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A B S T R A C T   

Some high-throughput experiments aim to test many samples simultaneously under nominally the 
same conditions. However, whether a particular high-throughput experiment does so must be 
certified. We previously described a high-throughput experiment to study the statistics of rupture 
stretch of materials. In such an experiment, a large set of samples were tested simultaneously. We 
noticed a systematic bias that samples in different subsets give different statistical distributions of 
rupture stretch. Here we describe an approach to detect and reduce systematic bias in the high- 
throughput experiment. We divide the whole set of the data of the experiment into subsets, obtain 
the statistical distribution of rupture stretches for each subset, and compare the “closeness” of the 
distributions among the pairs of subsets by using the Anderson-Darling (A-D) test. We then try to 
reduce the systematic bias by improving the experimental design, such as increasing the rigidity 
of the frame and the firmness of the grips. With the improved experimental design, the newly 
obtained rupture data passes the A-D test. We use the new rupture data to fit the Weibull dis
tribution. The improved high-throughput experiment greatly increases the accuracy of fitting and 
prediction of rare-event rupture stretch.   

1. Introduction 

One can roll a die one hundred times, or roll one hundred dice simultaneously. It is often tacitly assumed that the two experiments 
are equivalent. But this assumption is called into attention in our recent development of a high-throughput rupture experiment (Zhou 
et al., 2022). In such an experiment, a thousand samples are fabricated by 3D printing, and pulled simultaneously by a kinematic 
mechanism of one degree of freedom (Fig. 1a). We study the statistical distribution of rupture stretch of the one thousand samples. We 
notice a systematic bias that samples in different regions of the test structure give different statistical distributions of rupture stretch 
(Fig. 1b). This observation indicates that the samples are not tested under nominally the same conditions. As we will demonstrate, a 
high-throughput rupture experiment that does not test samples under nominally the same conditions may lead to a poor estimation of 
rupture stretch statistics. 
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Here we develop an approach to improve the high-throughput rupture experiment. We divide the whole set of the data of the 
previous experiment into subsets, and obtain the statistical distribution of rupture stretch for each subset. We compare the “closeness” 
of the distributions among the pairs of subsets by using the Anderson-Darling test (A-D test). Not surprisingly, the tests confirm 
substantial differences among the pairs of subsets. We then try to reduce the systematic bias by improving the experimental design, 
such as increasing the rigidity of the frame and the firmness of the grips. With the improved experimental design, the newly obtained 
rupture data passes the A-D test. We use the new rupture data to fit the Weibull distribution. The improved high-throughput exper
iment greatly increases the accuracy of fitting and prediction of rare-event rupture stretch. 

Various high-throughput experiments have been developed in biology (Soon et al., 2013), pharmacy (Bajorath, 2002; Mennen 
et al., 2019), chemistry (Greenaway et al., 2018; Shevlin, 2017), and materials science (de Pablo et al., 2019; Hill et al., 2016; Ren 
et al., 2018; Sun et al., 2019). The high-throughput experiments to measure mechanical properties are very few. For example, 
high-throughput experiments are used to measure the elastic modulus of printed materials (Tweedie et al., 2005) or living cells 
(Darling and Di Carlo, 2015). Synthesizing and testing samples under nominally the same conditions have been challenging for almost 
all high-throughput experiments. For example, it is reported that a large amount of published data from the 1000 Genomes Project 
have a significant batch effect: subsets of the measurements have qualitatively different behavior. The effect can be caused by labo
ratory conditions, reagent lots and personnel differences that are unrelated to scientific variables (Leek et al., 2010). It is also reported 
that some small variations caused by protocol adaptations or errors in laboratorial routine analysis can lead to statistically different 
results in evaluating biofilms (Jorge et al., 2015). To reduce batch effects, one needs to improve both experiments and statistical 
analyses. 

2. Statistical methods to test the systematic bias in a high-throughput experiment 

Imagine that a high-throughput experiment has been run infinitely many times. Each run of the experiment generates a set of data 
of a large number of samples. Of these runs, one run is randomly selected, called a generic run. The data of the generic run can be 
divided into several subsets. Let {λ1

1,⋯, λ1
n1
},⋯, {λk

1,⋯, λk
nk
} be the rupture stretches of k subsets, where ni is the number of samples in 

the i-th subset. Denote cumulative distribution functions (cdfs) of the k subsets of samples by 

Fi
ni
(λ) =

1
ni

∑ni

j=1
1λi

j≤λ, i = 1,⋯, k (1) 

The null hypothesis H0 is that samples in the k subsets are independent and identically distributed (iid). 
Anderson-Darling test (A-D test) is a non-parametric method to quantify the “closeness” between empirical cdfs of multiple subsets 

of samples (Scholz and Stephens, 1987). Define a test statistic A2
kN as 

A2
kN =

∑k

i=1
ni

∫ ∞

− ∞

(
Fi

ni
(x) − HN(x)

)2

HN(x)(1 − HN(x))
dHN(x) (2)  

where N = ni + ⋯ + nk is the combined sample size, and HN is the cdf obtained by pooling the samples together. The test statistics A2
kN 

is a random quantity since Fi
ni
, i = 1,⋯, k are cdfs of k subsets of data of a randomly picked run. In reality, the experiment has only been 

run a small number of times. The cdf of an actual run of experiment is used to compute an actual value of the statistic according to Eq. 

(2), denoted by Â
2
kN. Define the “P-value” as the probability that the A2

kN of the generic run exceeds the Â
2
kN of the actual run, 

Fig. 1. Systematic bias in a high-throughput experiment. (a) Schematic of the high-throughput experiment. (b) A snapshot of the previous 
experiment (Zhou et al., 2022) shows that the fractions of ruptured samples have a systematic bias from row to row and from column to column. 
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P(A2
kN ≥ Â

2
kN). Once the cdfs of the k subsets of samples are obtained, the P-value can be calculated using a function module 

“AnDarksamtest” available in MATLAB. 
We select the significance level α = 0.1 in this paper following the commonly used value in literature. If P < α, we reject the null 

hypothesis H0, and the samples in the k subsets are deemed not iid. If P > α, we cannot reject the null hypothesis H0, and the evidence is 
insufficient to deem that samples in the k subsets are not iid. The selection of significance level α is based on experience. Experimenters 
commonly specify the significance level, which is typically 0.01, 0.05, or 0.1. For example, Ho used the significance level 0.05 (Ho 
et al., 2019), and Petrone used the significance level 0.1 (Petrone et al., 2016). While we pick the significance level 0.1, we do not only 

Fig. 2. Evaluate the systematic bias of the previous data. The P-value calculated by A-D test between (a) every two rows and (b) every two columns.  

Fig. 3. Causes of systematic bias and methods to improve the experimental design. (a) In a high-throughput experiment, systematic bias is caused by 
insufficient rigidity of the plates, insufficient frictional force between the grips and the plates, and uneven displacement between different rows. (b) 
A photo of the improved experimental design. 
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report the decision of acceptance and rejection but also report P-values of the tests, which is continuous. Generally two types of errors 
in a hypothesis test exist. Type I error is that the null hypothesis is true, but we reject it. Type II error is that the null hypothesis is false, 
but we accept it. For a finite sample size, it is usually impossible to make probabilities of both types of error small (Casella and Berger, 
2021). The following trend often holds. The smaller the significance level, the lower the probability of making Type I error, and the 
higher the probability of making Type II error. One should choose the significance level according to which type of error causes more 
serious consequences in one’s context. For our problem, our null hypothesis is that the samples of different subsets are iid. Making Type 
II error–namely, the data are not iid, but we falsely accept them as iid–is more serious for this problem. Once we accept the data are iid, 
we will proceed to use the predicted stretch for rare event rupture, for example, in design of structure. The failure of the material is of 
great practical consequence. Thus, we would rather err on being conservative, and choose a relatively high significance level of 0.1. We 
can let k = 2 and perform the pairwise two-subset test to find which subset has a clear bias from the others. We can also let k equal to 
the total number of subsets and perform a multiple-subset test to judge if there is a significant systematic bias in the whole data set. 

There are multiple ways to test the null hypothesis. We have chosen the A-D test because the corresponding statistic given by Eq. (2) 
magnifies deviations in the tails more significantly than in the middle (Stephens, 1974). This feature is important in evaluating 
rare-event rupture stretch. 

3. Evaluate the systematic bias of the previous data 

In our previous high-throughput experiment, 1000 samples were tested simultaneously (Zhou et al., 2022). The samples are placed 
in five rows, with each row having 200 samples (Fig 1b). The five rows naturally divide the 1000 samples into five subsets. We 
calculate the cdf of each row and then use the A-D test to calculate the pairwise P-values PRij between the i-th row and the j-th row 
(Fig. 2a). However, all the P-values calculated using the data of these five rows are smaller than significance level, α = 0.1,which 
indicates the distributions of the five rows are significantly different. The 1000 samples can also be divided into four subsets by 
columns. We calculate the cdf of each column and use the A-D test to calculate the pairwise PCij between the i-th column and the j-th 
column (Fig. 2b). All the PCij is smaller than α, which indicates the distributions of the four columns are also significantly different. 
With the A-D test we can further calculate the P-value of multiple subsets from the total sample set. The multiple subsets can be five 
rows (k= 5) or four columns (k = 4). In either way of dividing the subset, the calculated PC, PR are all close to zero, which indicates the 
distributions of these rows and columns are significantly different. These calculations conclude that the data in our previous 
high-throughput experiment does not pass the A-D test, providing ample evidence to reject the null hypothesis. We have also used the 
Kolmogorov-Smirnov test, and found a similar conclusion. 

4. Improved high-throughput experiment 

4.1. Experimental setup 

The above statistical analysis has shown that the data obtained in the previous high-throughput experiment are not iid. We examine 
the previous experimental setup and find three main problems that cause the data inconsistency (Fig. 3a). First, the frictional force 
between the grips and the plates is insufficient. In the stretching process, if the samples on the left of the grips rupture more than those 
on the right, the plates slip and become tilted. Subsequently, the stretch applied to the left region is larger than that applied to the right 
region. The slippage in different rows can also be different. Second, the rigidity of the plates is insufficient. For samples in the top row 
and bottom row, in the stretching process, both sides of the plate may bend towards the samples so that the stretch applied to the 
samples at the middle part of the plate is larger than that applied to the samples on the sides of the plate. But for the rows in the middle, 
the bending effect is insignificant. Third, the brackets, consisting of bars and bearings, cannot transform displacement to different rows 
of samples equally due to the insufficient rigidity of the bars and the low transmission efficiency of the bearings. The three problems 
together lead to the systematic bias of the previous high-throughput experiment. 

To resolve the three problems, we improve the experimental setup as follows. To increase the rigidity of the plates, we replace the 
material of the plates from aluminum to carbon steel, and increase the thickness and width of the plates from 5 × 5mm to 10 × 8mm. 
To avoid slip, we fabricate grooves in the middle of the plates to interlock with the grooves of the grippers. To ensure the kinematic 
mechanism to apply equal displacement to samples in different rows, we replace the plastic bars with aluminum bars, and apply 
lubricating oil to the bearings (Fig. 3b). 

In stretching the multiple samples, we videotape the experiment, and identify the rupture of individual samples by image pro
cessing. The previous experiment was conducted in the ambient light, which changed with time and was disturbed by people nearby. 
The uncontrolled ambient light complicated the image processing. We improve the experiment as follows. Because the as-prepared 
samples are white, to increase contrast, we use a black and light-absorbing flannel as the background, and paint the kinematic 
mechanism black. We videotape the experiment in a studio, in which all background lights are blocked. To minimize shadowing, we 
place four light bulbs on the four corners of the studio. 

We have also noticed another batch effect. In one run of the experiment, samples fabricated by the 3D printer have similar 
properties, such as rupture stretches. After the 3D printer has prepared samples for several runs of the experiment, the samples of 
different runs have different properties. The difference between samples in different runs is minimized once we clean the 3D printer 
after printing samples for each run of the experiment. 
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4.2. Experimental procedure 

The 600 samples are evenly distributed in three rows (Fig. 3b). Each sample is in the shape of a dog bone, with the size of the central 
part being 12 × 0.5 × 0.5 mm. The distance between each sample is 1 mm. The three rows of samples are connected with rectangular 
bars of dimension 310 × 15 × 0.5 mm. A 3D geometric description of the 600 samples and four rectangular bars is created in a CAD 
package, which is turned into .stl files for the Object 350 printer (Connex3, Stratasys). The printer operates in the digital printing mode, 
with a resolution of height 30μm. The 600 samples are printed with an elastomer (Agilus30Clear). The four rectangular bars are printed 
with a thermoplastic (VeroCyan). 

Before the experiment starts, we place six limit blocks with a length of 12mm on both sides of the three-row samples to ensure that 
the initial stretch of each sample is 1.0. We stretch the 600 samples monotonically with a stretch rate of 0.1/min until all the samples 
rupture. The experimental process is videotaped and the rupture stretch of each sample is identified by image processing as follows. We 
use commercial software Potplayer to capture the video frame by frame. The time interval of two frames is 1/24s. The applied stretch is 
taken to be the current distance between the grippers divided by the initial distance between the grippers. Each image is then processed 
using MATLAB into a 1920 × 1080 matrix. Each element in the matrix represents the grayscale of a pixel. The elements of the matrix 
are then binarized: 255 for a pixel of a grayscale nearly white, and 0 for a pixel of a grayscale nearly black. Each sample in the image 
has its own position information, represented by a sub-matrix. During stretching, the upper and lower boundaries of each sample 

Fig. 4. A high-throughput rupture experiment of one row of 200 samples. (a) Snapshots of the 200 samples at several applied stretches. The 200 
samples are divided into four columns (C1, C2, C3, C4). (b) The fractions of ruptured samples in each column are used to calculate an empirical 
cumulative distribution function of rupture stretches. (c) The P-value calculated by A-D test between every two columns. 
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change, while the left and right boundaries are fixed. We select the material particles along the vertical line in the middle. The sub- 
matrix reduces to a vector. For each sample, we sum the elements of the vector and get one number. When a sample is broken, the sum 
is close to zero. When a sample is unbroken, the sum is a large number. By observing the change of the sums, we can obtain the position 
of each individual ruptured sample and the time when rupture of the sample occurs. The code for image recognition is in the supporting 
information. 

5. Experimental results 

5.1. A-D test on the samples of different columns in one row 

We first test 200 samples in one single row in one run of experiment. We divide the 200 samples into 4 columns. In the experiment, 
the 200 samples are pulled from the undeformed state λ = 1 until all samples rupture. The rupture stretch of each sample is identified 
by image processing. Five snapshots of the experiment are shown in Fig. 4(a). At λ = 2.180, none of the 200 samples rupture. At λ =
2.295, 12, 11, 8, and 9 samples in the four columns rupture. At λ = 2.333, 31, 33, 29, and 32 samples in the four columns rupture. At λ 
= 2.405, all samples rupture. At a given stretch, the cumulative distribution function F(λ) is calculated as the number of ruptured 
samples divided by the total number of samples (50). Fig. 4(b) plots the cdfs of the rupture stretch of the four columns. 

We perform the A-D test using the four cdfs of the four columns. The calculated P-value between every two columns PCij are all 
larger than the given significance level, α = 0.1(Fig. 4c), which indicates the distributions of the four columns are close. We calculate 
the P-value of multiple subsets (k = 4)from the total sample set. The calculated PC = 0.7460 is much larger than the significance level α 
= 0.1. Therefore, we cannot reject the null hypothesis H0, and the samples in these four columns are not inconsistent with the iid 
assumption. 

5.2. A-D test on the samples of one row in different runs of experiment 

The experiment of 200 samples in a single row is run five times. Fig. 5(a) plots the cdfs of the rupture stretch of 200 samples of one 
row in five runs. We use the A-D test to calculate the pairwise PEij between every two runs (Fig. 5b). All the P-values are larger than the 
given significance level, α = 0.1. We can also calculate the P-value of multiple subsets (k= 5) from the total sample set. The calculated 
PE = 0.5058 is much larger than the significance level, α = 0.1. Therefore, we cannot reject the null hypothesis H0, and the samples in 
these five runs of experiment are not inconsistent with the iid assumption. 

5.3. A-D test on the samples in different rows 

We test 600 samples distributed in three rows in one run of experiment. The 600 samples are pulled from λ = 1 until all samples 
rupture. Four snapshots of the experiment are shown in Fig. 6(a). At λ = 2.283, 25, 27, and 29 of the three rows of samples rupture. At λ 
= 2.331, 106, 105, and 140 samples in the three rows rupture. It can be seen that at this stretch the samples in the third row rupture 
more than those in the other two rows. At λ = 2.413, all samples rupture. Fig. 6(b) plots the cdfs of the rupture stretch of the three 
rows. 

We perform the A-D test using the three cdfs of the three rows (Fig. 6c). The PR12 is 0.4975, which is larger than the significance level 

Fig. 5. A high-throughput rupture experiment of one row of 200 samples is run five times. (a) The rupture stretches of samples in each run of 
experiment are used to calculate an empirical cumulative distribution function of rupture stretches. (b) The P-value calculated by A-D test between 
every two runs. 
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α = 0.1 and indicates the distributions of these two rows are similar. But the P-values calculated using the data of Row 3 are smaller 
than the significance level α, which indicates the distribution of this row is significantly different from the other two rows. We also 
calculate the P-value of multiple subsets (k= 3) from the total sample set. The calculated PR = 0.0011 is smaller than the significance 
level α. Therefore, we reject the null hypothesis H0, and the samples in the different rows are inconsistent with the iid assumption. The 
data from the three rows do not pass the A-D test, which indicates the evenness of the displacement applied to different rows need to be 
further improved by experimental design. 

6. Predict rare events with experimental data 

We use the data obtained from the improved experimental setup to predict rare events of rupture. We aggregate the rupture data of 
1000 samples from the five runs of the experiment on one single row in Fig. 5. We plot the cdf of the rupture stretch of the 1000 
samples, each ruptured sample corresponding to a red dot in the F − λ plane (Fig. 7a). According to a common practice in fracture 
mechanics (Doremus, 1983), we fit the measured cdf to the three-parameter Weibull distribution (Coles et al., 2001; Weibull, 1951). 

F(λ) = 1 − exp
[

−

(
λ − α

β

)γ]

(3) 

Fig. 6. A high-throughput rupture experiment for three rows of 600 samples. (a) Snapshots of the 600 samples at several applied stretches. The 600 
samples are placed in three rows (R1, R2, R3). (b) The fractions of ruptured samples in each row are used to calculate an empirical cumulative 
distribution function of rupture stretches. (c) The P-value calculated by A-D test between every two rows. 
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where α, β, and γ represent the location, scale, and shape of the Weibull distribution, respectively. We use the maximum likelihood 
method to obtain the fitting parameters of the Weibull distribution as α=2.0974, β=0.2331, and γ=6.9036 (Millar, 2011). The fitting 
curve is marked with a black and solid curve (Fig. 7a). For a given value of the cdf, we further plot the 95% confidence interval marked 
with two black dashed curves (Fig. 7a). The 95% confidence interval is narrow in the entire range of rupture stretch and most of the 
experimental data lie within the 95% confidence interval, which indicates that the Weibull distribution fits well to the entire range of 
the experimental data. Fig. A1 shows the Weibull distribution does not fit well with the data reported in our previous paper (Zhou et al., 
2022). 

To discuss the rare-event rupture, we magnify the plot in Fig. 7(a) in the range 0 < F(λ) < 1% to Fig. 7(b). Here we focus on the first 
10 ruptured samples. In this range, some experimental data lies outside the 95% confidence interval. That is, the Weibull fit using the 
data of all 1000 samples is unable to predict the rare events with a high confidence even if we use the data of the improved experiment. 
To achieve a prediction for rare-event rupture with a higher accuracy and confidence, we should not use the entire range of data, but 
instead use the data close to the left tail. We do so by applying the peak-over threshold method (Coles et al., 2001). The method focuses 
on the statistics of the left tail by imposing a threshold stretch. We apply the method to our data, and the threshold stretch is chosen as λ 
= 2.26. Of the 1000 experimental results, 68 samples rupture when the stretch is less than the threshold stretch. We use these 68 data 
to fit the Weibull distribution, and also plot the fitting curve and the 95% confidence interval (Fig. 8). With this method, all the 
experimental data in the range 0 < F(λ) < 1% fall within the 95% confidence interval. For example, we specify a rare event by the 
cumulative probability F(λ) = 0.1%, corresponding to the first ruptured sample among the 1000 samples. For the rare event of “0.1% 

Fig. 7. Weibull fit with the rupture stretch of the 1000 samples. (a) The 1000 experimental data from the five runs of the experiment are used to 
calculate the cdf of rupture stretches (red dots). The cdf is fitted by the Weibull distribution (black solid curve). Also plotted is the 95% confidence 
interval (dashed black curves). (b) The zoom-in of the plot in the range 0 < F(λ) < 1%. 

Fig. 8. The cdf of the 1000 experimental data up to F = 1% (10 red dots). The first 68 ruptured samples are selected using the peak-over-threshold 
method to analyze the rare-event rupture. The cdf of the 68 ruptured samples is fit to the Weibull distribution (solid black curve). Also plotted is the 
95% confidence interval (dashed black curves). 
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rupture”, the measured rupture stretch is λ = 2.173, the Weibull fit is λ = 2.182 and the 95% confidence interval is 2.166 < λ < 2.198. 
This high level of confidence, as well as the narrow range of stretch, is likely to satisfy most applications. Fig. A2 shows the prediction 
of rare events is not as good using the data obtained in our previous experiment (Zhou et al., 2022). 

Since the quality of data is improved in the present experiment, we test if we can predict the rare-event of rupture with a satis
factory accuracy using a smaller data set than the whole data set. To represent a smaller data set, from the 1000 tested samples we 
randomly select 200 samples six times. Each time we use the peak-over-threshold method to get a threshold stretch, below which 15 
samples rupture out of the 200 samples. We use the first 15 rupture data to fit the Weibull distribution, and also calculate the 95% 
confidence interval (Fig. 9). Note that the six selections are random and, in each selection the 200 samples are different. We find that 
the fitting results of the six selections are consistent: all the experimental data fall within the 95% confidence interval. By comparison, 
the predictions of rare events using 200 samples in our previous experiment are not good (Fig. A3). This confirms that when the quality 

Fig. 9. Predict rare-event with a smaller data set. From the 1000 tested samples randomly select 200 samples. Of the 200 samples, the first 15 
ruptured samples are chosen to fit the Weibull distribution, and are used to calculate the 95% confidence interval. Also included are the measured 
cdf of the first 10 ruptured samples among the 1000 samples. This procedure is repeated six times. 

Fig. A1. The previous rupture stretches are used to calculate the cumulative distribution function (cdf), F(λ). Each ruptured sample corresponds to a 
red dot in the F − λ plane. The measured cdf is fit to the Weibull distribution (black solid line). Also plotted is the 95% confidence interval (two black 
dashed lines) 
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of the data is improved, the number of data needed to predict rare-event rupture with a high accuracy and confidence can be reduced. 

7. Conclusions 

We use the statistical methods, the A-D test, to show that the data of rupture stretch in our previous high-throughput experiment are 
not iid. We improve the experimental setup such as increasing the rigidity of the frame and the firmness of the grips. With the improved 
experimental setup, we run the high-throughput rupture experiment again. When each run of the experiment only contains one row of 
samples, the data of rupture stretch in different columns of one row are not inconsistent with the iid assumption. Similarly, the data of 
different runs of the experiment are not inconsistent with the iid assumption. However, when each run of the experiment contains three 
rows of samples, the data in different rows are inconsistent with the iid assumption. We use the left tail of the data of 1000 samples 

Fig. A2. The measured cdf up to the first 68 previous ruptured samples is fit to the Weibull distribution. Also plotted are the 95% confidence 
interval, as well as the measured cdf of the first 10 ruptured samples. 

Fig. A3. Predict rare-event with a smaller data set. From the 1000 previous rupture samples randomly select 200 samples. Of the 200 samples, the 
first 15 ruptured samples are chosen to fit the Weibull distribution, and are used to calculate the 95% confidence interval. Also included are the 
measured cdf of the first 10 ruptured samples among the 1000 samples. This procedure is repeated six times. 
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obtained by five runs of single-row experiment to fit the Weibull distribution, and predict the rare-event rupture at small stretches. The 
data from the improved experiment predict rare-event rupture stretch with a high accuracy and confidence. Furthermore, we show that 
the number of data needed to predict rare-event rupture can be reduced. This work provides a procedure to improve the quality of data 
in a high-throughput experiment: run the high-throughput experiment, use statistical methods to test if the data of the high-throughput 
experiment are consistent with the iid assumption, find out the sources of systematic bias, improve the experimental setup, and iterate. 
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Appendix A 

Weibull distribution fitting 

We use the software R-studio to fit the cdf of the measured rupture stretches to the Weibull distribution. In particular, we use the 
maximum-likelihood estimation method to determine the parameters of the Weibull distribution. The likelihood function is defined by 
the Weibull density: 

Ln(λ1,⋯, λn; θ) =
∏n

i=1
f (λi; θ) (4)  

where Ln is the likelihood function based on n iid observations, λi is the rupture stretch for the i-th ruptured sample, f(λi) is the 
probability density function of Weibull distribution evaluated at λi, θ is the underlying true parameters (α,β,γ). We seek for an estimator 
θ̂ that maximizes the value of Ln(λ1,⋯, λn; θ). We carry out the maximum-likelihood fitting with the default numerical-optimization 
method using the function ‘‘optim’’ in R-studio. After the fitting procedure, we can obtain both the fitted parameters θ̂ and the 
observed information matrix L, where L approximates the expected curvature of the log-likelihood surface. 

The sampling distribution of the fitted parameters θ̂ approximately obeys the multivariate normal distribution N(θ, L− 1)(Coles, 
2001). And we construct the sampling distribution of the fitted stretches by the inverse function of Eq. (3). The confidence interval is 
obtained by truncating the sample distribution. For example, to plot the 95% confidence interval, the confidence limits are the lower 
and upper 2.5% quantiles of the sampling distribution. 

Peak-over-threshold method 

To fit the Weibull distribution with the data near the rare event, we use the peak-over-threshold method (Coles, 2001). The Weibull 
distribution now corresponds to the distribution of minimum 

Mn = min
1≤i≤n

λi (5) 

Following (Coles, 2001), we consider the point process on R2 plane 

Nn =

{(
i

n + 1
, λi

)

: 1 ≤ i ≤ n
}

(6) 

A point process on a set A is a stochastic rule for the occurrence and position of point events. The scaling in the first ordinate ensures 
that the time axis is always mapped to (0,1); the second ordinate represents the rupture stretch. Consider a region of the form 
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A = [0, 1] × (− ∞, λmax) (7) 

for some rupture stretch that smaller than threshold stretch λmax. Here we introduce the “intensity measure Λ(A)” of the process, which 
gives the expected number points in set A. The point process Nn can be approximated by a Poisson point process with intensity measure 
on A = [0,1] × ( − ∞,λmax), which is given by 

Λ(A) = (1 − 0)
(

λmax − α
β

)γ

(8) 

According to the likelihood of Poisson point process (Coles, 2001), we can obtain the likelihood function by using intensity measure 
Λ(A)

Ln
(
λ(1),⋯, λ(n)

)
= exp

[

−

(
λmax − α

β

)γ]

⋅
∏nr

i=1

(
γ
β

)

⋅
(

λ(i) − α
β

)γ− 1

(9)  

where λ(i) is the rupture stretch ordered such that λ(i) ≤ λ(j) if i ≤ j. Here λmax is the threshold stretch and nr is the total number of 
observations with stretches smaller than λmax. To select the threshold stretch λmax used in the Poisson point process modeling (Coles, 
2001), we use the empirical mean residual life plots, which is defined as: 

E =
1
nu

(
∑nu

i=1

(
u − λ(i)

)
: u ≤ λmax

)

(10)  

where E is the empirical mean excess residual, u is any given threshold, nu is the number of observations that is smaller than u. We 
choose λmax that for u ≤ λmax the pairs (u, E) are approximately linear in the empirical mean residual life plots. We carry out the 
maximum-likelihood fitting using the function ‘‘fitpp’’ and the function ‘‘mrlplot’’ from the package ‘‘POT’’ in R-studio. Notice that the 
package ‘‘POT’’ is intended for the extreme-maxima modeling, whereas our interest is the modeling of the extreme minima. We 
therefore modify the stretch values to their negative values before passing the data set into these functions, to transform our original 
problem into an equivalent extreme maxima modeling problem. 
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