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a b s t r a c t

A polymer network fractures by breaking covalent bonds, but the experimentally measured strength of
the polymer network is orders of magnitude lower than the strength of covalent bonds. We investigate
the effect of statistical variation of the number of links in polymer chains on strength using a parallel
chain model. Each polymer chain is represented by a freely-jointed chain, with a characteristic J-shaped
force–extension curve. The chain carries entropic forces for most of the extension and carries covalent
forces only for a narrow range of extension. The entropic forces are orders of magnitude lower than
the covalent forces. Chains with a statistical distribution of the number of links per chain are pulled
between two rigid parallel plates. Chains with fewer links attain covalent forces and rupture at smaller
extensions, while chains with more links still carry entropic forces. We compute the applied force on
the rigid plates as a function of extension and define the strength of the parallel chain model by the
maximum force divided by the total number of chains. With the J-shaped force–extension curve of
each chain, even a small scatter in the number of links per chain greatly reduces the strength of the
parallel chain model. We further show that the strength of the parallel chain model relates to the
scatter in the number of links per chain according to a power law.

© 2023 Elsevier Ltd. All rights reserved.
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1. Introduction

Imagine the following experimental setup. A box-shaped sam-
le of material has its opposite sides attached to parallel plates.
he distance between these plates is slowly increasing and the
lastic force acting upon these plates due to the presence of the
aterial sample between them is being continuously measured.
his process is continued till the complete rupture of the material
ample. The maximal value of the force measured in this process
ivided by the cross-sectional area of the sample is strength.
A highly elastic material, such as silica glass or a polyacry-

amide hydrogel, fractures by breaking covalent bonds. However,
he experimentally measured strength of such a material is orders
f magnitude lower than the strength of covalent bonds [1,2].
he low strength of the glass is caused by crack-like flaws which
oncentrate stress [3]. However, the strength of the hydrogel is
nsensitive to cracks of length up to about 1 mm [1]. How can
he strength of the hydrogel be both flaw-insensitive and orders
f magnitude lower than the strength of covalent bonds?
A hydrogel is a polymer network swollen with water. Wa-

er has low viscosity so the friction between polymer chains is
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low. When stretched, the polymer network deforms with near-
perfect elasticity. The elastic deformation is due to the entropy
of polymer chains [4]. At a crack tip in the stretched polymer
network, consider a polymer chain that is about to break. Because
friction between polymer chains is negligible, the tension in the
polymer chain transmits over its entire length. The tension in the
polymer chain also transmits to other polymer chains through
crosslinks and entanglements [5]. Furthermore, the high tension
transmits to even more polymer chains as they stretch and re-
orientate. When the polymer chain breaks at a single covalent
bond, high tension in a large volume of the polymer network
releases. That is, a long-chain polymer network of negligible
interchain friction deconcentrates stress at a crack tip, so that a
small crack-like flaw will not lower the microscopically measured
strength appreciably. It has been suggested that the low strength
of a polymer network originates not from a crack-like flaw, but
from the polymer network itself [1].

The polymer network has polymer chains with different num-
bers of links per chain. When the network is stretched near a
rupture, only a small fraction of the polymer chains are stressed
to the covalent bond strength, and other polymer chains still carry
entropic forces. Recall that the covalent bond energy is several
eV, and the thermal energy is on the order of kT = 1/40 eV
t room temperature, where k is the Boltzmann constant and
is the absolute temperature. The two types of energy differ
y about two orders of magnitude. For either entropic force
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Fig. 1. The parallel chain model. A large number of polymer chains are arranged
in parallel and attached to two rigid plates. Each polymer chain consists of a
random number of monomers. When the two rigid plates are pulled apart by
a pair of forces F , all polymer chains are stretched to the same end-to-end
distance z.

or energetic force, the force scales with energy divided by the
atomic bond length. This picture predicts that the strength of the
polymer network is about two orders of magnitude lower than
the strength of covalent bonds.

We hypothesize that the large reduction in strength is caused
by statistical variation of the lengths of polymer chains. We test
this hypothesis using an idealized model. Because the experi-
mentally measured strength of a polymer network is unaffected
by small crack-like flaws, we ignore any effect of stress con-
centration and adopt a model in which all polymer chains are
stretched in parallel between two rigid plates (Fig. 1). In this
parallel chain model, crack-like flaws do not concentrate stress
in nearby polymer chains. We represent each polymer chain as
a freely-jointed chain (FJC) of many links. The number of links
per chain, n, is a random variable, which we assume to obey
the Weibull distribution. This choice will be discussed in Sec-
tion 2. For every chain, we prescribe a constant breaking force to
represent the strength of covalent bonds, which is much larger
than the entropic force. We calculate the force applied on the
rigid plates as a function of the extension of the chains as the
rigid plates are pulled apart. As the extension increases, more and
more polymer chains break, and the force–extension curve peaks.
The peak force divided by the number of chains is interpreted as
the strength of the parallel chain model and the extension at the
peak force as the extensibility of the parallel chain model. We
identify a feature of the force–extension curve of a freely-jointed
chain, which has a significant effect in reducing the strength of
the parallel chain model. When a single chain is stretched, the
force–extension curve is J-shaped. The force is much below the
covalent bond strength for a large range of extension (i.e., the
entropic regime), and approaches the covalent bond strength only
for a small range of extension (i.e., the energetic regime). As
a result, the statistical distribution of the number of links per
chain causes only a small fraction of polymer chains to be highly
stressed, and therefore the average force per chain at rupture is
in the entropic regime of the force–extension curve. We find that
the peak force drops precipitously even with a small scatter in
the number of links per chain. The scatter can cause a reduction
in strength up to two orders in magnitude. Furthermore, we show
by numerical computation and analytical argument that the peak
force scales with the coefficient of variation, the ratio of the
standard deviation to the mean, by a power law. By contrast,
the scatter in the number of links per chain does not reduce the

extensibility as much.

2

1.1. Related work

A J-shaped force–extension curve is predicted by Kuhn and
Grün [6], where the force–extension curve of a single freely-
jointed chain of many links is given by the Langevin function.
For a single chain of polyacrylamide, a J-shaped force–extension
curve was measured using an atomic force microscope [7]. The
experimentally measured force–extension curve fits the function
well except when the chains are near rupture. Near rupture,
the covalent bonds can stretch. In [7], the authors fit the mea-
sured force–extension curve using the extensible freely-jointed
chain (EFJC) model with a stiffness near rupture as an adjustable
parameter.

The J-shaped force–extension curve has been combined with
a scatter in the number of links per chain before. Itskov and
Knyazeva [8] used an analogous model to simulate the Mullins
effect. Lavoie et al. [9] used a similar model to compare stress–
stretch curves in mono and polydisperse networks. Yang et al. [10]
created a cohesive zone model, which combines a J-shaped force–
extension curve, rate-dependent chain rupture, and polydisper-
sity.

Insights into the mechanics of fracture of polymer networks
were given in recent works by means of modeling and simula-
tion. Yu et al. [11] proposed a mechanical model for self-healing
polymers featuring the Langevin stretch–stress relationship and
chemical kinetics with association/dissociation reaction constants
for polymer chains depending on stress. Yin et al. [12] stud-
ied the statistics of shortest paths in a polymer network using
the coarse-grained molecular simulation data of the stretching
process.

In this work, we focus our attention on the question that
was not specifically investigated in previous work. Our goal is to
understand and quantify the effect of the scatter of the number
of links per chain on strength.

2. Statistical distribution of the number of links per chain

The distribution of the number of links per chain in a polymer
network has been rarely measured. Motivated by experimental
data [13], we assume that the number of links per chain obeys the
Weibull distribution. We provide more details on experimental
data later in this section after reminding basic facts about the
Weibull distribution.

The Weibull distribution has an analytical form with well-
studied statistical characteristics. Let n be the number of links per
hain. The Weibull distribution has the cumulative distribution
unction (CDF)

(n) =

{
1 − exp

[
−

(
n
n0

)m]
, n ≥ 0

0, n < 0.
(1)

The parameters m > 0 and n0 > 0 describe, respectively, the
hape and the scale of the Weibull distribution. The CDF F (n) is
the probability for the number of links per chain to be less or
equal to n. At n = 0, the CDF has an infinite slope when m < 1,
a finite slope when m = 1, and a zero slope when m > 1.
Therefore, to make small the probability for a chain to have a
small number of links, we require m ≥ 1. When m → 1, the CDF
approaches an exponential distribution. The smaller the value of
m is, the larger the scatter in the number of links per chain is.
When m → ∞, the CDF approaches a step-function. That is, the
umber of links per chain is deterministic, n = n0. Thus, we

restrict the shape parameter in the range 1 ≤ m < ∞. We allow
the scale parameter n to be an arbitrary positive number.
0



M. Tao, S. Lavoie, Z. Suo et al. Extreme Mechanics Letters 61 (2023) 102024

w

Γ

d

The Weibull distribution has the probability density function
(PDF), p = dF/dn:

p(n) =

{
m
n0

(
n
n0

)m−1
exp

[
−

(
n
n0

)m]
, n ≥ 0

0, n < 0.
(2)

Inspecting Eq. (2), we note that the product n0p is a function
of only n/n0 and m. For large values of m, p(n) peaks near the
mean of the Weibull distribution, and the number of links per
chain has little scatter. As m → ∞, the PDF p(n) approaches a
delta function. As m decreases, the scatter increases and the tail
of large n becomes fatter, while the peak decreases and moves to
lower values of n.

The mean µ and the standard deviation σ for the Weibull
distribution are respectively given by

µ = n0Γ

(
1 +

1
m

)
, (3)

σ = n0

√
Γ

(
1 +

2
m

)
−

[
Γ

(
1 +

1
m

)]2

, (4)

here Γ (·) is the gamma function defined by

(z) =

∫
∞

0
tz−1e−tdt, z ∈ C, Re(z) > 0.

The coefficient of variation defined as the ratio of the standard
eviation and the mean, Cv = σ/µ, is a dimensionless measure

of scatter. For the Weibull distribution, the coefficient of variation
depends onm but not on n0 as evident from (3)–(4). Asm changes
from 1 to ∞, the coefficient of variation Cv decreases from 1 to
0. In particular, for 0.1 ≤ Cv ≤ 1, the shape parameter m can be
closely approximated as m = 0.9871 · C−1.0961

v .
The length distribution of polymer chains has been estimated

in an unusual circumstance. For a polymer network of chemo-
luminescent crosslinks, which emit light upon breaking, the in-
tensity of luminescence is measured as a function of the stretch
of the polymer network [14]. Assuming all chains have the same
stretch, the distribution of the number of links per chain is
proportional to the intensity of luminescence [13]. This method
estimates the probability density function of the number of links
per chain. Here we fit the estimated data to the shifted Weibull
distribution (Fig. 2). The estimated shape parameter is m = 1.9,
which corresponds to a coefficient of variation Cv = 0.55. The
scale parameter is estimated to be n0 = 21 and the shift is
s = 4.4.

Each polymer chain has a force–extension curve, f (z, n), where
f is the force on the chain, and z is the extension. The force–
extension curve depends on the number of links in the chain, n.
The number of parallel chains is assumed to be large so that the
mean force of the parallel chain model is given by

⟨f (z)⟩ =

∫
∞

0
f (z, n)p(n)dn. (5)

In the remainder of the paper, we will evaluate this integral
for several types of force–extension curves.

3. J-shaped force–extension curve

The freely-jointed chain of n links has the following force–
extension curve [6]:

z
nb

= L
(

fb
kT

)
, (6)

where f is the force pulling the chain at two ends, z is the
extension in the direction of the applied force, b is the length per
3

Fig. 2. Fitting the shifted Weibull distribution to the chain length distribution
estimated from light emission [13,14]. The fit is obtained with m = 1.9, n0 = 21,
and shift s = 4.4. The PDF of the shifted Weibull distribution is given by
the formula: p(n) = (m/n0) ((n − s)/n0)

m−1 exp
[
− ((n − s)/n0)

m]
if n ≥ s, and

p(n) = 0 if n < s. The dip in the data occurs because three unload–reload cycles
are performed at this point before the stretch is further increased.

link, and L(g) = coth g − 1/g is the Langevin function. We will
refer to Eq. (6) as the Langevin force–extension relation.

The force–extension curve is J-shaped (Fig. 3(a)). The force is
low when the chain is not fully stretched and blows up when
the chain is fully stretched. Using the representative strength of
a covalent bond, we set the value of the breaking force as

fb = 200
kT
b

. (7)

The breaking force is on the order of 1 nano-Newton, which is
orders of magnitude larger than the entropic force. This breaking
force is assigned to every chain. If the force on a chain exceeds fb,
the chain breaks. An ideal parallel chain model is considered for
comparison, in which all polymer chains have the same number
of links, deform at the same stretch, and break simultaneously.
The strength of the ideal model equals the breaking force fb. Note
that in experiments of rupturing a polymer network, the strength
is defined by the maximal stress, i.e. the maximal force per unit
area. In the parallel chain model, the area is constant, and we will
define strength by the maximal force per polymer chain.

Upon changing the integration variable from n to n/n0, Eq. (5)
takes a dimensionless form that relates the normalized mean
force ⟨f ⟩b/kT as a function of the normalized extension z/(n0b)
and m. This approach places the scale parameter n0 in the nor-
malization so that we only need to study the effect of the shape
parameter m.

The integration of Eq. (5) gives the normalized force–extension
curves for various values of the shape parameter m (Fig. 3(b)).
In all cases, as the extension z increases, the force starts at zero,
reaches a peak, and asymptotically decreases to zero. For large
values of m, where the numbers of links per chain have a small
scatter, the mean force has a high peak and a small tail. As m is
decreased, the number of links per chain scatters more, the force
has a lower peak and a fatter tail, and the peak force moves to a
lower extension.

Hereafter, we will use the coefficient of variation Cv , instead
of m, to characterize the scatter in the number of links per chain.
When Cv = 0, all chains have the same number of links per
chain, so the normalized strength is 200, the normalized breaking
force (see Eq. (7)). Introducing a small amount of scatter in the
number of links per chain creates a sharp reduction in strength
as demonstrated in Fig. 4(a). For instance, for Cv = 0.1 there is
more than an order of magnitude reduction in strength compared
with the ideal case where all chains have the same number of
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Fig. 3. (a): The force–extension curve of a freely-jointed chain given by Eq. (6). The curve terminates at breaking at fb/kT = 200. (b): The force–extension curves
or the parallel chain model for various values of the coefficient of variation Cv and, respectively, the shape parameter m.
Fig. 4. The effect of a scatter measured by the coefficient of variation Cv = σ/µ in chain length on (a) maximum force and (b) extensibility of the parallel chain
odel with the force–extension curve given by Eq. (6). The red curve in Fig. (b) is shown for comparison. It corresponds to a single chain with the median number
f links. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
T

inks. Increasing the scatter further reduces the strength. For the
eibull distribution, the largest scatter is Cv = 1, at which the

strength decreases by about two orders of magnitude compared
to the ideal strength. The reason for this large reduction is that the
freely jointed chain model has a J-shaped force–extension curve,
in which the force is large only possible for a narrow range of
extensions near rupture. Thus, most of the strength comes from
a small fraction of chains. As Cv increases and, respectively, m
decreases, the maximum of the probability distribution decreases,
so that strength comes from fewer chains. In the next section
(Section 4), we will show the power law dependence of the
strength on the coefficient of variation — see Fig. 5(b) and Table 1.
In Appendix, we will derive that the strength is approximately
inversely proportional to the coefficient of variation provided
that the force–extension curve is J-shaped and the probability
distribution for the lengths of polymer chains satisfies a certain
nonrestrictive technical assumption.

We define the extensibility by the extension at which the force
peaks. The extensibility decreases as the number of links per
chain scatters more (Fig. 4(b)). Comparing Fig. 4(a) and (b), we
note that the scatter in the number of links per chain reduces
extensibility much less than it reduces strength.

We note a fact about the Weibull distribution. The median is
given by

nmed = n0(ln(2))1/m. (8)

The median moves to lower n as m decreases, or as Cv increases.
Although (8) is specific to the Weibull distribution, the median
 r

4

decreasing with increasing Cv is expected for any one-sided dis-
tribution with p(0) = 0. Balancing the fatter tail associated with
larger Cv requires the median to shift to smaller n.

We find that the extensibility is correlated with the extension
where the chain with the median number of links per chain is
stretched to break. Approximating the extensibility as the exten-
sion where the median number of links per chain achieves its
break force (Eq. (7)) gives(

zm
n0b

)
= (ln(2))1/m L

(
fbb
kT

)
. (9)

This equation is also plotted in Fig. 4(b). The right-hand side of
Eq. (9) as the function of the coefficient of variation Cv deviates
from the extensibility of the parallel chain model by less than 7%
over the entire range [0, 1] of the coefficient of variation.

4. Effect of the shape of force–extension curve

We consider two additional force–extension curves: one is
linear, and the other is a modified Langevin function (Fig. 5). The
linear force–extension relation takes the form:
z
nb

=
f
fb

. (10)

he linear force–extension relation terminates when the force
eaches the breaking force f = f at extension z = nb.
b
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Fig. 5. (a): Linear and modified Langevin force–extension relations given by Eqs. (10) and (11) respectively. Both curves are terminated at breaking at fb/kT = 200.
(b): The empirical power law relationship between the strength ⟨f ⟩max of the parallel chain model with three force–extension relations, Langevin, modified Langevin,
and Linear, and the coefficient of variation Cv = σ/µ of the number of links per polymer chain.
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The modified Langevin force–extension relation takes the form
[7]:

z
nb

=

(
1 +

f
Kb

)
L

(
fb
kT

)
. (11)

he parameter K is introduced to fit this equation to the force–
xtension curve of an individual polyacrylamide chain measured
n the experiment using an atomic force microscope [7]. The
arameter K is interpreted as the stiffness of the polymer chain
ssociated with the increase of the contour length of the chain.
he Langevin force–extension relation represents the entropy of
reely-joined, rigid links, whereas the modified Langevin force–
xtension relation introduces elasticity of the links resulting from
he distortion of covalent bonds at high force. The best-fitting
alues are b = 0.68 nm and K = 26000 pN/nm [7]. In Eq. (11),
he force is normalized in two ways, kT/b and Kb. They repre-
ent entropic and energetic scales of force. Their ratio defines a
imensionless number (Kb2)/(kT ). In the simulation, we will use
he value (Kb2)/(kT ) = 2900.

Inserting force–extension relations (10) and (11) into Eq. (5),
e calculate the strength ⟨f ⟩max of the parallel chain model
s a function of extension. The linear force–extension relation
eads to much higher peak forces for the parallel chain than
he Langevin force–extension relation. In the Langevin force–
xtension relation, for most of the range of the extension, the
orce is low and is governed by entropy. This feature is absent
n the linear force–extension relation so the predicted peak force
s much higher. This comparison highlights the importance of
he J-shaped force–extension relation in reducing strength. The
odified Langevin force–extension relation leads to a somewhat
igher peak force than the Langevin force–extension relation.
he difference is small because the two models have a similar
-shaped stress–stretch curve, and because the slope of energetic
lasticity in the modified Langevin force–extension relation is
uch steeper than the entropic elasticity (i.e., the dimensionless
umber is large, Kb2/kT = 2900).
Graphs of the normalized strength ⟨f ⟩maxb/(kT ) of the parallel

hain model as a function of the coefficient of variation Cv = σ/µ
or the Langevin, modified Langevin, and linear force–extension
elations are plotted in Fig. 5(b) on the log–log scale. The curves
or the Langevin and modified Langevin force–extension relations
re nearly linear in the log–log scale and hence suggest a power
aw relation between the strength and Cv:
⟨f ⟩maxb

kT
= A[Cv]

q (12)

where A and q are constants that need to be determined. The
empirical power laws obtained by least-squares fit are shown in
5

Table 1
The empirical power law obtained by least squares fit.

Force–extension relation Least squares fit to ⟨f ⟩maxb
kT = A[Cv]

q

Langevin 2.22 · C−0.808
v

Modified Langevin 4.47 · C−0.931
v

Linear, Cv ≥ 0.5 56.40 · C−0.599
v

Table 1. Power law relations are also derived analytically via a
series of approximations in Appendix. The key component of
the derivation is that the force–extension relation is significantly
different from zero only in a small interval.

5. Discussion

We can compare these results with the experimental data for
the polyacrylamide hydrogel [1]. In the experiment, the strength
is measured by dividing the break force of a sample by its initial
cross-sectional area. The measured strength is 30.5 kPa in [1]. The
strength is sensitive to the degree of cross-linking and can achieve
magnitudes close to 100 kPa in polyacrylamide-alginate [15].
During deformation, the hydrogel does not change the volume. At
breaking, the stretch is about 11 [1], so the initial cross-sectional
area is about 11 times the cross-sectional area at breaking. The
area per monomer is taken to be 2.2 × 10−19 m2. The hydrogel
consists of both polymer and water, and the fraction of polymer
is 0.128. Consequently, at breaking, the average force per polymer
chain is 30.5 kPa · 11/0.128 ·2.2×10−19

= 6×10−13. The rupture
force of a carbon–carbon bond is a few nanoNewtons, e.g., 1.2
nN [7]. Thus, the ratio of theoretical strength to experimental
strength is 2000. The parallel chain model predicts the ratio
to be 75 at the maximum amount of scatter, Cv = 1. In the
experiments, the measured extensibility is 10.1, and the ideal
extensibility is estimated to be 41. Consequently, the ratio of
the ideal extensibility to the measured extensibility is about 4.
The parallel chain model predicts the ratio to be about 2 when
Cv = 1. In each case, the parallel chain model explains a por-
ion of the discrepancy between ideal strength and extensibility.
owever, even pushing Cv to the limiting value is not sufficient
o completely explain the discrepancy.

We understand this shortcoming as follows. In the parallel
hain model where all chains have the same extension, it is not
ossible to consider concentrations of stress. Although, the par-
llel chain model is chosen since it is believed that the network
tructure of polymers deconcentrates stress [16], it alone is not
ufficient to describe the reduction in strength. This suggests
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hat, although polymer networks deconcentrate stress around
efects when compared with silica, the concentration of stress
ust still play a role. We will report on the investigation of this
henomenon using a network model in a subsequent paper.

. Conclusion

A polymer network ruptures by breaking covalent bonds, but
he experimentally measured strength is orders of magnitude
ower than the ideal strength that would occur if all polymer
hains ruptured simultaneously. We have studied this large dif-
erence using a parallel chain model. The model assumes a sta-
istical distribution of the number of links per polymer chain, but
ndividual chains break independently without stress concentra-
ion. The model represents each individual chain by freely-joined
inks, which undergoes entropic elasticity. For most of the exten-
ion, the entropic force is orders of magnitude lower than that of
covalent bond, leading to a J-shaped force–extension relation.
hen the parallel chain model reaches the peak force, only a

mall fraction of the polymer chains reach the covalent bond
trength, and most other chains bear the entropic force. With the
-shaped force–extension relation, even a small amount of scatter
n the number of links per polymer chain significantly reduces
trength. However, the reduction is not enough to account for
he strength measured experimentally. This finding indicates that
polymer network will concentrate stress so that at rupture an
ven smaller fraction of polymer chains reach the covalent bond
trength than that predicted by the parallel chain model.
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ppendix. The power law relationship between the strength
nd the coefficient of variation

For brevity, we will abuse notation and denote the normal-
zed nondimensional force fb/(kT ) by f and the nondimensional
xtension z/b by z throughout the Appendix.
The goal of our analysis is to understand the origin of a power-

aw relationship between the strength of the parallel chain model
nd the coefficient of variation of the form of Eq. (12). We will
how that the strength of the parallel chain model is approxi-
ately inversely proportional to the coefficient of variation due

o the following two factors. First, the force–extension relation
redicts nonzero force values only in the small interval near the
reaking point. Second, the Weibull family of distributions and
ome other suitable families of distributions possess the property
hat maxz[zp(z)] is approximately inversely proportional to the
oefficient of variation.
Therefore, we make the following assumptions.
6

ssumption 1. The force–extension relation f (z/n) can be ap-
roximated by a function of the form:

ˆ(ξ ) =

⎧⎨⎩
0, 0 < ξ < ξ1 = r(1 − a)
g(ξ − ξ1), ξ1 < ξ < ξ2 = r(1 + a)
0, ξ > ξ2,

(13)

here g(·) is a smooth function such that g(0) = 0 and g(ξ2 −

1) = fb, the breaking force, r is a parameter, and a is a small
arameter. Assumption 1 holds for the Langevin and the modified
angevin force–extension relation.

ssumption 2. The family of probability distributions p(n; σ , µ),
here σ and µ are, respectively, the mean and the standard
eviation, has the property that the maximum of np(n; µ, σ ) is
pproximately proportional to µ/σ , i.e.,

max
n

np(n; µ, σ ) ≈ BC−1
v , (14)

here B is a constant and Cv = σ/µ is the coefficient of variation.
ote that this assumption holds for a family of distributions with
robability density functions of the form

(n; µ, σ ) ≈
1
σ

ρ

(
n − µ

σ

)
(15)

rovided that µ is much greater than σ (at least by the factor of
3). Then the maximum of the product np(n; µ, σ ) is achieved near
n = µ. Hence

max
n

1
σ

ρ

(
n − µ

σ

)
≈

µ

σ
ρ(0) = ρ(0)C−1

v .

Our goal is to show that

max
z

∫
∞

0
f (z/n)p(n)dn ≈ AC−1

v , (16)

here A is a constant. According to Assumption 1, for a fixed z,
he approximation f̂ (z/n) to the force–extension function f (z/n)
s zero outside the interval [z/ξ2, z/ξ1] ≈ [(z/r)(1− a), (z/r)(1+

)]. The length of this interval, l = 2az/r is small. We approximate
he interval by the midpoint quadrature. The midpoint rule is ex-
ct if the integrand is linear and admits an error O(l3) otherwise.
sing the midpoint rule we obtain:

f ⟩(z) =

∫
∞

0
f (z/n)p(n)dn ≈

∫ z(1+a)/r

z(1−a)/r
g

( z
n

− r + ra
)
p(n)dn

≈ 2ag(ra)
z
r
p
( z
r

)
. (17)

The strength is the maximum maxz⟨f ⟩(z). Assumption 2 implies
that

max
z

⟨f ⟩(z) ≈ 2ag(ra)max
z′

z ′p(z ′) ≈ 2ag(ra)BC−1
v , (18)

which is the desired conclusion.
Now we derive the power law for particular families of prob-

ability distributions. To find the maximizer of zp(z) we differen-
tiate it and set its derivative to zero. This results in the following
equation for the maximizer z:

z = −
p(z)
p′(z)

. (19)

The Weibull distribution. The derivative of the Weibull prob-
ability density function (PDF), Eq. (2), is

p′(z) =

[
m(m − 1)

nm
0

zm−2
−

m2

n2m
0

x2m−2
]
exp

(
−

zm

nm
0

)
. (20)

ence, Eq. (19) becomes

= −
z

(m − 1) −
m
m zm

(21)

n0
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T

z

P

T
g

E

W
a

z

P

m

W

he solution to this equation is

max = n0. (22)

lugging z = n0 and the Weibull PDF into Eq. (17) we obtain

max
z

⟨f ⟩(z) ≈ ⟨f̂ ⟩(n0) = 2ag(ra)m exp(−1). (23)

he parameter m of the Weibull PDF can be uniquely determined
iven the coefficient of variation Cv from the equation

Γ
(
1 +

2
m

)[
Γ

(
1 +

1
m

)]2 − C2
v − 1 = 0. (24)

and is closely approximated by

m ≈ 0.9871C−1.0961
v , 0.1 ≤ Cv ≤ 1. (25)

Substituting the expression for m from Eq. (25) int Eq. (23) we
obtain the following power-law relationship:

max
z

⟨f ⟩(z) ≈ 0.9871 · 2ag(ra) exp(−1) · C−1.0961
v . (26)

Table 1 shows that the empirical values of the power of Cv

in the power law for the Langevin and the modified Langevin
force–extension are different from −1.0961, and the discrepancy
is larger for the Langevin than the modified Langevin force–
extension relation. These discrepancies are due to the errors com-
mitted due to the use of the midpoint rule and due to ignoring
the tail of the distribution.

The Gaussian distribution. The Gaussian distribution has the
PDF

p(z) =
1

σ
√
2π

exp

[
−

1
2

(
z − µ

σ

)2
]

. (27)

q. (19) for the Gaussian distribution is z2 − µz − σ 2
= 0. Its

positive solution is given by

zmax =
µ + µ

√
1 + 4C2

v

2
. (28)

e assume that Cv is small enough so that the negative values
re extremely unlikely, i.e., Cv ≤ 3. Then zmax is approximated by

max ≈ µ(1 + C2
v ). (29)

lugging Eq. (29) and the Gaussian PDF into Eq. (17) we get:

ax
z

⟨f ⟩(z) ≈ ⟨f̂ ⟩(µ(1 + C2
v )) = 2ag(ra)

µ(1 + C2
v )

σ
√
2π

exp
[
−

1
2
C2

v

]
≈

2ag(ra)
√
2π

C−1
v . (30)

Therefore, the empirical power law is not specific to the
eibull distribution but is expected to be observed for any
7

distribution of lengths of polymer chains that are approximately
Gaussian near their maxima.
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