibers have high strength
4]. When the composite is subject to a tensile load, a crack may
un through the matrix, but the fibers are intact. The interface
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between the matrix and the fibers is weak, so that the matrix
debonds from the fibers and slides relative to the fibers. The
sliding stress between the matrix and fibers is much smaller than
the strength of the fibers, so that the length of the sliding zone
is much larger than the radius of the fibers. Remote from the
crack, the matrix and fibers remain bonded and deform by a
homogeneous elastic strain. At the crack, the matrix is traction-
free, and the fibers carry the entire load. As the distance along
the fibers increases from the crack, the tensile stress in the fibers
gradually and partially transfers to the matrix. This process of
transferring tension by shear is called shear lag [5]. Unlike a
crack in a homogeneous ceramic, the crack in the matrix does
not concentrate stress to the atomic scale. Rather, the stress
distributes along the fiber to a length much larger than the radius
of the fiber. Breaking a single fiber releases elastic energy in a long
segment of the fiber. This de-concentration of stress toughens
the ceramic matrix composite. The lower the sliding stress, the
longer the segment over which the elastic energy is stored, and
the tougher the composite [6–8], (Marshall et al. 1985). Although
the matrix is often necessary to hold the fibers together, if the
matrix were not present, stress would deconcentrate along the

entire length of the fibers, and the toughness would be enormous.
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Fig. 1. A schematic of a composite in which a crack runs in the matrix, but the fibers are intact and bridge the crack. The fibers and the matrix are elastic. When
the composite is subject to a time-dependent tensile load, the strain field far from the crack is time-dependent and homogeneous ε∞ (t), and there is no relative
sliding between the matrix and the fiber. Near the crack, the fibers slide relative to the matrix. The length of the sliding zone increases with time. Breaking a fiber
releases elastic energy stored in a long length of the fiber.
For example, glass is brittle, but a fabric of glass fibers is tough,
in the absence of a polymer matrix.

The same mechanism operates in several classes of materials.
In a fabric, the sliding stress between the fibers is much smaller
than the strength of the fibers. Before a fiber breaks, the tension is
distributed over a long length of the fiber. When the fiber breaks,
the elastic energy in the long length of the fiber is released,
amplifying toughness [9]. In a polymer network of a gel or an
elastomer, the bonds in a polymer chain are covalent and strong,
but the interactions between polymer chains are noncovalent and
weak. Before a polymer chain breaks, the tension is distributed
over a long length of the polymer chain. When the polymer chain
breaks, the elastic energy in the long length of the polymer chain
is released, amplifying toughness [10].

Whereas the weak interfacial interactions are known to
toughen many classes of materials, their rate sensitivity on tough-
ness is not well understood. The sliding stress can be rate-
dependent [11–14]. Following [15,16], we formulate a shear lag
model in which the sliding stress is linear in the sliding velocity
(Section 2). We then use this model to analyze the effect of
rate-dependent sliding on toughness. When the sliding stress
increases with loading rate, the length over which stress de-
concentrates shortens, and the material embrittles. To analyze the
rate-embrittling effect in some detail, we focus on ceramic matrix
composites. The strain in a fiber satisfies a diffusion equation.
We apply the model to a composite subject to remote tension
at a constant strain rate ε̇∞ (Section 3). A self-similar solution
exists, in which the length of the sliding zone is proportional to
the square root of time. This model predicts that the toughness
scales with the strain rate as Gc ∼ ε̇

−1/2
∞ (Section 4). We discuss

further stress de-concentration in various materials (Section 5).

2. Diffusive shear lag

Consider a unidirectional composite, in which fibers are peri-
odically embedded in a matrix. In a cross section of the composite,
we mark a unit cell for analysis (Fig. 2a). The cross section of a

fiber is circular, radius R. Let c be the ratio of the volume of fibers

2

to that of the composite. In the cross section of the unidirectional
composite, c is also the area fraction of the fibers in the cross
section of the composite. Let z be the distance along the fibers
from the plane of the crack in the matrix (Fig. 1). Remote from the
crack and in the direction of the fibers, the composite is subject to
a homogeneous, time-dependent strain ε∞ (t). Near the crack, the
matrix slides relative to the fibers, so that the strains in the fibers
and matrix are different and vary along z, εf (z, t) and εm (z, t).
The strains are related to the displacements in the fibers and
matrix, uf (z, t) and um(z, t), as usual

εf =
∂uf (z, t)

∂z
, εm =

∂um (z, t)
∂z

. (1)

The stresses in the fibers and matrix are also different and vary
along z, σf (z, t) and σm (z, t). Let τ (z, t) be the sliding stress
between the matrix and fiber. The balance of forces on an in-
finitesimal section of a fiber requires that (Fig. 2b)
∂σf (z, t)

∂z
= −

2
R
τ . (2)

Define the average stress remote from the crack by σ∞ (t) =

cσf (∞, t) + (1 − c) σm (∞, t). The balance of forces on a section
of the composite starting at position z and extending to the far
field gives that (Fig. 2c)

σ∞ (t) = cσf (z, t) + (1 − c) σm (z, t) . (3)

Similarly, the balance of forces on a section of the composite
starting at the crack plane and extending to the far field gives
that (Fig. 2d)

σ∞ (t) = cσf (0, t) . (4)

The fiber and matrix are linearly elastic:

σf = Ef εf , σm = Emεm, (5)

where Ef and Em are Young’s moduli of the fiber and matrix. Far
from the crack, the composite is subject to a time-dependent load,
represented by a homogeneous tensile strain field, εf (∞, t) =

ε ∞, t = ε t . The stress field is inhomogeneous because
m ( ) ∞ ( )
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Fig. 2. A model of diffusive shear lag. (a) Marked in a cross section of the composite is a unit cell for analysis. (b) A free-body diagram of an infinitesimal section
of the fiber of length dz. (c) A segment of the unit cell extending from an arbitrary position z to the far field. (d) A segment of the unit cell extending from the
rack plane to the far field.
he matrix and the fiber have different moduli, so that
f (∞, t) = Ef ε∞ (t) and σm (∞, t) = Emε∞ (t). Thus,

σ∞ (t) = Elε∞ (t), where the effective modulus of the composite
in the longitudinal direction is

El = cEf + (1 − c) Em. (6)

Note that El is also called the iso-strain effective modulus.
The shear stress τ is taken to be linear in the velocity of the

matrix relative to the fiber:

τ = ξ
∂
(
um − uf

)
∂t

, (7)

where ξ is the viscous sliding coefficient. We neglect Poisson’s ef-
fect and assume that the matrix and fiber remain in contact with
the constant viscous sliding coefficient throughout the sliding. A
combination of the above equations gives that

∂
(
εf − ε∞

)
∂t

= D
∂2
(
εf − ε∞

)
∂z2

, (8)

where

D =
REt
2cξ

, (9)

and
1
Et

=
1
cEf

+
1

(1 − c) Em
. (10)

q. (8) takes the form of a partial differential equation for one-
imensional diffusion, where D is the effective diffusivity. In
he expression of D is the transverse equivalent modulus of the
3

composite, Et , defined by Eq. (10). Note that Et takes the form of
the effective stiffness of springs in series (i.e., iso-stress equiva-
lent modulus). In shear lag, the tensile stress is transferred from
the fiber to the matrix through the sliding stress. It is perhaps
unsurprising that the iso-stress equivalent modulus appears in
Eq. (9).

3. A composite subject to a constant strain rate

We solve the partial differential Eq. (8) under the following
initial and boundary conditions. Before the far field strain is
applied, the strain in the entire fiber is zero, εf (z, 0) = 0.
Starting at time zero, the composite is subject to a homogeneous
strain field, far from the crack, of constant rate ε̇∞, so that
εf (∞, t) = ε̇∞t . On the crack plane, the balance of forces Eq. (4)
gives that εf (0, t) = Elε̇∞t/cEf . To remove time dependence from
the boundary conditions, differentiate Eq. (8) and the boundary
conditions with respect to time and formulate a boundary value
problem for ε̇f − ε̇∞. Thus, we can write the following initial
condition:

ε̇f (z, 0) − ε̇∞ = 0. (11)

Next, consider the boundary conditions of the composite. At z =

∞, there is no relative motion between the matrix and the fiber.
Therefore, the strain rate in the fiber is the same as that applied
in the far field:

ε̇f (∞, t) − ε̇∞ = 0. (12)

Since z = 0 represents the crack surface, the matrix it is stress
free σ z = 0, t = 0; therefore ε̇ z = 0, t can be obtained
m ( ) f ( )
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Fig. 3. Normalized strain rate as a function of the similarity variable.

rom Eq. (4)

˙f (0, t) − ε̇∞ =
(1 − c) Em

cEf
ε̇∞. (13)

Eqs. (8) and (11)–(13) represent a classical diffusion boundary
alue problem for ε̇f (z, t) − ε̇∞, for which a solution is obtained
y introducing the following similarity variable:

=
z

√
4Dt

, (14)

which transforms Eq. (8) into an ordinary differential equation.
The solution is,

ε̇f (z, t) − ε̇∞ =
(1 − c) Em

cEf
ε̇∞ (1 − erf η) . (15)

The normalized result of Eq. (15) is shown in Fig. 3. At η = 0,
which represents z = 0 or t = ∞, the value of the function
is 1. The function is monotonically decreasing and vanishes as
η → ∞, which represents z → ∞ or t = 0.

Integrating Eq. (15) with respect to time and noting that
εf (z, t = 0) = 0 gives

εf (z, t) =
(1 − c) Em

cEf
ε̇∞t

((
1 + 2η2) (1 − erf η) − 2η

e−η2

√
π

)
+ ε̇∞t. (16)

The strain in the fiber is plotted against the normalized position
(z/R) for a fixed strain rate (Fig. 4a). The strain profiles evolve
with time. Initially there is no strain in the fiber. As time pro-
gresses not only does ε∞ increase, but a strain-concentration
forms at z = 0 and expands along the length of the fiber.
Eq. (16) also illustrates how larger strain rates can concentrate
strain within the fiber (Fig. 4b). All of the curves have the far field
strain ε∞ = ε̇∞t held constant.

Using Eq. (14), we find that sliding takes place in a zone of
length scaling as l ∼

√
4Dt . As time progresses the length of

the sliding zone increases. Assume that the fiber breaks when a
specified strain, εb, is reached. The maximum strain in the fiber
occurs at z = 0. We can determine the far field strain at which
failure occurs using Eq. (4) and obtain

tb =
cEf εb

. (17)

Elε̇∞

4

Fig. 4. (a) The distribution of strain in the fiber at several times. As time
advances, the far field strain increases and the strain becomes concentrated near
the crack tip. The concentrated region propagates farther along the fiber as time
advances. Here the normalized strain rate is held fixed 2cRξ ˙ε∞/Et = 0.01. (b)
he strain in the fiber vs the normalized position for a fixed far field strain ε∞ .
he lower asymptote of the vertical axis represents ε∞ . Each curve represents a
ifferent normalized far field strain rate. For all curves c = 0.1 and Ef /Em = 1.

iven this time scale, we can scale the length of the slip zone at
reak lb ∼

√
4Dtb , which after substitution and simplification

gives:

lb ∼

√
2REf Etεb
Elξ ε̇∞

. (18)

4. Rate-sensitive toughness and fracture cohesive length

We define the crack bridging model in the following context.
The background material is an elastic composite in which fibers
do not slide relative to the matrix. Relative to the background
material there is excess displacement due to the sliding between
fibers and the matrix. Following [17], we define the crack opening
displacement as the excess displacement relative to the elastic
displacement of a composite where the matrix and the fiber are
perfectly bonded and have homogeneous strain:

δ (t) = lim 2
(
uf (z, t) − ε∞ (t) z

)
. (19)
z→∞
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e obtain uf (z, t) using the solution in Section 3 and the bound-
ry condition uf (z = 0, t) = 0. The crack opening displacement
ncreases with time as

(t) = R
8 (1 − c) Em
3
√

πcEf

√
Et

2cξ ε̇∞R
(ε̇∞t)

3
2 . (20)

n the crack bridging model, the stress in the composite far away
rom the crack plane defines the traction, σ∞ = Elε∞. Eq. (20)
hows that the traction–separation relation scales as δ ∼ σ

3/2
∞ .

e plot the normalized traction–separation curves for various
on-dimensional strain rates (Fig. 5). For higher strain rates, the
raction rises more quickly with the crack opening. Let us specify
breaking strain for the fiber, εb. The far field strain at failure

s (ε∞)b = cεb, corresponding to a horizontal line in Fig. 5. The
area under the traction–separation curves, up to the breaking
traction, is the excess work done by the far field stress due to
the sliding between the matrix and the fiber. This excess work is
the toughness of the composite:

Gc =

∫ δb=δ(tb)

0
σ∞dδ, (21)

where δb is the crack opening when the fiber breaks. From Fig. 5
we see that for a given breaking strain, εb, a higher applied strain
rate will result in a less area under the traction–separation curve
and a lower toughness. The integration gives that

Gc =
8Et
5

√
REf Et

2πElξ ε̇∞

ε
5/2
b . (22)

ote that Gc ∼ ˙ε∞
−0.5 and Gc ∼ ξ−0.5. For a constant El smaller

values of c and Em/Ef would produce the highest values of Gc .
Introducing the slip length Eq. (18) into Eq. (22) and dropping all
constants we get the following scaling relationship

Gc ∼ lbEtε2
b . (23)

Note that Etε2
b has the dimensions of strain energy density so Gc

scales with the product of the strain energy density and the slip
length. In the Appendix we derive the contributions to Gc from
sliding dissipation and the release of stored elastic energy. These
components are found to have about the same magnitude.

5. Stress de-concentration in various materials

Toughness is measured using a material containing a precut
crack. Imagine a composite containing a precut crack through
both the matrix and the fibers. To simplify the discussion, as-
sume that the matrix and fibers have an identical modulus. First
consider the case where the matrix and the fibers are perfectly
bonded and do not slide relative to each other. Consequently,
the composite is indistinguishable from a homogeneous, elastic
material. When the material is stretched, the stress at the crack
tip concentrates all the way to the atomic scale [4]. For this ho-
mogeneous elastic material, the toughness is the covalent energy
of a single layer of atomic bonds, Gc ∼ bJ/V , where b is the size
of an atom, J is the energy to rupture an atomic bond, and V is
the volume per bond.

It is the stress concentration that makes a homogeneous elas-
tic material brittle. Many synthetic and natural materials acquire
high toughness through mechanisms of stress de-concentration.
In what follows we recall several examples. In all these examples
rate sensitivity can be important, but to simply the description
we do not discuss rate effects.

In the body of this paper, we assume that the matrix slides
relative to the fibers. Consider a fiber at the crack tip. Before the
fiber breaks, the high stress is distributed over a long length in
5

Fig. 5. Dimensionless traction displacement curves for various values of applied
normalized strain rate (2cξ ˙ε∞R/Et ). The upper limit of the stress axis represents
he point at which the fiber breaks. The area enclosed by this curve is
epresentative of the fracture toughness. Hence as the far field strain rate is
ncreased the stress rises more quickly and the results in lower fracture energy.
he breaking strain (ε∞)b corresponds to a horizontal line.

he fiber, comparable to the sliding zone length. Consequently,
he toughness scales as Gc ∼ lbWb, where lb is the sliding zone
ength, and Wb is the elastic energy per unit volume in the fiber
t breaking. Thin fibers approach the theoretical strength of a
aterial, so that Wb is comparable to J/V. However, lb is enormous
ompared with b. In the composite, the relative sliding between
he fibers and the matrix de-concentrates stress. It is this stress
e-concentration that amplifies toughness. It is well-known that
he fiber/matrix interfaces in a ceramic matrix composite can
ecome viscous at high temperatures [11–13]. However, we have
ot seen the measurement of toughness of such composites as a
unction of rates. We have recently observed the key attributes
escribed in this paper in a hydrogel. The stress–strain curves
f the hydrogel are rate insensitive, but the toughness of the
ydrogel decreases as the rate increases. We will report this
xperimental observation in a separate paper.
Stress-deconcentration also occurs in elastomers and gels.

uch a material has a network of polymer chains. The bonds
long each chain are covalent and strong, while the interactions
etween chains are noncovalent and weak. The toughness of
he network is understood in terms of the Lake–Thomas model
10]. Consider a polymer chain at the crack tip. Before the chain
reaks, the weak interchain interactions enable the chain to slide
elative to other chains, so that high stress is distributed along
he entire length of the chain. Consequently, the toughness is
he covalent energy per unit area of a layer of polymer chains,
c ∼ lc J/V . Here lc = b

√
m is the end-to-end distance of the

polymer chain, where b is the length of a monomer, and m is the
number of monomers per chain. The weak interchain interactions
de-concentrates stress over the length of the polymer chain and
toughens the network.

In this paper, we have focused on a specific toughening mech-
anism. However, polymeric materials are known to have many
other toughening mechanisms as illustrated in the following ex-
amples. Viscoelasticity will cause a dissipation zone in the bulk
material around the crack tip and toughens the material [18]. In
rubbery un-crosslinked polymers, the chains can pull out without
breaking, which gives a different rate dependence of toughness
[19]. In some glassy polymers, the interchain interactions are
significant compared to the forces along chain, so that the chains
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a
s
a
b
s
f
h
s
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t
a
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m
m

reak before the stress is de-concentrated along long length [20].
n many elastomers and hydrogels, stochasticity of polymer net-
orks causes chains to rupture away from the crack tip [21]. In a
ouble-network elastomer and hydrogel, the short-chain network
uptures first away from the crack and the long-chain network
emains intact [22,23]. The diversity of toughening mechanisms
n polymeric materials causes various responses of toughness to
train rate. Within the model that couples bridging and back-
round dissipation, one may regard our mechanism as crack
ridging. Recall that a small change in bridging can be greatly
mplified by background dissipation [24]. However, a study of
ow these mechanisms couple in polymeric materials is beyond
he scope of this paper.

The same stress de-concentration also applies in a lattice
aterial. In a lattice, the only interactions between members are
t joints. If the joints are pinned, as in a truss, then each mem-
er can carry only tensile or compressive forces, and the entire
ember has a constant stress along its length. Consequently, the

oughness of lattice scales with the breaking energy of a layer of
embers per unit area [25].
Stress can also be de-concentrated in composites with strong

nterfacial bonding but with a large difference in the elastic mod-
li of the fibers and the matrix. For instance, in a polymer matrix
omposite, fibers (e.g., carbon or glass) are much stiffer than
he matrix, and fibers and the matrix are well-bonded. Consider
fiber at the crack tip. When the composite is stretched, the

ompliant matrix shears easily, so that high stress is distributed
ver a long length of the fiber [5]. This stress de-concentration
oughens the composite [26].

The same principle has guided the recent development of com-
osites in which both matrix and fiber are stretchable [27,28]. In
uch a stretchable composite, the matrix and the fibers have high
ontrast in elastic moduli and are well-bonded. Consider a fiber at
he crack tip. The high contrast in elastic moduli de-concentrates
tress along the length of the fiber via matrix shearing. This
tress de-concentration toughens the composite. Furthermore, in
stretchable composite, the stiff phase need not be in the form
f fibers, but can be in any arrangement, such as a lattice [29].
The principle of stress concentration also applies to biologi-

al materials. For example, in nacre, mineral platelets and pro-
ein form a brick–mortar structure. Consider a mineral platelet
t a crack tip. When the nacre is stretched, the protein layer
hears substantially, and high tension is distributed over the
ntire length of the platelet [30,31]. This stress de-concentration
akes the nacre much tougher than the mineral. This principle
as been used to guide the recent development of nacre like
omposites [32,33].

. Conclusion

We studied the effect of loading rate on the toughness of
composite, in which the matrix slides relative to fibers. The

liding stress is taken to be linear in the sliding velocity. Consider
crack running through the matrix with all the fibers intact and
ridging the crack. When the composite is stretched, the matrix
lides relative to the fibers. The sliding stress transfers tension
rom the matrix to the fibers. When the sliding stress is low,
igh tension is distributed over a long length of the fibers. This
tress de-concentration toughens the composite. At higher load-
ng rates, sliding stress increases and retards the sliding between
he matrix and the fibers. The sliding zone becomes smaller
nd tension is disturbed over a short length. Consequently, high
oading rates embrittle the composite. We further discuss tough-
ning by stress de-concentration in several synthetic and natural
aterials. It is hoped that this paper will aid the design of tough
aterials.
6

Nomenclature

b Size of an atom or monomer
c Ratio of the volume of fibers to that of the

composite
D Effective diffusivity
δ (t) Crack opening displacement
Ef Young’s modulus of fiber
Em Young’s modulus of matrix
El Effective composite modulus in

longitudinal direction
Et Effective composite modulus in transverse

direction
εf (z, t) Strain in the fiber
εm (z, t) Strain in the matrix
ε̇∞ Far field strain rate
ε∞ (t) Far field strain
(ε∞)b Far field strain for fiber break
εb Strain at which fiber breaks
η Similarity variable
Gc Toughness
J Energy to rupture an atomic bond
l Scaling length of zone of sliding
lb Scaling length of zone of sliding at fiber

break
lc end-to-end distance of the polymer chain
m the number of monomers per chain
ξ Viscous friction coefficient
R Radius of fiber
σf Stress in fiber
σm Stress in matrix
σ∞ (t) Far field average stress
t time
tb Time at which fiber breaks
τ Shear stress between matrix and fiber
uf Fiber displacement
um Matrix displacement
V Volume of a bond
Wb elastic energy per unit volume in the fiber

at breaking
z Distance along the fibers from the plane of

the crack
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Appendix. Energy dissipation

Consider conservation of energy per unit area of the compos-
ite. The work applied, W, is either stored as elastic energy, U, or
dissipated as heat, Φ:

W = U + Φ. (A.1)

Note that W and U are infinite in our model, but Φ is finite. The
work is given by

W = 2
∫ u∞

σ∞du∞. (A.2)

0
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here u∞ is the far field displacement. That factor 2 accounts for
he contributions from both sides of the crack. The stored elastic
nergy consists of contributions from both the matrix and the
ibers:

= 2
∫

∞

0
cEf

ε2
f

2
+ (1 − c) Em

ε2
m

2
dz. (A.3)

he dissipation is the work done by the sliding stress τ , in the
ntire sliding zone:

=
4ξc
R

∫
∞

0

∫ tb

0
v2
r dtdz. (A.4)

Consider an ideal composite with no sliding, so that the defor-
ation in the matrix and the fibers is uniform. The elastic energy
tored in the composite is:

id = 2
∫

∞

0
El

ε2
∞

2
dz. (A.5)

he toughness is the work done to the composite in excess of the
nergy stored in the ideal composite, Gc = W − Uid. Thus:

c = U − Uid + Φ. (A.6)

ote that U and Uid are both infinite in our model, but their
difference is finite:

U − Uid = 2
∫

∞

0
cEf

(
ε2
f − ε2

∞

)
2

+ (1 − c) Em
ε2
m − ε2

∞

2
dz. (A.7)

Using Eqs. (A.4) and (A.7) we can evaluate the relative contri-
utions to G from dissipation and unrecoverable elastic energy.
e get U − Uid = 0.4477Gc , and Φ = 0.5523Gc . Note that these

esults are independent of c, Em, Ef , εb, and the nondimensional
train rate. This can be seen by substituting v2

r , ε
2
f , and ε2

m into
qs. (A.4), (A.7). After rearranging and grouping non-dimensional
ariables in Eqs. (A.4), (A.7) and Eq. (22) in the main text, we get

G
REt

=
8

5
√

π
ε
5/2
b

√
c

c + (1 − c) Em/Ef

√
Et

2cξ ε̇∞R
(A.8)

U − Uid

REt
= 32ε5/2

b

√
c

c + (1 − c) Em/Ef

√
Et

2cξ ε̇∞R

×

∫
∞

0

(
η2

2
(1 − erfη) +

1 − erfη
4

−
ηe−η2

2
√

π

)2

dη (A.9)

Φ

REt
= 32ε5/2

b

√
c

c + (1 − c) Em/Ef

√
Et

2cξ ε̇∞R

∫
∞

0

×

∫ 1

0

(
t
tb

)(
η (1 − erfη) −

e−η2

√
π

)2

d
(

t
tb

)
dη (A.10)

n each equation, the integration is independent of the parame-
ers of the model. The parameters appear in the coefficients of
he integrals in the same way. Hence (U − Uid) /Gc and Φ/Gc are
onstants in this model.
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