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A B S T R A C T   

A contemporary semiconductor device often contains multiple chips. Corners of the chips 
concentrate stress, and are principal sites to initiate failure. Here we propose to characterize the 
corners using a double cantilever beam, in which two silicon beams sandwich a row of chips. As 
the two beams are pulled open, a crack initiates at the corner of a chip, and runs unstably on the 
interface between the chip and a beam. The crack may or may not arrest, depending on various 
experimental conditions. We calculate energy release rate as a function of crack length by using a 
combination of finite element method and an analytical solution of the singular field around a 
corner. At a fixed applied displacement, the energy release rate is low for a short crack, peaks for 
a crack of intermediate length, and drops for a long crack. This non-monotonic behavior explains 
how a crack initiates, grows unstably, and possibly arrests. If the crack does arrest, as the two 
beams open further, the crack grows stably. We relate the initiation and arrest of the crack to 
machine compliance, specimen geometry, and flaw size. The force at which the crack initiates can 
be used to characterize the manufacturing process, whereas the stable growth of the crack can be 
used to measure interfacial toughness. It is hoped that this work will aid the development of 
multi-chip semiconductor devices.   

1. Introduction 

A semiconductor device today often integrates multiple chips (Lau, 2022). This architecture of three-dimensional integrated cir
cuits (3D ICs) is compact, reduces power consumption, and increases data exchange rates. 3D ICs have enabled applications including 
artificial intelligence, high-performance computing, and human-machine interfaces. 

Conspicuous in 3D ICs are corners, where edges of chips meet the surface of a substrate. During fabrication and operation of a 
device, dissimilar materials are integrated in sequence, at various temperatures. The process of integration and change in temperature 
induce stresses. The stresses concentrate at the corners, from which cracks often initiate and grow (Chen et al., 2021; Rabie et al., 
2021). Cracks reduce the yield of devices during fabrication, and lower the reliability of them during operation (Lu et al., 2023). 

Here we propose an approach to characterize corners. A model structure involves a row of chips sandwiched between two 
cantilever beams (Fig. 1a). In the drawing, for example, the first two chips are bonded to the bottom beam but not the top beam, and all 
the other chips are bonded to both beams. Denote the initial non-bonded beam length by b0, the length of a crack emanating from a 
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corner by a, the total crack length by b, the thickness of the chip by h, the thickness of the beam by H, the length of the chip by lchip, and 
the machine compliance by Cm. The two beams are pulled open by a tensile tester at a fixed speed. The force P is recorded as a function 
of the displacement Δ (Fig. 1b). Initially, the force increases with the displacement linearly. At a critical displacement Δc, the force 
peaks at Pc, and a crack initiates from a corner of a chip. The crack runs on an interface between the chip and a beam. The crack speed is 
much faster than the speed of the crosshead of the tensile tester. Consequently, as the crack grows, the force drops precipitously, while 
the tensile tester does not have time to increase the displacement appreciably. Then the crack arrests. As the tensile tester increases the 
displacement further, the crack grows stably and the force decreases gradually. 

The peak force at which the crack initiates characterizes the manufacturing process. A process that produces smaller flaws at the 
corner leads to a larger peak force. The length at which the crack arrests, as well as subsequent stable growth of the crack, characterizes 
interfacial toughness. This paper answers two questions: Why does a crack initiated from a corner grow unstably? Under what con
ditions does the crack arrest before running to the other corner of the chip? We interpret initiation, unstable growth, and arrest of the 
crack in terms of non-monotonic dependence of the energy release rate on the crack length (Section 2). When the crack is long 
compared to the thickness of the chip, the energy release rate coincides with the classical result for a double cantilever beam (Section 
3). When the crack is short compared to the thickness of the chip, the energy release rate is obtained by a combination of finite element 
simulations and an analytical solution of the singular field around a corner (Section 4). We obtain the energy release rate as a function 
of the crack length. Using this function, we analyze the conditions of crack initiation and arrest (Section 5). The peak force leads to an 
estimate of the flaw size, and the stable crack growth provides a means to determine interfacial toughness experimentally. It is hoped 
that this work will aid the development of semiconductor devices of emerging architectures in which corners are ubiquitous. 

2. Initiation, unstable growth, and arrest of a crack 

For a crack emanating from a corner, the energy release rate, G, is a function of two variables: the length a of the crack, and the 

Fig. 1. Initiate and arrest a crack from a corner. (a) A double cantilever beam sandwiches several chips. A crack of length a lies on the interface 
between a chip and a beam. (b) As a beam is pulled by a force P, the crack initiates at a corner, runs unstably on the interface, and arrests before 
reaching the other corner. Marked on the force-displacement curve are two states: crack initiation and crack arrest. 
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displacement Δ applied by the tensile tester. The tensile tester is programmed to apply the displacement at a constant speed. At a given 
time, the displacement is at a certain value, and the energy release rate is a non-monotonic function of the crack length. As a → 0, the 
energy release rate vanishes. When the crack is short compared to the thickness of the chip, a << h, the energy release rate increases 
with the crack length. When the crack is long compared to the thickness of the chip, a >> h, the energy release rate coincides with that 
of a double cantilever beam. At a constant displacement, the energy release rate of the double cantilever beam is known to decrease as 
the crack length increases. These limits for a short crack and a long crack indicate that, at a constant displacement, the energy release 
rate is a non-monotonic function of the crack length. 

Sketch the function G(Δ, a) on the G-a plane for three constant displacements (Fig. 2). As discussed above, at a constant 
displacement, G is a non-monotonic function of a. For any given crack length a, the larger the displacement Δ, the larger the energy 
release rate G. Mark the toughness Gc as a horizontal dashed line. Assume that a small crack-like flaw preexists at the corner, and mark 
the length of the flaw, aflaw, as a vertical dashed line. When the displacement Δ is small, the energy release rate is below the toughness, 
G(Δ, aflaw) < Gc, so the flaw remains dormant. When the energy release rate equals the toughness, namely, when the line G = Gc 
intersects the line a = aflaw, the flaw begins to grow as a crack along the interface between the chip and the substrate. Thus, the critical 
displacement Δc is determined by 

G
(
Δc, aflaw

)
= Gc. (1)  

Because the tensile tester is programmed to apply the displacement at a constant speed, the displacement is nearly unchanged in a short 
time. At the nearly constant displacement, as the crack grows, the energy release rate exceeds the toughness, G > Gc. Consequently, the 
crack grows unstably until the curve intersects with the line G = Gc again: 

G(Δc, aarrest) = Gc. (2)  

This intersection determines the length at which the crack arrests aarrest. 
Thus, at the critical displacement Δc, the non-monotonic G(Δc, a) curve intersects the horizontal dashed line G = Gc at two points, 

corresponding to two states: crack initiation and crack arrest. The state of crack initiation is unstable because the slope of the G(Δc, a) 
at crack initiation is positive. The state of crack arrest is stable because the slope of the G(Δc, a) at crack arrest is negative. Between 
crack initiation and arrest, as the speed of the crack is much faster than the speed of the crosshead of the tensile tester, the displacement 
remains nearly unchanged at the critical value. Subsequently, as the tensile tester increases the displacement, the crack grows stably. 

3. Global energy release rate 

The thickness of the chip is small compared to the thickness of the beam and the length of the chip, h << H and h << lchip. Let r be 
the distance from the crack tip. An annulus exists, h << r << H, in which the stress field is well represented by the square root 
singularity of a crack in a linear elastic body. In this annulus, the amplitude of the load is represented by an energy release rate, which 
we call the global energy release rate, G∞ (Fig. 3a). Near the crack tip, the stress field is in general influenced by the presence of the 
chip. The amplitude of the load is represented by another energy release rate, which we call the local energy release rate, G (Fig. 3b). 

For the double cantilever beam, the global energy release rate takes the form (Wiederhorn et al., 1968): 

G∞ =
12P2

EʹW2H

[
b
H
+ 0.677

]2

(3) 

Fig. 2. The energy release rate as a function of two variables, G(Δ, a), is plotted on the G-a plane. The horizontal dashed line represents the 
toughness Gc. One vertical dashed line represents the length of a crack-like flaw, aflaw, and the other vertical dashed line represents the length at 
which the crack arrests, aarrest. 
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where b = b0 + a is the total crack length (Fig. 1a), W is the beam width, and E′ = E/(1-v2) is the plane strain modulus. We use the same 
modulus (E) and Poisson’s ratio (v) for both the beam and the chip, as their main component is silicon. 

Because the tensile tester applies the displacement, we next derive the global energy release rate as a function of the displacement. 
Assume that the system is linearly elastic, Δ = CP, where C is the compliance of the system. The compliance is a function of the total 
crack length. The longer the crack, the longer the non-bonded beams, and the larger the compliance. The elastic energy stored in the 
system is a function of the force and the total crack length, U(P, b) = P2C(b)/2. Recall the definition of the energy release rate G∞ = ∂U 
(P, b)/∂bW (Rivlin and Thomas, 1953). Thus, G∞ = (∂C/∂b)P2/2W. By inserting Eq. (3), we obtain that 

∂C
∂b

=
24

EʹWH

[
b
H
+ 0.677

]2

. (4) 

By integration, we obtain that 

C = Cm +
8

EʹW

[(
b
H

)3

+2.031
(

b
H

)2

+1.375
b
H

]

(5)  

where the first term represents the machine compliance and the second term represents the specimen compliance. The machine 
compliance is often measured using a standard sample with known compliance (Blackman and Kinloch, 2001). 

By substituting Δ/C for P in Eq. (3), we obtain that 

G∞ =
3Δ2Eʹ

16H

(
b
H + 0.677

)2

[

cm +

(
b
H

)3

+ 2.031
(

b
H

)2

+ 1.375 b
H

]2 (6)  

where the machine compliance is normalized as cm = CmE′W/8. 
Eqs. (5) and (6) are commonly used in the experimental measurement of toughness. Consider a crack that initiates from a chip- 

substrate corner, grows unstably, and arrests before reaching the other corner. As the tensile tester increases the displacement 
further, the crack grows stably. Assume that the crack tip is far away from either corner. The thickness of the chip is small and has a 
negligible effect on the energy release rate. In an experiment, directly measuring the crack length is often inconvenient, but the 
compliance is readily obtained from the force-displacement curve. From the measured compliance, Eq. (5) is used to determine the 
total crack length b, and Eq. (6) is used to determine the toughness. 

4. Local energy release rate 

The local energy release rate takes the following form 

G = G∞f
(a

h

)
(7) 

Fig. 3. A crack emanates from a corner. (a) In the double cantilever beam, an annulus exists, h << r << H, within which the stress field is described 
by the square root singularity. In this annulus, the applied load communicates to the crack tip via the global energy release rate G∞. (b) Near the 
crack tip, the stress field is in general influenced by the presence of the chip. The field at the crack tip is scaled by the local energy release rate G. 
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where f is a dimensionless function of the normalized crack length a/h. The local energy release rate is in general different from the 
global energy release rate. The physical nature of the difference is a geometric effect of the chip corner. 

When the crack length is small compared to the chip thickness, a << h, the corner singularity governs the short crack, and the 
overall specimen geometry scales the local energy release rate G only through G∞. This scenario is called the short-crack limit. We next 
determine G-a relation for the short-crack limit. 

Recall the stress field at a corner in a linear elastic body in the absence of crack (Fig. 4a). The stress field is singular at the corner 
(Williams, 1952): 

σij(r, θ) = k1r− λ1 Σ1
ij(θ) + k2r− λ2 Σ2

ij(θ) (8)  

where (r, θ) represent polar coordinates of material particles. Associated with the two modes of the singularity are two exponents λ1 
and λ2, two intensity factors k1 and k2, and two angular distributions Σij

1(θ) and Σij
2(θ). Both exponents are functions of the angle ψ 

(Fig. 4b). When ψ = 0, the corner becomes a crack, both modes have the same exponent λ1 = λ2 = 0.5. When ψ > 0, the exponent splits 
into two distinct values, λ1 < λ2 < 0.5. The split singularities have been discussed in a previous paper (Liu et al., 1999). 

In the absence of a crack, the thickness of the chip, h, is the only length scale of the local geometry. The overall geometry and 
applied load enter through the global energy release, G∞. Linearity and dimensional considerations dictate that the stress intensity 
factors of the corner take the form: 

k1 = κ1hλ1 −
1
2

̅̅̅̅̅̅̅̅̅̅̅
G∞Eʹ

√
, (9a)  

k2 = κ2hλ2 −
1
2

̅̅̅̅̅̅̅̅̅̅̅
G∞Eʹ

√
(9b)  

where κ1 and κ2 are coefficients linked to the split singularities at the corner. 
For a short crack emanating from the corner, a << h, the stress intensity factors of the crack, KI and KII, are linear in the stress 

intensity factors of the corner, k1 and k2. Dimensional considerations dictate the following form: 

KI = c11k1a
1
2 − λ1 + c12k2a

1
2 − λ2 , (10a)  

KII = c21k1a
1
2 − λ1 + c22k2a

1
2 − λ2 (10b)  

where c11, c12, c21, and c22 are four dimensionless constants. 
We calculate KI and KII as a function of the crack length by using the finite element method (Fig. 5a). We normalize KI and KII by 

(G∞E′)1/2. When a/h << 1, KI/(G∞E′)1/2 and KII/(G∞E′)1/2 are comparable. As a/h increases to one, KI/(G∞E′)1/2 approaches one and 
KII/(G∞E′)1/2 vanishes, signifying a return to mode I condition. 

Recall G = (KI
2 + KII

2)/E′ (Irwin, 1957). By substituting Eq. (10), we obtain that 

G = G∞

[

A1

(a
h

)1− 2λ1
+A2

(a
h

)1− λ1 − λ2
+A3

(a
h

)1− 2λ2
]

(11)  

where 

A1 = κ2
1
(
c2

11 + c2
21
)
, (12a)  

A2 = 2κ1κ2(c11c12 + c21c22), (12b) 

Fig. 4. Split singularities at a corner. (a) A corner in a homogeneous and linear elastic body. (b) Singularity exponents as a function of the angle of 
the corner, ψ. 
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A3 = κ2
2
(
c2

12 + c2
22
)
. (12c) 

For a chip corner with ψ = 90◦, λ1 = 0.45552 and λ2 = 0.09147 (Fig. 4b). When a/h < 0.1, we fit Eq. (11) to finite element data and 
obtain that A1 = 0.8167, A2 = − 0.3862, and A3 = 0.5781 (Fig. 5b). When a/h > 0.1, Eq. (11) does not fit well, indicating the crack is 
out of the influence by the corner. 

When the crack length is large compared to the chip thickness, a >> h, the local energy release rate equals the global energy release 
rate G = G∞. That is, f (∞) = 1. Given the short-crack and long crack limits, we find that the prefactor of the energy release rate for a 
crack of arbitrary length fits the relation (Fig. 6): 

f
(a

h

)
=

{

1 +

[

A1

(a
h

)1− 2λ1
+ A2

(a
h

)1− λ1 − λ2
+ A3

(a
h

)1− 2λ2
]− α}−

1
α
, (13)  

where α = 10.055. 

5. Conditions of crack initiation and arrest 

Given an applied displacement Δ, the modulus E′, the chip thickness h, the beam thickness H, the initial non-bonded beam length b0, 
and the machine compliance cm, Eqs. (6), (7), and (13) together define the G-a curve. 

The conditions of crack initiation (Eq. (1)) and crack arrest (Eq. (2)) lead to an equation, 

G
(
Δc, aflaw

)
= G(Δc, aarrest) (14)  

This equation corresponds to a horizontal line that intersects the G-a curve (Fig. 2). We combine Eqs. (6), (7), (13), and (14) in the form 

aarrest

h
= F

(
aflaw

h
, cm,

b0

H

)

. (15)  

Here F is a dimensionless function of the three variables as indicated. This equation determines the crack length at which the crack 

Fig. 5. The short-crack limit. (a) Stress intensity factors of the crack as functions of crack length. (b) Energy release rate as a function of crack 
length. Squares are data from the finite element calculation. The curve fits Eq. (11) to finite element data. 

Fig. 6. Dimensionless function f(a/h). Squares represent results computed by the finite element method and the curve fits Eq. (13).  
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arrests. We next describe the effects of the flaw size, the machine compliance, and the initial non-bonded beam length. 

5.1. Effect of machine compliance 

We plot G-a curves at various values of the machine compliance cm (Fig. 7a). We normalize the local energy release rate G by the 
initial global energy release rate G∞(b0). For this plot, we fix the initial non-bonded beam length at b0/H = 10. When the crack is short, 
the machine compliance does not affect the normalized G-a curves, and the G-a curves overlap. When the crack is long, the machine 
compliance increases the normalized local energy release rate. We plot a vertical dashed line to mark a value of the flaw size and 
intersect the G-a curve at a point, and then plot a horizontal dashed line that passes the point and intersects the G-a curve at another 
point. The left point indicates the crack initiation, whereas the right point indicates the crack arrest. Because the G-a curve is narrow at 
the top and is wide at the bottom, when the left point moves right, the right point moves left. Consequently, a larger flaw size leads to a 
smaller crack length at which the crack arrests. In experiments, although the flaw size is not controlled, the chip thickness may be 
reduced to increase the normalized value of the flaw size. We then compare various G-a curves: the left point is almost the same for 
each curve, but the right point differs from curve to curve. A large machine compliance leads to a large crack length at which the crack 
arrests. In experiments, we need a rigid machine and a narrow specimen so that the normalized value of the machine compliance cm =

CmE′W/8 is small. 
We then plot the crack length at which the crack arrests, aarrest/h, as a function of the flaw size aflaw/h, at various values of the 

machine compliance (Fig. 7b). The crack length at which the crack arrests decreases with the flaw size and increases with the machine 
compliance. The quantitative relationships align with the analysis presented above. 

5.2. Effect of initial non-bonded beam length 

We next plot G-a curves (Fig. 8a) and aarrest-aflaw curves (Fig. 8b) at various values of the initial non-bonded beam length b0/H. For 
this plot, we fix the machine compliance at cm = 0. How the initial non-bonded beam length affects the local energy release rate and the 
crack length at which the crack arrests is similar to that of the machine compliance. In experiments, we need a short initial non-bonded 
beam and a thick beam so that the normalized value of initial non-bonded beam length is small. 

To guide experiments, we plot contours of the crack length at which the crack arrests aarrest/h on the plane with the machine 
compliance cm and the initial non-bonded beam length b0/H as axes (Fig. 9). For this plot, we fix the flaw size at aflaw/h=0.001. The 
contours allow us to check known experimental parameters and assess whether the crack length at which the crack arrests is smaller 
than the chip length. Interestingly, we find that for a fixed value of the machine compliance, the crack length at which the crack arrest 
does not always increase with the initial non-bonded length monotonically. For example, we plot a horizontal dashed line in Fig. 9, 
indicating a fixed machine compliance. The dashed line intersects the contours of aarrest/h at multiple points. From the left to the right 
point, the corresponding values of aarrest/h first decrease and then increase. 

For a tensile tester with a certain value of the machine compliance cm, an optimum value of initial non-bonded beam length b0/H 
exists to minimize the crack length at which the crack arrests aarrest/h. We plot aarrest/h-b0/H curves for various values of the machine 
compliance (Fig. 10a). For each curve, aarrest/h decreases, reaches the minimum, and increases with b0/H, except when cm is negligible. 
Both the optimum value of b0/H (Fig. 10b) and the minimum value of aarrest/h (Fig. 10c) increase with cm. For a given value of cm, by 
comparing the minimum value of aarrest/h to lchip/h, we can assess whether the crack initiated from one corner of the chip can arrest 
before running to the other corner of the chip. 

The flaw at the corner of a chip may have random shape, orientation, or position. When the double cantilever beam is pulled, the 
flaw can initiate an interfacial crack. Our model represents the flaw by a small interfacial crack of length aflaw. The length of the flaw is 
a random variable, which may be used to characterize the quality of the fabrication process. The length of the flaw determines the peak 
force in the force-displacement curve (Fig. 1b). Conversely, the flaw size can be deduced from the peak force. In Eq. (11), set G = Gc, 

Fig. 7. Effect of machine compliance. (a) G-a curves and (b) aarrest-aflaw curves for various values of the machine compliance cm. The initial non- 
bonded beam length is set to be b0/H = 10. 
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Fig. 8. Effect of initial non-bonded beam length. (a) G-a curves and (b) aarrest-aflaw curves for various values of the initial non-bonded beam length 
b0/H. The machine compliance is set to be cm = 0. 

Fig. 9. Contours of crack length at which the crack arrests aarrest/h on the plane with the machine compliance cm and the initial non-bonded beam 
length b0/H as axes. The flaw size is set to be aflaw/h = 0.001. 

Fig. 10. Minimum crack length at which the crack arrests. (a) The crack length at which the crack arrests aarrest/h as a function of the initial non- 
bonded beam length b0/H for various values of the machine compliance cm. (b) Optimum value of b0/H as a function of cm. (c) Minimum aarrest/h as 
a function of cm. The flaw size is set to be aflaw/h = 0.001. 
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and calculate G∞ using Eq. (3) along with the experimentally measured peak force. 

6. Concluding remarks 

We have studied the initiation and arrest of a crack from a corner in a multi-chip semiconductor device using a double cantilever 
beam that sandwiches a row of chips. The crack initiates from the corner, runs unstably on the interface, and may or may not arrest. 
The unstable growth of the crack, as well as possible arrest, originates from the non-monotonic relation between the energy release rate 
and the crack length. We compute the energy release rate and relate the conditions of crack initiation and arrest to the machine 
compliance, the specimen geometry, and the flaw size. The force that initiates the crack can be used to estimate the initial flaw size at 
the corner. If the crack arrests, subsequent increase of the applied displacement will drive the crack to grow further stably. This stable 
crack growth can be used to determine toughness. We hope that this study will aid the development of emerging architectures of 
semiconductor devices. 
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